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Abstract— In this paper, we study the practical asymptotic
stabilizability of a class of switched systems with autonomous
subsystems. We first introduce the notions of practical attrac-
tivity and practical asymptotic stabilizability. Then we propose
sufficient conditions for practical attractivity and practical
asymptotic stabilizability of such systems.

I. INTRODUCTION

In our recent papers [3], [4], we point out that, under
appropriate switching laws, switched systems without com-
mon equilibria may still exhibit interesting behavior similar
to that of a conventional stable system near an equilibrium.
Such behavior is defined to be practical stability.

The notion of practical stability concerns the local behav-
ior of the system near the origin. However, in many cases,
we are also interested in the behavior of the system in a
larger region. For example, we may want to know whether
the system can exhibit “convergent behavior” similar to
that of a conventional asymptotically stable system. The
first contribution of this paper is the formal introduction of
the notions of practical attractivity and practical asymptotic
stabilizability that can describe such “convergent behavior”
for switched systems with autonomous subsystems. Such
notions are different from the notions of Lyapunov asymp-
totic stabilizability for switched systems [1], [2]. The second
contribution consists of sufficient conditions for practical
attractivity and practical asymptotic stabilizability of such
switched systems. In the proof of the conditions, a switching
law leading to ε-practical attractivity is constructed.

II. PRELIMINARIES

A. Switched Systems and Switching Laws

In this paper, we consider switched systems consisting of
autonomous subsystems

ẋ = fi(x), i ∈ I
�
= {1, 2, · · · , M}. (1)

In (1), every fi : R
n → R

n is locally Lipschitz con-
tinuous. The active subsystem at each time instant is
orchestrated by a switching law. Given any initial t0

and x(t0), the law generates a switching sequence σ =(
(t0, i0), (t1, i1), · · · , (tk, ik), · · · ) (t0 ≤ t1 ≤ · · · ≤ tk ≤
· · · , ik ∈ I) indicating that subsystem ik is active in
[tk, tk+1). We only consider nonZeno sequences which
switch finite times in any finite time interval.

Definition 1 (Switching Law over [0,∞)): For switched
system (1), a switching law S over [0,∞) is defined to be

a mapping S : R
n → Σ[0,∞) which specifies a nonZeno

switching sequence σ ∈ Σ[0,∞) for any initial state x(0).

Here Σ[0,∞)
�
= {switching sequence σ over [0,∞)}. �

B. Review of Practical Stabilizability Results

Now we review some notions and results reported in [4].
We use ‖ · ‖ to denote the 2-norm; B[x, r] to denote the
closed ball {y ∈ R

n : ‖y − x‖ ≤ r} and B(0, r) the open
ball. Unlike the classical stability concept, we do not assume
fi(0) = 0, ∀i ∈ I . Without loss of generality, we only
discuss the case of the origin and let the initial t0 = 0.

Definition 2 (ε-Practical Stability): Given a switching
law S for switched system (1) and given an ε > 0, the
system is said to be ε-practically stable under S if there
exists a δ = δ(ε) > 0 such that x(t) ∈ B[0, ε], ∀t > 0,
whenever x(0) ∈ B[0, δ]. �

Definition 3 (Practical Stabilizability): Switched system
(1) is said to be practically stabilizable if for any ε > 0,
there exists a switching law S = S(ε) such that the system
is ε-practically stable under S. �

Lemma 1 ([4]): Switched system (1) is practically stabi-
lizable if the condition C = R

n holds. Here C is the convex
cone C = {∑M

i=1 λifi(0)|λ1 ≥ 0, · · · , λM ≥ 0}. �

III. PRACTICAL ATTRACTIVITY AND PRACTICAL

ASYMPTOTIC STABILIZABILITY

Practical stabilizability concerns the local behavior of the
system trajectory within given bounds. In many cases, we
are also interested in the behavior of the trajectory in a
larger region. For example, we may want to know whether
the system can exhibit “convergent behavior” similar to
that of a conventional asymptotically stable system. In
this section, we will formally define such behavior. In the
sequel, by a region D around the origin, we mean an open
connected subset of R

n containing the origin along with
some, none, or all of its boundary points.

Definition 4 (ε-Practical Attractivity): Assume that a re-
gion D around the origin is given. Also assume that a
switching law S is given for switched system (1). Given
an ε > 0, the system is said to be ε-practically attractive
on D under S if for any x(0) ∈ D, there exists a finite
T = T

(
x(0)

) ≥ 0 such that x(T ) ∈ B[0, ε]. �
Definition 5 (Practical Attractivity): Assume that a re-

gion D around the origin is given. Switched system (1)
is said to be practically attractive on D if for any ε > 0,
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there exists a switching law S = S(ε) such that the system
is ε-practically attractive on D under S. �

Definition 6 (Practical Asymptotic Stabilizability):
Assume a region D around the origin is given. Switched
system (1) is said to be practically asymptotically
stabilizable on D if it is both practically attractive on D
and practically stabilizable. �

Remark 1: For a practically asymptotically stabilizable
system, given an ε > 0, ∃δ > 0 as in Definition 2 and a
switching law S1 that keeps any trajectory starting in B[0, δ]
to be within B[0, ε]. Furthermore, ∃ a switching law S0

that can drive the state trajectory starting in D into B[0, δ].
Concatenating S0 and S1, a switching law S can be obtained
to bring the trajectory into and keep it within B[0, ε]. �

The results below can easily be extended to the case of
any positive definite energy function and closed region D.

Theorem 1: Assume that D = B[0, r], r > 0. Let
V (x) = xT x be an energy function. Switched system (1) is
practically attractive on D if the following condition holds

min
i∈I

∂V

∂x
fi(x) = min

i∈I
2xT fi(x) < 0, ∀x ∈ D − {0}. (2)

Proof: Given any ε > 0, we will construct a switching
law S to make the system ε-practically attractive on D.

First note that the local Lipschitz continuity of all fi(x)’s
leads to the continuity of all functions gi(x)

�
= 2xT fi(x),

i ∈ I and the function h(x)
�
= mini∈I

∂V
∂x fi(x) =

mini∈I gi(x) on D. Since the set D − B(0, ε) is compact,
∃γ > 0 such that maxx∈D−B(0,ε) h(x) = −γ.

Next note gi(x)’s are uniformly continuous on the com-
pact set D−B(0, ε). So ∃r1 > 0 s.t. |gi(xa)−gi(xb)| ≤ γ

2 ,
∀i ∈ I whenever xa, xb ∈ D−B(0, ε) and ‖xa−xb‖ ≤ r1.

Let L = maxi∈I{maxx∈D−B(0,ε) ‖fi(x)‖} and define

Td
�
= r1

L , we construct a switch law as follows.

Switching Law (for system (1) with x(0) ∈ D − B[0, ε]):
(1). Set k = 0.
(2). Repeat the following step until at some time instant

t ∈ (0,∞), the state trajectory intersects B[0, ε]:
(2a). At tk = kTd, activate subsystem ik =

arg mini∈I gi

(
x(tk)

)
in [kTd, (k + 1)Td). At

time instant (k + 1)Td, set k = k + 1.
This switching law will drive the state to intersect B[0, ε]

in finite time for any initial x(0) ∈ D − B[0, ε]. We
show this by contradiction as follows. Assume the trajectory
never intersects B[0, ε]. Then at any instant kTd, we have
gik

(
x(kTd)

)
= h

(
x(kTd)

) ≤ −γ due to step (2a). More-
over, from the definition of Td, we have ‖x(t)−x(kTd)‖ =
‖ ∫ t

kTd
fik

(
x(τ)

)
dτ‖ ≤ r1, ∀t ∈ [kTd, (k + 1)Td). This

leads to ‖gik

(
x(t)

) − gik

(
x(kTd)

)‖ ≤ γ
2 , ∀t ∈ [kTd, (k +

1)Td). Consequently gik

(
x(t)

) ≤ − γ
2
, ∀t ∈ [kTd, (k + 1)Td).

Due to this, we have for any t ∈ [KTd, (K + 1)Td),
V

(
x(t)

)
= V

(
x(0)

)
+

∑K−1
k=0

∫ (k+1)Td

kTd
gik

(
x(τ )

)
dτ

+
∫ t

KTd
giK

(
x(τ )

)
dτ ≤ V

(
x(0)

) − γ
2
t.

The right-hand side of the above inequality becomes nega-
tive if t is large enough. This leads to a contradiction. �

Corollary 1: Assume that D = B[0, r], r > 0. Switched
system (1) is practically asymptotically stable on D if the
conditions of both Theorem 1 and Lemma 1 hold. �

Remark 2: (2) may remind us of conditions for asymp-
totic stability of switched systems with a common equi-
librium at 0. Yet for general nonlinear subsystems, such
a condition may not guarantee the existence of nonZeno
asymptotically stabilizing switching laws. Up to now, the
condition can only help us construct nonZeno asymp-
totically stabilizing switching laws for limited classes of
systems such as those with subsystems ẋ = Aix. �

IV. AN EXAMPLE

Example 1: Consider a switched system (1) in R
2 which

consists of 4 subsystems with f1(x) = [0.6x1−1, 0.4x2−
1]T , f2(x) = [−0.4x1+1, 0.6x2−1]T , f3(x) = [−0.6x1+
1, −0.4x2 + 1]T , f4(x) = [0.4x1 − 1, −0.6x2 + 1]T .
By Corollary 1, this system is practically asymptotically
stable on B[0, 1]. Given ε = 0.1, a switching law can be
constructed to bring the state into and keep it within B[0, ε]
(see Remark 1). Fig. 1 shows x1(t) and x2(t) generated by
the law (with initial x1(0) = −0.5, x2(0) = 0.6). �
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Fig. 1. x1(t) and x2(t) generated by the switching law (with initial
condition x1(0) = −0.5 and x2(0) = 0.6).

V. CONCLUSION

This paper reports some preliminary results on practical
attractivity and practical asymptotic stabilizability of a class
of switched systems. Sufficient conditions for practical
attractivity and practical asymptotic stabilizability are pro-
posed. Future research includes studies of the practical
asymptotic stabilizability of general classes of switched
systems and applications in asymptotic tracking problems.
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