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Abstract— In this paper a model based controller is designed
to regulate the crank angle of 50% fuel burned (CA50) and the
air to fuel ratio (AFR) in the exhaust manifold of a gasoline
engine during fuel step changes. The regulation of the combus-
tion timing is based on manipulating the charge temperature
through the internal and external dilutions which are achieved
by controlling the lift of a secondary opening of the exhaust
valve, also known as Rebreathing Lift (RBL), and the Exhaust
Gas Recirculation (EGR) valve. The paper includes a brief
introduction of the engine model followed by its experimental
validation during fuel step changes which are considered as
disturbances for the control problem. A two-input two-output
controller is designed for the linearized model and simulations
of closed loop response with the controller applied to the
nonlinear model are presented. Finally, an equivalent reduced
order controller is derived to facilitate implementation on a
dynamometer facility.

I. INTRODUCTION

Control of the combustion timing through the thermal
management of cylinder charge is shown in this paper.
The resulting thermal ignition (TI) engine, also known
as homogeneous charge compression ignition (HCCI) en-
gine, is fundamentally different from the spark ignition
(SI) and the compression ignition (CI) engines. In the TI
engines the combustion initiation depends on kinetically
driven oxidation process [1] that does not rely on flame
propagation [2]. The TI engines have (i) high fuel efficiency
due to unthrottled operation and rapid heat release and
(ii) low emissions of nitrogen oxides due to the low peak
cylinder temperatures. Lean mixtures (AFR=20) allow op-
eration with conventional catalytic converters for reduction
of hydrocarbons and other emissions through exhaust after-
treatment.

Methods for controlling combustion phasing include in-
take air temperature modulation [3], variable compression
ratio [4], water injection [5], mass flow ratio of two fuel
types [6], [7], exhaust throttling [8], and variable valve
timing [9]. All the above approaches require novel actuation
mechanisms, so the hardware development imposes addi-
tional control challenges that might eventually determine
the commercial success of each approach. Apart from the
hardware requirements, early work showed that the com-
bustion initiation is very sensitive to the charge temperature
at intake valve closing (IVC) [10], [11]. Consequently, the
ignition timing can only be indirectly controlled through
the slow and complex thermal management of the cylinder
charge, instead of the fast and direct actuation of the spark
discharge or the fuel injection timing that are used to initiate
combustion in SI and CI engines, respectively [5].

In this paper we consider a variable exhaust valve ac-
tuation similar to the one in [9]. Specifically, the lift of a
second exhaust valve opening that occurs during the intake
stroke is used to control the charge dilution. We refer to
this actuator as rebreathing lift (RBL) and we assume con-
tinuous control of the lift as shown in Fig. 1. Conventional
exhaust gas recirculation (EGR) valve controls the burned
gas fraction in the intake manifold. The EGR flow is mixed
with the fresh air and passes through a heat exchanger
(HEX) that controls the inlet manifold temperature at 90o C.
Coordination of RBL and EGR allows regulation of (i) the
combustion timing through management of the hot and cold
dilution in the cylinder and (ii) the AFR in the exhaust
manifold for catalyst after-treatment. We assume cycle-to-
cycle measurement of the crankangle where 50% of fuel is
burned (CA50). This crankangle is typically located near
the location of peak cylinder pressure (LPP) that can be
inferred through cylinder pressure measurements. We also
assume fast measurements of AFR in the exhaust manifold.
We neglect the dynamics of the physical actuation for
RBL and EGR, by assuming that the actual lift in RBL
and open area in EGR are achieved instantaneously after
issued by the controller. We also assume that the engine
speed and fuel flow rate are measured disturbances. We
first synthesize and design a multivariable controller for
RBL and EGR that regulates combustion phasing (CA50)
and AFR during changes in fueling level. The controller
is then simplified to a dynamic feedforward and decen-
tralized feedback controllers that can be tuned on-line.
The controller is developed based on a control oriented
model [12] that captures the HCCI combustion and realistic
manifold flow, pressure, and temperature dynamics. The
controller tuning takes into account the local and global
dynamic characteristics including stability properties for the
system ([13]).

II. MODEL

The model we use in this control study is based on the
mean value model constructed in [12] where the cylinder is
modeled as a pump based on cycle-average cylinder flows.
Flows from volume x to volume y are denoted as Wxy. The
fueling level is denoted as Wf . The subscript c is used to
denote variables associated with the cylinder, and er is used
for the exhaust runner. The subscript 1 denotes the intake
manifold variables, 2 is used for exhaust manifold variables,
and 0 is used for atmospheric conditions.

This original mean value model in [12] has 8 states:
two states in the intake manifold, mass m1 and burned
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Fig. 1. Schematic representation of the engine with basic input-output
signal description for the control problem.

gas fraction b1; three states in the exhaust manifold, mass
m2, burned gas fraction b2 and pressure p2; three states
from the unit delay, the effective average mass flow rate
that flows from the cylinder through the exhaust runner
to the exhaust manifold Wc2, the burned gas fraction and
temperature of the gas in the exhaust runner after the blow
down process ber and Ter. In order to capture the thermal
dynamics associated with an insulated exhaust runner, a first
order lag with 3.6 sec (30 cycles) time constant τer is added
to the temperature of the gas entering the exhaust runner,
Ter. Thus the temperature of the gas that is re-inducted from
the exhaust runner to the cylinder during re-breathing, Trbl

becomes the 9th state.
d
dt

Trbl =
1

τer
(Ter −Trbl) (1)

All the model equations can be found in the Appendix
and for details please refer to [12].

Validation of the nine-state nonlinear model during fuel
step changes (fixed RBL and EGR values) is shown in
Fig. 2. The predicted start of combustion (SOC) and the
predicted in-cylinder AFR are also shown in the second and
third plot, respectively. For this open loop model validation
we used a first order lag of 1.5 sec as the exhaust gas oxygen
(EGO) sensor time constant.

The mean-value model captures the transients with rea-
sonable accuracy without relying on detailed crankangle-
resolved dynamics as in [9]. The controller synthesis and
design detailed in Sec. IV is based on the mean-value
model using the Linear Quadratic Gaussian (LQG) optimal
control techniques on physical state-space representation of
the system. Prior papers [14], [7] have shown promising
results with LQ based control design. The authors in [14]
design a state feedback controller based on LQ tuning
approach. They demonstrate in simulations that during
fixed fueling (propane) level, variable valve timing can
successfully change the peak pressure while maintaining
fixed combustion phasing. In [7] a LQ integral based
controller was designed and experimentally tested for a
dual fuel HCCI engine. The experimental tests were per-
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Fig. 2. Fuel step response validation.

formed around the operating point where the open loop
plant was identified. In this paper, physical interpretation
of the system states is used for tuning the controller and
observer gains in order to avoid high gain that can lead
to sensitive and fragile implementation at operating points
further away from the nominal operating point. Analysis of
the multivariable controller in Sec. IV also indicates that
the exhaust manifold filling, composition, and temperature
dynamics are important for fast CA50 and AFR regulation
during changes in gasoline fuel level. Note that AFR control
was not explicitly considered in prior work [14], [7] and
the simulations or experimental results are shown under air
flow conditions that can only be achieved in a dynamometer
facility.

Our model is discretized with sampling time being the
engine cycle time τ and the control problem is defined as

x(k +1) = f (x(k),u(k),w(k)) Nonlinear State Equation
y(k) = fy(x(k),u(k),w(k)) Nonlinear Output Equation
x = [m1 m2 b1 b2 p2 Wc2 ber Ter Trbl ]T

u = [RBL EGR]T w = Fuel y = [CA50 AFRego]T .

III. LINEAR VERSUS NONLINEAR OPEN LOOP

RESPONSE

Linearization is performed around a fueling
level W nom

f =9 mg/cycle, and nominal control inputs
RBLnom=3.6 mm and EGRnom=13 mm2 such that the
desired CA50des=5.5o and AFRdes=20 are achieved:

δx(k +1) = Aδx(k)+Bδu(k)+Bwδw(k)
δy(k) = Cδx(k)+Dδu(k)+Dwδw(k). (2)

Figure 3 shows the open loop responses of the linearized
model and nonlinear model for Fuel, RBL and EGR steps.
The simulation shows a fuel step from 9 to 10 mg/cycle
at t=24 s and step-down back to the nominal fueling value
9 mg/cycle at t=48 s. Steps in RBL from 3.6 to 4 mm at
t=72 s, from 4 to 3 mm at t=96 s, and back to the nominal
value 3.6 mm at t=120 s are shown. Finally, one EGR
step up from 13 to 20 mm2 is shown in the last step at
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t=144 s. The step responses indicate that RBL can affect
both performance variables rapidly. The effects of RBL
on the performance variables are similar to the effects of
Fuel (disturbance) to the performance variables. The EGR
actuator, on the other hand, affects the AFR but has weak
effects on CA50.
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Fig. 3. Open loop response of the linearized and nonlinear model during
step changes in all engine inputs.

The differences between the linear and the nonlinear
response of the gas temperature in the exhaust runner
Ter during an RBL step indicates that there exists a
non-monotonic behavior between RBL and Ter. A non-
monotonic behavior between an actuator and a state might
deteriorate the closed loop response when linear control
techniques are applied. This problem is addressed by the
control design presented next. It is important also to note
that the non-monotonic behavior is not coincidental but it
is inherent to the TI engine. Further investigation using the
nonlinear plant demonstrates that for a given fueling level
there is a minimum Ter that can be achieved by varying
RBL. By simple analogy to spark timing for SI engines, the
RBL value that corresponds to the minimum Ter achieves
the highest fuel economy because the chemical energy of
the fuel is transformed to useful work instead of exhaust
heat. The implications of the non-monotonic behavior to
the thermal system stability are analyzed in [13].

IV. CONTROL ANALYSIS AND DESIGN

The TI engine controller shown in Fig. 4 is based on an
integrator augmented state feedback and an observer using
linear optimal techniques. Although the control design ap-
proach is standard, a few steps required carefull analysis and
tuning. The linearized model is first normalized: each state
is normalized with its own nominal value and the inputs and
outputs are scaled with proper physical units. Grammian-
based balanced realization is then applied to identify the
modes that are weakly controllable and/or observable. In
particular, if the controllability and observability grammians
of (2) are Gc and Go, the state coordinate transformation
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Fig. 4. The control structure for a HCCI engine.

δ x̄ = T δx produces the equivalent model and transforms the
grammians to Ḡc = T GcT T and Ḡo = T−T GoT−1.

The balanced realization computes a particular similarity
transformation T such that

Ḡc = Ḡo = diag(g) =

⎡
⎣

g1 0 ... 0
0 g2 ... 0
...

. . .
...

0 ... 0 g9

⎤
⎦ . (3)

Table I shows the vector g and the state similarity trans-
formation matrix T . If the system is normalized properly,
the computation of g can be used to reduce the model order.
Specifically, the individual elements of g reflect the com-
bined controllability and observability of individual states
of the balanced model. The states corresponding to a small
value in g can be deleted without significant effects to the
input-output characteristics of the original system. Table I
indicates that the last three states of the transformed system
can be eliminated. Through the transformation matrix T ,
we then find the states in the original system that have the
least influence on the input-output behavior. After balanced
realization most of the dynamics depend on the three
exhaust manifold states, m2, b2, and p2 and the temperature
of the gas re-inducted from the exhaust runner Trbl .

TABLE I

THE SIMILARITY TRANSFORMATION MATRIX (T) AND VECTOR OF THE

DIAGONAL OF THE BALANCED GRAMIAN (g).
T g

m1 m2 b1 b2 p2 Wc2 ber Ter Trbl
-2.35 -27.18 -4.35 -116.97 0.13 -2.17 -9.53 -6.99 -205.43 3
1.49 -9.72 3.02 73.69 7.1 -1.68 6.12 -24.64 -724.45 1.23
-3.84 -60.36 -7.24 35.46 14.89 -2.24 -1.13 -5.1 -149.8 0.24
1.53 12.64 0.49 5.41 31.91 29.32 -0.64 0.55 16.05 0.14
-0.09 180.37 0.43 2.03 -135.43 7.38 -3.7 4.32 127.05 0.03
-0.03 2.68 -1.55 -2.06 16.67 17.67 7.53 -0.55 -16.24 0.03
0.13 -0.24 0.04 -0.09 12.89 -0.19 0.04 -0.01 -0.27 0

0 0 0 0 0.03 0 0 0 0 0
0.08 0 0 0 0.06 0 0 0 0 0

The knowledge of the important states is used to tune
the observer gain L and thus the error convergence of
the variables that matter for control. The observer state
equations are

δ x̂(k +1) = Aδ x̂(k)+Bδu(k)+Bwδw(k)
+ L(δy(k)−δ ŷ(k))

δ ŷ(k) = Cδ x̂(k)+Dδu(k)+Dwδw(k).
(4)

The optimal observer gain L can be solved based on the Lin-
ear Quadratic Gaussian method: L = APCT (W +CPCT )−1

with P = V + APAT −APCT (W +CPCT )−1CPA. The posi-
tive definite matrices V and W represent the intensities of
the process disturbance and measurement noise respectively.
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Based on the banlanced realization results higher weighting
is assigned to the elements in V corresponding to the states
m2, b2, p2, and Trbl whereas the elements in V correspond-
ing to m1, b1, ber, and Ter are given very small weighting
since those states are almost unobservable and uncontrolable
based on the balanced realization. De-emphasizing Ter in
the observer design alleviates any problems that might have
occurred due to the non-monotonic behavior of RBL to Ter.

Based on the separation principle the LQG controller is
completed with a state feedback. Integral control is used
together with state feedback to reduce the steady-state error
of the control input. The state equations of the augmented
states q(k) represent the integral of the difference between
the reference input ydes and the output y(k): q(k + 1) =
q(k) + τ(δydes − δy(k)). The control law is then: u(k) =
−Kδ x̂(k)−KIq(k) where δ x̂(k) is the estimate of the state
determined using a state observer in (4) and K and KI are
the controller gains computed using the LQR method.

The block diagram of the LQG controller and plant is
shown in Fig. 5. The block diagram shows the transfer func-
tions from the actuators RBL and EGR and the measurable
fuel disturbance FUEL to the performance variables CA50
and AFR which can be derived from the state equations (2):[

CA50
AFR

]
=

[
G11 G12 G13
G21 G22 G23

][
RBL
EGR

FUEL

]
. (5)

The LQG controller (CLQG) contains the dynamic feedfor-
ward terms from the measurable fuel disturbance FUEL to
the actuators RBL and EGR (Cw1 and Cw2) and the feedback
from the measurement CA50 and AFR to the actuators RBL
and EGR (C11, C12, C21 and C22):[

RBL
EGR

]
=

[
C11 C12 Cw1
C21 C22 Cw2

]
︸ ︷︷ ︸

CLQG

[
CA50
AFR

FUEL

]
(6)

where the transfer functions of the controller are given by

C =
[

C11 C12
C21 C22

]
=

(
K(zI −A+BK)−1B− I

)
KI

τ
z−1

Cw =
[

Cw1
Cw2

]
= −K

(
(zI −A+BK)−1Bw

)
.

(7)

Note that the transfer function C from δydes −δy to δu
and Cw from δw to δu are both independent of the observer
gain L because the error state x̃(k) = δx(k) − δ x̂(k) is
uncontrollable from the input δydes −δy or the disturbance
δw(k).

V. CONTROL RESULTS

First we assume perfect measurements of both perfor-
mance variables. The closed loop performance in regulat-
ing CA50 and AFR during fuel step changes (9-10-9-8-
9 mg/cycle) is demonstrated in Fig. 6. If RBL and EGR
are held fixed, the open loop response of CA50 and AFR
deviates significantly from the desired values as shown with
the dashed line in Fig. 6. The closed loop response is shown
with the solid line in Fig. 6. Note that the EGR participation
during the fuel steps is transient and has minimal effects
during steady state. The controller achieved regulation even
during large fuel steps from 7 to 11 mg/cycle demonstrating
a reasonable level of robustness.
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In reality, the cycle-to-cycle variability in combustion
introduces noise in the CA50 measurement as shown in
Fig. 2. We thus investigate the effect of measurement noise
on the regulation results by adding ±1 degree uniform ran-
dom number noise in the CA50 measurement. Fig 7 shows
surprisingly that there is no degradation of performance for
noisy measurements. The success of the controller despite
measurement noise can be explained by looking at the struc-
ture of the controller from the block diagram of the LQG
controller and plant in Fig. 5. As can be seen from the Bode
magnitude plots of the feedforward and feedback part of the
controller in Fig. 8, the LQG controller relies largely on
the feedforward part, especially from FUEL to RBL (Cw1).
The feedback part can be approximated by integrators. Thus
the measurement noise in CA50 does not affect the closed
loop performance because it is averaged from the feedback
integral controller. As long as the feedforward is accurate,
the LQG controller achieves good disturbance rejection.
To facilitate implementation on a dynamometer facility, an
equivalent reduced order controller is derived in the next
section.
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VI. CONTROLLER SIMPLIFICATION FOR

IMPLEMENTATION

The feedforward (Cw1 and Cw2) terms of the LQG con-
troller are both nine-order filters and each feedback (C11,
C12, C21 and C22) term is an eleven-order filter. From
the actuator authority analysis in Sec. III it is possible to
infer that RBL is faster and stronger actuator to regulate
CA50 than the other actuator EGR. Whereas, EGR is strong
enough to regulate AFR. Thus, our first step is to eliminate
the cross coupling terms C12 and C21 in Fig. 5 investigating
if a decentralized feedback can handle the interactions. The
decentralized feedback controller Cdec with the off diagonal
feedback C12 and C21 set to zero[

RBL
EGR

]
=

[
C11 0 Cw1

0 C22 Cw2

]
︸ ︷︷ ︸

Cdec

[
CA50
AFR

FUEL

]
.

(8)

is compared with the fully multivariable controller CLQG.
The simulation results shown in Fig. 10 indicate that the C12

and C21 terms do not contribute significantly and thus can be
eliminated. Further simplification is possible by examining
the frequency plot of the gain of Cw2. Specifically, the Bode
plot in Fig. 8 shows that the feedforward from Fuel to

EGR (Cw2) has little effect at low frequencies. In addition,
the control response in Fig. 6 and Fig. 7 show that EGR
is active during transients with small deviation in steady
state. Thus, we further eliminate Cw2. We, then, replace Cw1

with a cancelation feedforward conroller Cuw = −G−1
11 G13.

The plant transfer function G11 and G13 are derived from
the reduced order model based on balanced realization and
do not require LQG control design, exploiting the fact
that RBL is a strong actuator that can eliminate the fuel
disturbance on CA50. Further investigation of the Bode plot
in Fig. 8 allows the approximation of the feedback C11 and
C22 terms with two integrators as shown in Fig. 9. Thus the
cancelation feedforward with integral feedback controller
Cred is a reduced equivalent controller:

[
RBL
EGR

]
=

[
−0.12

s 0 Cuw

0 −0.0428
s 0

]
︸ ︷︷ ︸

Cred

[
CA50
AFR

FUEL

]
.

(9)

Figure 10 presents the closed loop responses of the
plant with (i) the full order LQG controller CLQG, (ii)
the decentralized feedback controller Cdec and (iii) the
cancelation feedforward with integral feedback Cred . The
cancelation feedforward with integral feedback (Cred) is the
simplest controller we can derive before sever degradation.
The feedforward Cuw from Fuel to RBL is a five-order
controller and the feedback consists of two integrators.
Thus, the proposed controller compensate for the exhaust
manifold and runner dynamics and is higher order than the
2nd order LQG controller proposed in [14].
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Fig. 9. Block diagram of the TI engine plant with cancellation feedforward
and integral feedback decentralized control.

VII. CONCLUSION

In this paper we design a multivariable controller that
manages RBL and EGR actuators to regulate CA50 and
AFR during fuel load transients. We then reverse engineer
the multivariable controller and simplify it to decentralized
feedback and a disturbance decoupler. The simplification is
possible due to the weak interaction between the perfor-
mance variables. Indeed, in our combustion model CA50
depends primarily on the charge temperature and not charge
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composition (cylinder AFR). Moreover, most of the dy-
namics (after balanced realization) depend on the exhaust
manifold states (m2, b2, and p2) and the filtered temperature
in the exhaust manifold Trbl . The RBL controller can be a
slow controller that cancels the slow temperature dynamics
in the exhaust runner thus the temperature dynamics need
to be identified very well. Heat transfer and the interactions
among (i) the cooling loop, (ii) the wall temperature, and
(iii) the temperature of the rebreathed flow Trbl need to be
represented if a model-based control design (including slow
pole cancelation) is desirable.

The reason that EGR is not necessary for the AFR control
of the TI engine is as follows. When our controller decreases
RBL during an increase in fuel, it increases the fresh air
in the cylinder, which balances the AFR despite the fuel
increase. Therefore, the RBL controller handles both CA50
and AFR regulation for the most part. In steady-state, EGR
is minimally used to adjust any remaining error in AFR,
and thus an integral controller would suffice.
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APPENDIX
The 9 state equations are denoted by ∗.

∗ d
dt m1 = W01 +W21 −W1c; p1 = m1RT1/V1

∗ d
dt b1 = [−W01i1 +W21(b2 −b1)]/m1

∗ d
dt m2 = Wc2 −W20 −W21 −W2c

∗ d
dt b2 = [Wc2(ber −b2)]/m2

∗ d
dt p2 = γR

(
Wc2T̃er − (W20 +W21 +W2c)T2

)
/V2

where T̃er = Trbl −∆Ter2; T2 = p2V2/(Rm2)
∗ Wc2(t + τ) = W1c(t)+Wf (t)+W2c(t)
∗ Ter(t + τ) = Tbd(t)
∗ ber(t + τ) = bbd(t) where τ = N/120

∗ d
dt Trbl = (Ter −Trbl)/τer

pivc = β0 +β1 p1

W1c = (1− xr)mc/τ −Wf ; W2c =
xr

τ
mc

xr = α1(1+κ0
p

κ1
1

p
κ2
2
√

Trbl
)(urbl +α2u2

rbl +α3u3
rbl)︸ ︷︷ ︸

CdArbl

Tivc = T1(1− xr)+Trblxr; mc = pivcVivc/(RTivc)
bc = (1− xr)

W1c
W1c+Wf

b1 + xrber

bbd = AFRs+1
AFRc+1 (1−bc)+bc

AFRc = [(1−b1)W1c +(1−ber)W2c]/Wf

AFR2 = (1−b2 +AFRs)/b2∫ θsoc
θivc

Apn
ivcvncn

ivc (ϑ)exp(−Eav1−nc
ivc (ϑ)
RTivc

)dϑ = 1

with vx(ϑy) = Vc(ϑx)/Vc(ϑy)
Tsoc = Tivcv(nc−1)

ivc (θsoc); θc = θsoc +∆θ
where ∆θ = k (Tsoc)

(−2/3) (Tm)1/3 exp
(

Ec
3RuTm

)
Tm = Tsoc + e∆T ; ∆T = QLHV m f /(cvmc)
e = a0 +a1k; k = b0 +b1θsoc +b2θ 2

soc
θCA50 = θsoc + .55∆θ
Tbc = Tivcv(nc−1)

ivc (θc); pbc = pivcvnc
ivc(θc)

Tac = Tbc +(1−bc)∆T and pac = pbcTac/Tbc

Tevo = Tacv(ne−1)
c (θevo) and pevo = pacvne

c (θevo)
Tbd = Tevo (p2/pevo)

(ne−1)/ne +∆Tbd
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