
Abstract—A model for the transient behavior of a 
membrane humidifier for PEM fuel cells is developed. This 
humidifier uses the exhaust fuel cell cooling water to humidify 
the dry inlet air. This model is based on thermodynamic 
principles and captures temperature, relative humidity and 
flow variables of the humidifier. Dynamic simulations show 
that the humidification system exhibits a non-minimum phase 
behavior with one zero located in the right half plane. The 
physical reason why such a non-minimum phase zero exists is 
explained. The effects of the humidifier design parameters on 
the non-minimum phase zero location are studied and 
discussed.    

I. INTRODUCTION

The current generation of low-temperature Proton 
Exchange Membrane Fuel Cells (PEMFCs) work well only 
when the membrane humidity is properly controlled. The 
PEMFC membrane humidity is affected by the membrane 
properties, water generated during the fuel cell operation, 
the stack temperature, and the inlet reactants’ humidity 
condition. The membrane properties are fixed once the fuel 
cell is designed and thus is not manipulatable in real-time. 
The water generated during the operation is a function of 
the stack current and cannot be changed freely. Finally, the 
fuel cell temperature is usually kept around 80-90 C.
Therefore, only the inlet reactants humidity conditions can 
be changed freely to influence the membrane humidity. In 
order to achieve optimum performance during transients, a 
properly controlled humidifier at the PEMFC inlet is 
required. A humidifier can be installed upstream of the fuel 
cell stack to change the reactants humidity. To design the 
humidifier control algorithm properly, we first need to 
develop a dynamic humidifier model. 

Fuel cell water management was actively investigated in 
the literature. A number of experimental studies were 
conducted to understand the water transport phenomena 
and to characterize the factors that affect the membrane 
water content [1-4]. Innovative channel designs have been 
proposed to better maintain the humidity [5, 6]. A number 
of mathematic models have been developed to optimize the 

1Corresponding author, Associate Professor, Department of Mechanical 
Engineering, University of Michigan, Ann Arbor, MI 48109-2133, 734-
936-0352, hpeng@umich.edu  

 Nafion is a trademark of DuPont Company 

fuel cell design to maintain high humidity [7-14]. In 
addition, several types of humidifiers have been designed 
and analyzed to enhance the stack humidity [15-18]. The 
main purpose of these works is either to understand the 
system or to size the components. Few dynamic models 
suitable for control design purposes exist.  

A four-state thermodynamic model of a membrane 
humidifier is developed in [19]. This model captures the 
dynamics of flow rate, temperature, pressure and relative 
humidity. This paper is a continuation of [19] and is 
focused on the analysis of the humidifier dynamic 
response, with the emphasis on its non-minimum phase 
characteristics. The impact of the humidifier design 
parameters on the non-minimum phase zero location is 
subsequently studied which may be instrumental in the 
design of future PEMFC humidifier systems. 

II. Humidification System Modeling 

A dynamic model for a membrane-based humidifier 
system was developed by the authors in an earlier paper 
[19]. This humidifier system uses the exhaust cooling water 
from the PEMFC stack to humidify the dry inlet air.  The 
water and the dry air flow in two sides of a Nafion
membrane, which allows water vapor transfer from the 
water side to the gas side. The vapor transfer rate is 
determined by the water and gases flow rates (convective 
driving force), membrane pressure differential (diffusive 
driving force), membrane thickness, and fluid temperatures. 
The schematic diagram of a humidifier unit is shown in 
Fig. 1. There are three channels in each humidifier unit: the 
humidification channel marked with ‘A’, a heat transfer 
channel marked with ‘B’, and the water channel marked 
with ‘C’. The dry inlet air can be directed to go through 
either channel ‘A’ or channel ‘B’. When the inlet air passes 
through channel ‘A’, both heat and water vapor exchanges 
with channel ‘C’ will occur. On the contrary, when the air 
passes through channel ‘B’, only heat exchange will 
happen. Depending on the position of the sliding plate, the 
air will be directed to go through either channel ‘A’ to be 
humidified, or channel ‘B’ to be heated only. 

Based on the size and load of the fuel cell stack, the size 
and number of humidifier units can be calculated. 
Assuming there are N humidifier units, the number of units 
designated as type ‘A’ is denoted as ‘n’, which can be any 
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number between 0 and N, depending on the desired relative 
humidity of the exiting air. It should be noted that the 
authority of the humidifier in reducing humidity is limited 
(or non-existent, if heat exchange effect is ignores).  For 
example, when the inlet air has a non-zero relative 
humidity, we will not be able to get 0% relative humidity at 
the outlet even through no channel ‘A’ is used. 
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Fig. 1: Structure of one humidifier unit 

In order to derive the modeling equations, two control 
volumes are defined as shown in Fig. 2. The air inlet mass 
flow rate, pressure, temperature, and relative humidity 
(RH) are denoted as M1,in, P1,in, T1,in, and 1,in, and those for 
the outlet flow are M1,out, P1,out, T1,out, and 1,out. Denote the 
water inlet mass rate, pressure, and temperature as M2,in,
P2,in, and T2,in, and those for the outlet as M2,out, P2,out, and 

T2,out. Finally, the membrane vapor transfer rate is trvm , .
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Fig. 2: Control volumes of one humidifier unit 

The main equations used in [19] are summarized below. 
Apply the 1st law of thermodynamics to Control Volume 1, 
the energy equation is  

outvoutvoutaoutamemtrvinvinv

inainavvaavvaa

hmhmhmhm

hmQumumumum

,,,,,,,

,,11,1,1,1,1,1,1,1,
   (1) 

outkk TCvu ,111,1    
2,112,1

k
kkk TCph memvtrv TCph ,

where Cva, Cvv, Cpa, Cpv are the specific heats of the air 
and vapor, subscript k1 is a or v, for air or vapor, k2=in or 
out, representing inlet and outlet, subscript 1 represents 
Control Volume 1, tr represents membrane transfer. It is 
also assumed that Tmem equals T2,in.

Apply the 1st law of thermodynamics to Control Volume 
2, the energy equation is 
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2,22,
k

wkw TCph               (2)

where Cpw is the specific heat of water. Subscript w

represents water, and 2 represents Control Volume 2.  1,am

and 1,vm are calculated from  
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outm ,1  can be calculated from 

infcoutout PPCrm ,,11,1           (8) 

where infcP ,  is the fuel cell inlet pressure, and 1Cr  is the 

nozzle constant which changes with orifice size and the gas 

density and can be obtained through experiments. 2,wm can
be calculated as 

outtrvinw mmmm ,2,,22,           (9) 

The total vapor transfer through the membrane ,v trm  is 
obtained from 
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where wD  is the membrane coefficient of diffusion. 2C

and 1C  are water concentrations of the membrane on the air 
side and the water side, and are defined in Eq. (12). mt  is 
the membrane thickness. wT  is the membrane temperature. 

vM  is the vapor molar mass. A  is the mass transfer area. 
The coefficient D  is determined empirically and has a 
piecewise-linear form [7] 
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where drym,  is the membrane dry density and drymM ,  is 

the membrane dry equivalent weight. Water content 1and

2 are calculated from  
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where 1,vP  is the vapor partial pressure of Control Volume 
1. 1,satP  is the saturation pressure of Control Volume 1, and 
is determined by 
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The vapor partial pressure of Control Volume 1 is obtained 
from the ideal gas law. 

,1 1 1 ,1P V R T mvv c v                    (15) 

,1 1 1 ,1P V R T maa c a        (16) 

1, 2 , 2 , 2P P Pk v k a k       (17) 

where Ra and Rv are the air and vapor gas constant, Vc1 is 
the volume of Control Volume 1, outaPaP ,1, , outvPvP ,1, .

The heat transfer rate can be calculated from 

1/21 TUAQ                 (18)  

where A is the heat transfer area, U is the heat transfer 
coefficient defined as 
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where ka and kw are the air and water thermal 
conductivities, NuD is Nusselt number and Dh is the channel 
hydraulic diameter. T2/1 is the temperature difference 
between the water and the gas. For counter flow, 

( ) ( )2, 1, 2, 1,
2 /1 ln(( ) /( ))2, 1, 2, 1, )

T T T Tin out out inT
T T T Tin out out in

     (20) 

The model is summarized as follows. The states 
are: T

outToutTvmamx ,2,11,1, .Possible measurements 

include: 1, 1,, 1, 2,1

T

out outv tr out outy Q m m P m . The control 

input is: n
N

u
1 . The performance variable is: 

trvmz , , and the external disturbances include: 

1, 1, 1, 1, 2 , 2 , 2 ,

T

in in in in in out inw m T P P P T

II. DYNAMIC SIMULATION RESULTS

The model presented in the previous section is 
implemented in the Matlab/Simulink environment. Among 
the external disturbances of the humidifier system, the most 
important ones are inlet air flow rate, temperature and RH.  
The open-loop behaviors of the humidifier under the three 
disturbances are presented below.  Fig. 3 shows that when 
there is a step increase in the inlet air flow rate, the 
membrane vapor transfer rate increases, while outlet RH 
decreases at steady-state. The total vapor rate is the sum of 
the membrane vapor transfer rate and the inlet vapor rate, 
which represents the amount of water content going into 
the fuel cell cathode.  Interestingly, all the three response 
signals exhibit a non-minimum-phase behavior, which has 
important implications on the overall control system 
design—we will come back to this important phenomenon 
later.

Fig. 3: System responses under a step increase of the inlet airflow rate 

Fig. 4 shows that when there is a step decrease in the 
inlet air temperature, the membrane vapor transfer rate 
decreases and the outlet RH increases slightly at steady 
state. More importantly, all the three response signals 
exhibit an overshoot behavior that is quite unusual in 
thermodynamic systems. 

Fig. 5 shows that when there is a step increase in the 
inlet air RH, the membrane vapor transfer rate decreases. 
This is due to the fact that the membrane vapor transfer 
rate, as described in Eq.(10), is a function of the RH 
difference across the membrane. When the inlet air RH 
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increases, the RH gradient across the membrane decreases, 
therefore, the membrane vapor transfer rate reduces. 
However, there is little change of the total vapor rate 
because the membrane vapor transfer rate decrease is 
compensated by the inlet air RH increase. For the same 
reason, there is little change of the outlet RH before and 
after the step disturbance.

Fig. 4: System responses under a step decrease of the inlet air temperature 

Fig. 5: System responses under a step increase of the inlet air RH 

In Fig. 3 and Fig. 4, there are no other sources of vapor 
going into the system; the change in total vapor rate is 
completely due to the change in membrane vapor transfer 
rate. However, in Fig. 5, due to the inlet RH increases, the 
inlet vapor rate increases. The total vapor rate goes into the 
system equals the membrane vapor transfer rate plus the 
inlet vapor rate. 

III. NON-MINIMUM-PHASE ZERO ANALYSIS

Fig. 3 shows that the membrane vapor transfer rate 
exhibits a non-minimum-phase (NMP) behavior when the 
inlet air mass flow rate changes. NMP is an interesting and 
important phenomenon because of the implied closed-loop 
performance limit. This NMP zero is caused by the lag in 

vapor mass rate response, 1,vm , which is explained below. 
The membrane vapor transfer rate is a function of air outlet 
RH , which is defined as 

sat

outv
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gT , Eq. (22) becomes 

gTmC v 1,             (23) 

The changing rate of the relative humidity is then 

gTmgTmC vv 1,1,        (24) 

Eqn. (24) shows that  is a function of 

1,vm , gT , 1,vm and gT . These four variables’ responses 
under inlet air flow rate step increase are plotted in Fig. 6, 

where gTmv 1, is noted as “Element 1” and gTmv 1, is noted 
as “Element 2”. Fig. 6 shows that Element 1 reaches its 
peak later than Element 2 does.   

2.5 3 3.5 4 4.5
0.018

0.02

0.022

0.024

0.026
gT

2.5 3 3.5 4 4.5
-10

-5

0

5
x 10

-4

vapor mass rate

2.5 3 3.5 4 4.5
-2

-1

0

1
x 10

-5

Time (sec)

Element1

2.5 3 3.5 4 4.5
0.8

1

1.2

1.4

1.6
x 10

-3

vapor mass

2.5 3 3.5 4 4.5
-0.01

0

0.01

0.02

0.03
gT rate

2.5 3 3.5 4 4.5
-1

0

1

2

3
x 10

-5

Time (sec)

Element2

Fig. 6: System responses under an inlet air flow rate step increase 

The responses of RH and RH rate under a step increase 
in the inlet air flow are shown in Fig. 7. It can be seen that 

 is positive before t=3.1sec and negative afterwards. 
This causes , the outlet air RH, to increase initially and 
then to decrease. It also can be seen that the area under the 

negative  (from t=3.1 to infinity) is larger than that 
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under the positive . This causes the steady-state value of 
 to become lower than the initial value, thus exhibits a 

NMP behavior as shown in plot 4 of Fig.7. 

Fig. 7: Air outlet RH and RH rate responses under an inlet air flow rate 
step increase 

We have explained the NMP behavior of , and will 

establish the connection to the NMP response of trvm ,

next.  The membrane vapor transfer rate trvm ,  is a function 
of , as explained in Eqs. (10)-(14). Since the water 
temperature changes slowly compared with other dynamic 
variables of the humidifier, outT ,2  is assumed to be 
constant. In addition, since the membrane is submerged in 
water, outmem TT ,2 . Therefore, the membrane coefficient 
of diffusion Dw can be viewed as a constant, denoted as Dc.
Since water flows through Control Volume 2, 2 equals 14 
[19]. Substituting 2, Dc and Eq. (12), Eq. (10) becomes 

)14( 1
,

,
,

drymm

drymvc
trv

Mt

AMD
m       (25) 

where
drymm

drymvc

Mt

AMD

,

, is constant and trvm ,  depends on 1

linearly. The nonlinear relationship between 1 and the 
relative humidity  is shown in Fig. 8. Since 1 is a 
monotonic function of RH, if RH has a NMP response, 1

will also exhibit a NMP response. Therefore, trvm , , which 

depends linear with 1, will exhibit a NMP response. 
The root locus plot of the linearized system shown in 

Fig. 9 confirms this finding. Fig. 9 shows that there is a 
slow dynamic mode corresponding to the slow pole-zero 
pair. This slow dynamic mode arises from the water 
temperature dynamics, which has a large thermal 
capacitance. Assuming the water temperature is constant, 
the state T2,out can be eliminated. The system order is then 
reduced from 4 to 3. When the system input is the inlet air 
flow rate and the system output is the membrane vapor 

transfer rate, the linearized transfer function can be 
expressed as 

))()((
))(()(

321

21

pspsps
zszsk

sH      (26)

where, p1, p2, p3 and z1 >0 and z2 <0. The open loop system 
has a NMP zero. 
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Fig. 9: Root locus of the 4 states system with the inlet air flow rate as the 
system disturbance 

This NMP zero is not desirable because it imposes 
fundamental limits on the achievable feedback control 
performance, sensitivity, and robustness properties of a 
linear time invariant feedback system [20]. It also places an 
upper limit on the bandwidth achieved by the closed-loop. 
The further the distance between the NMP zero and the 
origin is, the higher the possible bandwidth will be [21].  
The selection of system parameters, such as the membrane 
thickness, channel cross section dimension and heat 
transfer efficiency, could affect the NMP zero location, 
which then determines the system available bandwidth. 

Assuming all other system parameters are constant, the 
effect of membrane thickness on the NMP zero location is 
studied. The result is summarized in table 1. The membrane 
thickness hardly affects the NMP zero value. However, 
thinner membranes usually result in higher vapor transfer 
rates and thus are preferred over thicker membranes. 

TABLE 1: NMP ZERO VALUE VS. MEMBRANE THICKNESS
Membrane thickness (cm) NMP zero 
0.005 21.08 
0.0125 20.71 
0.0175 20.64 

Assuming all other system parameters are constant, the 
effect of channel cross section dimension on the NMP zero 
location is investigated. The results are summarized in table 
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2, which shows that smaller hydraulic diameters are 
preferred.

TABLE 2: NMP ZERO VALUE VS. HYDRAULIC DIAMETER
Hydraulic diameter (m) NMP zero 
0.001 21.08 
0.002 8.95 
0.003 6.44 
0.004 5.3 

Next we relax the assumption that the humidifier is well 
insulated and assume the insulation condition can be a 
design factor. Eq. (18) becomes 

01/21 TUAQ           (27) 

where 0 represents the insulation efficiency (0< 0<1).
Assuming all other system parameters are fixed, the effect 
of insulation efficiency on the NMP zero location is 
analyzed. The results are summarized in table 3, which 
shows that higher insulation efficiency is preferred.  Higher 
insulation efficiency can be achieved by better insulation of 
the humidifier. 

TABLE 3: NMP ZERO VALUE VS. HEAT TRANSFER EFFICIENCY
Insulation efficiency NMP zero 
0.8 21.08 
0.6 14.87 
0.4 10.48 

IV. CONCLUSIONS

A lumped thermodynamic model of membrane-based 
humidifiers was developed. This model captures the 
humidification behavior accurately and maintains its 
simplicity. Dynamic simulation result shows that the 
system exhibits a non-minimum phase behavior under inlet 
air flow rate disturbance. This is due to the response lag of 
the total vapor mass inside the humidifier. The humidifier 
design parameters, which affect the non-minimum phase 
zero location in the right-half plane are analyzed. The 
results show that a system with smaller hydraulic diameter 
and better insulation produces NMP zeros further away 
from the origin, i.e., they impose less constraint on closed-
loop control performance. 
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