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Abstract: This paper deals with the regulation of un-
certain, multi-input/multi-output, nonlinear paramet-
ric strict-feedback systems of nth order subjected to ad-
ditive disturbances. A continuous adaptive control law
is proposed using a modified backstepping design that
ensures the output is asymptotically driven to zero. De-
spite the disturbance, the adaptation law does not need
a standard leakage term to ensure the aforementioned
stability result; rather, we use a dynamic robust control
mechanism and a recently-developed projection opera-
tor that is arbitrarily many times continuously differen-
tiable. A numerical example illustrates the main result.

1 Introduction

The class of systems to which adaptive control can be
applied was vastly broaden with the advent of the inte-
grator backstepping design [7]. This systematic design
procedure allows one to adaptively stabilize systems
that are in the so-called parametric strict-feedback form
[7]. In the presence of bounded external disturbances,
it is well known that the performance of adaptive con-
trollers can significantly deteriorate and even lead to
instability. In this case, the parameter estimate can-
not be proven bounded, leading to the unboundedness
of other closed-loop signals. Common approaches for
counteracting this problem include adding a robustify-
ing (leakage) term to the adaptation law (e.g., the o-
modification [5] and the ej-modification [10]), or using
a projection operator [5, 7, 13] to confine the parame-
ter estimate to a bounded convex set in the parame-
ter space. Leakage modifications have the major disad-
vantage of not recovering the disturbance-free stability
performance of the unmodified adaptation law if the
disturbance disappears after some time. On the other
hand, projection operators preserve the ideal properties
of the adaptive controller if the disturbance disappears,
but require parameter bounds to be known a priori.
Generally, projection-based adaptation laws are discon-
tinuous, which violates the Lipschitz condition for ex-
istence of classical solutions to differential equations.
Furthermore, the discontinuity is not desirable from an
implementation standpoint. This shortcoming however
was addressed in [12] by introducing a boundary layer
around the convex set that resulted in a Lipschitz con-
tinuous projection operator. Recently in [1], we pro-
posed a smoothened version of the projection operator
of [12], which replaces the Lipschitz continuity with the
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stronger property of arbitrarily many times continuous
differentiability while introducing minor or no modifi-
cations to the other projection properties. This new
projection operator is useful for backstepping-based, ro-
bust adaptive controllers that require multiple differen-
tiations of the adaptation law.

Robust adaptive control laws for systems affected by
external disturbances can generally be shown to ensure
the boundedness of closed-loop signals, but not asymp-
totic tracking and regulation to zero. For example, [15]
proposed a projection-based adaptive backstepping con-
troller for single-input/single-output (SISO), minimum
phase linear systems of relative degree two in the pres-
ence of input and output disturbances, which guaran-
tees the tracking error is ultimately bounded and small
in the mean square sense. In [4], an adaptive back-
stepping controller with tuning functions for linear sys-
tems with output and multiplicative disturbances was
redesigned with a switching o-modification. The con-
troller gives a tracking error proportional to the size of
the perturbations. In [9], a class of SISO nonlinear sys-
tems affected by unknown, time-varying bounded para-
meters and additive disturbances was considered, and a
robust adaptive tracking controller was presented that
achieves boundedness of all signals and arbitrary dis-
turbance attenuation. The work in [11], which studied
a class of systems similar to the one in [9], proposed
a robust adaptive controller that ensures the Lo norm
of the tracking error is bounded. The tracking con-
trol problem for SISO nonlinear systems with unknown
control coefficients and time-varying disturbances was
recently studied in [3]. The robust adaptive controller
proposed in [3] was shown to guarantee the global uni-
form boundedness of the tracking error.

In this paper, we consider a class of nth-order,
multi-input/multi-output (MIMO), nonlinear paramet-
ric strict-feedback systems with matched, unknown,
time-varying, additive disturbances and unmatched,
uncertain, constant parameters. Our goal is to design a
CY adaptive controller that is insensitive to exogenous
disturbances, and asymptotically drives the output to
zero while maintaining all closed-loop signals bounded.
Under the assumption that the disturbance is C? with
bounded derivatives, we propose a modified adaptive
backstepping design that exploits the new robust con-
trol mechanism of [14] and the new sufficiently smooth,
projection-based adaptation law of [1]. A Lyapunov-
type stability analysis is used to prove semi-global as-
ymptotic output regulation.
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2 Problem Statement

We consider a class of parametric strict-feedback sys-
tems of the form

i = ol (21)0+ o (1)
iy = @3 (x1,22)0+ a3 (2)
i = @l (21, 2) 0+ zi1 3)
tn = pp (@1, m) 0+ d+u )

where z;(t) € R™, i = 1,...,n are the measurable states,
p; (1) e RP*™ =1, ...,n are known nonlinearities, 0 €
RP is an uncertain constant parameter vector, d(t) €
R™ is an unknown additive disturbance, u(t) € R™ is
the control input, and y = x; is the system output. We
make the following assumptions regarding the system
model:

Al. p; (1) is C" 1% and g, (0,...,0) = 0.
A2. d(t) is C? and d(t),d(t),d(t) € Loo.

A3. The parameter vector 0 belongs to a compact con-
vex set 2 := {0:]|0]] < 0y} where 0y is a known
positive constant.

The control objective is to ensure y (t) — 0 as t — oo
and the boundedness of all closed-loop signals. The
following notation will be used throughout the paper:
0;(t) e RP, i =1,...,n — 1 are parameter estimates;

0;(t):=0—-0;(t), i=1,---,n—1 (5)
denote the corresponding parameter estimation errors;
Proj(u;,0;) € RP, i =1,...,n — 1, Yu,;(t) € R™ denote
C"~ =1 projection operators used to ensure 0;(t) € Lo
independent of the control (see Appendix A for de-
tails); I'; € RP*P 4 = 1,...,n — 1 are constant, diag-
onal, positive-definite matrices; and ¢;, i = 1,...,n are
positive constants. To facilitate the readability of the
paper, the control design that follows is presented for
the case where m = 1. Note, however, that the main
result is readily applicable to the MIMO case.

3 Adaptive Control Design
Step 1
The first n—1 steps of the control design follow the stan-

dard adaptive backstepping procedure [7]. We begin by
defining the following variables

m - =T (6)

My 1 =Ty (7)

where « is a stabilizing function yet to be designed.
Let 1 1.7 ~

V= 577% + 591 Fflal, (8)

and differentiate (8) to obtain

. T R
Vi=m (‘PT9+772 —|—a1) -0, Pfl 01 (9)

where (1) and (5) were used. Based on (9), we design
the stabilizing function and parameter update law as
follows

—C17 — ‘Prirél

91 = ].—‘1PI‘Oj(‘LL1,91),

ap =
My 2= P17
After substituting (10) and (11) into (9), we obtain

) ~T 15
Vi = —cimi +mime+6, (/h -It 91) < —cni + i,
(12)

where property P2 of the projection operator was used
(see Appendix A).

Step 2

Let

N3 = a3 — Q2 (13)

where 3 is the second stabilizing function, and use (7)
to rewrite (2) as

. 8@1 . 8041
T
=50 - —— 0. 14
fla = 20 + 13+ a2 oz, 1 a0, ! (14)
Define 1 11
Vo :=Vi +§n§+§92 50, (15)
and differentiate (15) to obtain
. 9 N P
Voo < —eni+mng—0,T5 02
8041
+1)s ((%T - 8—{}31@1T> 0+ n3 + az
ooy ooy
00, | O’ (16)

where (12), (5), and (1) were used.

Based on (16), we design the second stabilizing function
and parameter update law as follows

Oa N
Qz = —Calg — My — (902T - %?P{) D)
80[1 - 8041
— 01 +—— 1
+ 00, 1 +8l‘1 X9 ( 7)

4 ) N Ja
Oo=T2Proj(py, 02), pg = (‘PQ - ‘Pla—xi) 9. (18)

Note that as = as (z1, xo, @1, éz) due to (11), (6), (10),
and (7). Substituting (17) and (18) into (16) and mak-
ing use of property P2 of the projection operator yields

Vo < —cinf — com + 1. (19)
Stepi 3<i<n-—1)
Let
Nig1 = Tit1 — Oy, (20)
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and rewrite (3) as

. 80[ 1 ,
n, = JI—OQ 1_()010‘1‘771_;'_1“‘051_2 8;] j
8 i ;
—Z L, (21)
j=1 ]
Define 1 1.7
Vii=Vier + 2771 +50 I, (22)
whose derivative is
O L da
. i—1 i—1
Vi < |l - WSOJT 0-> S i+
j=1 J j=1 J

i1 o0
N Z — 0 +1;41 +

iz 99,

i—1 ~T .
- Zcﬂﬁ + i —0; 0710,

j=1

(23)

Based on (23), design

aaz 1 Y
Qp = TGN M1 Z Oz j 0;
j
i—1
Oavi_1 Oo_1 %
S DL =R LU= )
L =1 9
A . ~ =t 8041'71
0i=TiProj(p;, 0:), P Pig— | M
j=1 ’
R R (25)
Note that o; = (a1, ,24,01,--,0;). Substituting
(24) and (25) into (23) gives
V,< - Zcﬂﬁ +NiNiva (26)

Jj=1

Remark 1 Notice that in step 3 the term Oas/0x,
in (24) is a _function of aij(ul,Hl)/@ul and
dProj(py,01)/001, which requires Proj(u,,0:) to be C*.
In the subsequent steps, the differentiability order of the
projection operator will increase by one after each step.
For e:mmple in step 4, the stabilizing function oy will
require Proj(p,61) to be C* and Proj(p,,02) to be CL.
At step n, the control input w will require Pm](ul,H ),
i=1,...,n—1 to be C® "L, As a result, we require

a pm]ectzon operator that is suﬂiczently smooth such as
the one in [1].

Step n

In the last step, we introduce a modified backstepping
procedure based on the new control mechanism of [14]

to deal with the additive disturbance in (4). Let the
auxiliary variable r(t) be defined as
Ti= Ny 0y (27)
where
Ny = Tn — Qn—1. (28)
After differentiating (27), we obtain
Differentiating n,, twice produces
77 <pn9 + d + U — Gy (30)

where (4) was used.

We first concentrate on the calculation of the term é&,_1
n (30). To that end, we have

L dan_1 . Oy 1 4
Gnoy = a1j+za1-
j=1
nfl da 80& .
n—1 n—1 )
= — —Tjt1 Tt ~—0;
; Iz; JZ::I 90,
q)(xla'"axnvély"'aén—l)
n—1 804
n—1 T
2 0. 1
+; o, ) (31)
Note that ®(-) is known. Differentiating (31) gives
&n—l = (D()
8 Op—-1 aan—l 88031
+Z (Z Ox; &vkw oxr; Oxp
j=1 = J
0%
% (970 + ) + 201 g 0.
o0+ @iss) 02,00, " #
gr(@e, o wn, b1y, 0,0)  (32)

We now turn our attention to the calculation of the
term @20 in (30). To that end, we have

n—1 T T
T = 9 "0+ O ;
— 8@- 8:En
Jj=1
n—1
o T
. asj :
T
0 .
+ 8?2 (r—m, +dn_1)0
n—1
o T
= Z a@n ((pfa =+ Ij-‘rl) 0
j=1
T n—1
LN U L T B VI I
Oxy, ; Ox; ™7
J=1 ‘
= 92(1’1, cc o Tpy 01a o 70n—1ar)
(33)
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where (27), (28), and (31) were used.

After substituting (30), (32), and (33) into (29), we get

P=g—®+d+u+r—m, (34)
where g := g2 — g1,
lo@r. a1 b < oyl 121 (85)

p,(-) € R>q is some globally invertible, nondecreasing
function, and z(t) is defined as follows

ne=ln " 2= (36)
(See [2] for proof of (35)).
Based on (34), we design i(t) as [14]
= — Bsgn(n,) — (cn +2)r (37)

where 3 is a positive constant. The actual C° control
input can be written from (37) as follows

® (1)~ 2(0) - (en +2) (n,,(t) = n,,(0))

- / {6+ 2)0,(7) + Bsgn(, (7)) dr

(38)
where u(0) = 0. After substituting (37) into (34), we
obtain the closed-loop system

u(t) =

r=—-r—mn,—cyr+g-+ (d — 5Sgn(77n)) . (39)

4 Stability Analysis

Before presenting the main result, we state the following
two lemmas which will be invoked later.

Lemma 1 (See [14] for proof) Let the auziliary func-
tion L(t) be defined as follows

L:=r (d - ﬁsgn(nn)) .

If the control gain (B is selected to satisfy the following
sufficient condition

(40)

o> [dol, +|do],_. (1)
then ,
/O Lr)dr < ¢, (42)
where the positive constant ¢, is defined as
¢y = B[n,(0)] = ,,(0)d(0). (43)

Lemma 2 (See proof of Theorem 8.4 in [6]) Consider
the system & = f(&,t) where f: RY x R>o— RY? for
which a solution exists. Let the region D be defined
as follows D = {£ € RY: ||€]| < es} where €4 is some
positive constant and let V: D x Rs>o— Rxo be a ct
function such that

Wi(€) < V(& t) SWa(§) and V() < —W()
(44)

Vt > 0 and V¢ € D, where W1(€), Wa(€) are C° positive
definite functions and W (€) is a differentiable, positive
semi-definite function. If £(0) € S, where

S:={£eD:Wy(&) <6}, 6< min Wi(¢)

lI€ll=zs (45)

with & being some positive constant, then &(t) is
bounded. Furthermore, if W (&) is uniformly continu-
ous, then

W () — 0 as t — 0. (46)

We now state the main result for the proposed adaptive
controller.

Theorem 1 The control law of (38) ensures that all
system signals are bounded and y(t) — 0 ast — oo, pro-
vided the control gain B is adjusted according to (41),
and the control gains c, is selected sufficiently large rel-
atwwe to the system initial conditions.

Proof: Let the auxiliary function P(t) be defined as
follows

P(t) :=¢, —/0 L(r)dr

where ¢, and L(t) were defined in Lemma 1. It is easy
to see that the use of Lemma 1 ensures P(t) > 0. We
now define the function V' as follows

(47)

V=V + %ni + %73 + P. (48)
Note that (48) can be bounded as follows
MR <V < g e (49)
where
E= 1" 8 e VAT, D= B,
A= g min {1, Ain (0771 } (50)

1
A9 = max {ﬁAmax (1";1) ,1} .

Remark 2 Let f(&,t) denote the right-hand side of the
closed-loop system for which the stability analysis is be-
ing performed. Notice from (39) and (40) that f(&,t)
has a discontinuity on the set of Lebesgue measure zero
{(&,t) : n,, = 0}. Since Lemma 2 requires that a solu-
tion exist for & = f(&,1), see [14] for a discussion on
the existence of solutions.

After taking the time derivative of (48) and substituting
from (27), (39), and (47), we obtain

V=Vea—12—cri+rg—n? (51)
upon use of (40). Substituting now from (26) for i =
n—1 and (35) gives

n—2
Vo< - Z Cjﬁ? + M1 — kni_d — Mo
j=1

+[Irl pg (12l ll2ll = enr?] = a7 =% (52)
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where ¢,_1 = k+ 1 and k is positive constant. After
completing the squares on the bracketed terms of (52),
we obtain

1 AEDNE
V< - 20777] (1 - —> 773171—77%—7“2+9T

(53)
If k£ > 1/4, then (53) can be rewritten as

v (U_ <|z|>> .

Cn—2,1 —1/4k}. Tt follows from

(54)
where ¢ := min{¢y, ...,
(54) that

Py (llz11)
4o

V< —lz|? for c,> (55)
where the constant ~ is such that 0 < vy < 1.

We now apply Lemma 2 by first determining from (49)
and (55) that

Wi(€) = A lléll Wa(€) = Ao [I€° W(E) =~ ||Z|F56
From (55), we define the sets D and S as

D= {1 l¢l <5y VEE)}, ()

= {&: W) < i (0" vEen)’ . (59)

We can now invoke Lemma 2 to state that £(t) € L.
From (6), we know x1(t) € L. From (10), (11), and
property P3 of the projection operator, we then know

a1(t),01 (t) € Loo. We can now use (7) to show xa(t) €
Loo. From (1), we know #1(t) € L. Continuing with
this procedure, we can show «;(t), x;y1(t), € Loo, i =
2,...,m — 1. We can now state 7;(t), &;—1(t) € Loo, © =
1,...,n—1 by using (21). Using (39) and assumption A2,
we can show 7(t) € L. From (27) and (31), we know
N (t), An—1(t) € Loo; hence, from the time derivative of
28), we can conclude #,,(t) € L. Finally, we can use
(4) to show that u(t) € Lo

Using the above boundedness statements, it is clear
from (56) that W (£(t)) € Lo, which is a sufficient con-
dition for W (£(¢)) being uniformly contlnuous Tt then
follows from Lemma 2 that v ||z(t)]|* — 0 as ¢ — oo
VE(0) € S. From (36) and (6), we then know that
y(t) = 0ast — oo VE(0) € S.

Note that the set (58) can be made arbitrarily large to
include any initial conditions by increasing the control
gains ¢, (i.e., a semi-global stability result). Specifi-
cally, we can use the second equation in (56) and (58)
to calculate the set as follows

ol <[ Xntevem, o)
wipz( j—;ns(on) (60

where

1
T

Zn:n 0)+72(0)+ ) 0, (0)0;(0) + P(0)
j=0 J

n

1€O)] =

I
<

(61)
Note that r(0) is not a function of ¢, since u(0) =0. W

5 Simulation Results

For simulation purposes, we considered the parametric
strict-feedback system of (1)-(4) with m =1 and n =4
and the following model

The initial conditions of the system were set to z1(0) =
0.1, 22(0) = :E3(0) = 24(0) = 0, and 6,(0) = 02(0) =
93( ) = [0 0]7. The controller parameters were selected
by trial-and-error until good regulation performance
was obtained. This tuning process resulted in the fol-
lowing values for the parameters: ¢; = ¢c3 = ¢3 = 5,
¢y =30, 3 =60, 1 =Ty =I5 = diag(10, 10), 6y = 3,
e =1, and 6 = 1. The simulation results are shown in
Figures 1 and 2. Figure 1 shows the output y(¢) and the
control input u(t) while the parameter estimates 6;(¢),
i =1,2,3 are shown in Figure 2.

6 Conclusion

This paper considered the regulation problem for nth-
order MIMO nonlinear parametric strict-feedback sys-
tems in the presence of matched additive disturbances
and unmatched parametric uncertainties. A new con-
tinuous adaptive controller was proposed whose formu-
lation is founded on the fusion of a modified backstep-
ping design, a a dynamic robust control mechanism, and
an arbitrarily many times continuously differentiable
projection operator. The resulting adaptive controller,
which exploits the two times continuous differentiability
of the disturbance, asymptotically regulates the output
to zero without the need for a leakage term in the adap-
tation law.
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A Projection Operator

We use the following smoothened version of the pro-
jection operator introduced in [12], which was recently
proposed in [1]:

Proj(ui,@i) =M — ﬂlﬁva(iiL 5, t=1,.,n—-1
4 (62 + 2890) 90
(63)
where
p(0y) = 0,0, 62 (64)
p"_i(éi) if p(él) >0
™= (65)
0 otherwise,
1 & 1 . S
T2 = VPOu [ 5VPOi)u; | +87(66)

w; was defined in (25), V is the gradient operator, ¢,
are arbitrary positive constants, and 6, was defined
in assumption A3. It can be proven that the above
projection operator has the following properties [1]: If
0;(0) € Q, then

P1.

0i(t)| < 00 +2 v >0

P2. éiTProj(ui,éi) > é?ui;

D 0o +c\°| 6o+e
Ps. HPYOJ(M@) < sl 1+< - > +

0o 205

P4. Proj(u;,6;) is "1,
0.(;8’ 4
0.06- 4
0:02* i
o

—0.020 7 > 3 " é = . s T

Time (sec)

5
Time (sec)

Figure 1: Output y(¢) (top plot) and control input wu(¢)
(bottom plot).
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Figure 2: Parameters estimates 61(¢) (top plots), 62(¢)

(middle plots), and fs(¢) (bottom plots).
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