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Abstract— We develop a population model that captures the
cell cycle dependent production of ethanol in fed-batch yeast
cultures. The dynamic model is used to compute fed-batch
operating policies that maximize total ethanol production. The
initial volume and glucose concentration, the feed flow rate and
glucose feed concentration profiles, and the final batch time
are treated as decision variables in the dynamic optimization
problem. Optimal solutions computed with different ethanol
production rates in the G1, S and G2/M cell cycle phases are
compared. We find that the optimal solutions are insensitive
to the production rate values unless ethanol is assumed to
be produced only in the G1 phase. The implications of the
observed cell cycle production dependencies on metabolite
productivity optimization are discussed.

I. INTRODUCTION

The yeast Saccharomyces cerevisiae is commonly used
as a host organism for the production of recombinant pro-
teins because it has transcription, translation and secretion
systems similar to those in higher eukaryotes [1]. Notable
examples of heterologous proteins industrially produced
with S. cerevisiae include human interferon, hepatitis B
surface antigen and insulin [2]. While most native yeast
proteins are synthesized at a constant rate throughout the
cell cycle, several recombinant proteins have been shown to
be preferentially synthesized and/or secreted during a spe-
cific cell cycle phase [3], [4]. Cell cycle dependent protein
production appears to be even more common in mammalian
cells such as hydridomas [5] and Chinese hamster ovary
(CHO) cells [6]. While several investigators have proposed
that the tendency of some proteins to be differentially
produced during the cell cycle could be exploited to enhance
protein production [3], [7], this concept has not been
systematically investigated. We have initiated a research
project which aims to combine population balance equation
(PBE) models and dynamic optimization to enhance the
production of cell cycle dependent proteins in fed-batch
cultures. As a preliminary step towards this goal, in this
paper we consider the problem of ethanol optimization in
fed-batch yeast fermenters. Ethanol is known to be secreted
primarily by large budded cells [8], [9]. Therefore ethanol
synthesis serves as a convenient model system to study
proteins that are preferentially produced during the late S,
G2 and M phases of the cell cycle.
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We previously developed a mass structured PBE model
that captures the cell cycle dependency of ethanol produc-
tion [10]. The PBE model was formulated by assuming that
single cells metabolize nutrients via three metabolic path-
ways: glucose fermentation, glucose oxidation and ethanol
oxidation. Ethanol produced by the fermentative pathway
was assumed to be utilized as a carbon source only at
sufficiently low glucose concentrations [11]. The single
cell growth rate for each metabolic pathway was assumed
to follow Monod kinetics with respect to the nutrients
involved. The cell cycle dependency of ethanol production
was included in the ethanol formation rate associated with
glucose fermentation. Discretization of the PBE model in
the mass domain using orthogonal collocation on finite
elements produced a set of ordinary differential equations
(ODEs) suitable for numerical integration. A converged
solution was obtained with 109 collocation points, yielding
a discretized model comprised of 117 ODEs.

The transient nature of fed-batch operation requires that
the optimal nutrient feeding policy be determined by solving
a dynamic optimization problem [12]. The prototypical
problem involves the use of a dynamic model to compute
the optimal policy followed by the design of a feedback con-
troller that provides tracking of the optimal trajectory [13].
The formulation and solution of dynamic optimization prob-
lems for maximizing productivity in fed-batch bioreactors
has been extensively studied for several decades [14], [15].
While optimal control strategies for maximizing protein
production have been presented, most methods are based on
simple unsegregated models that are incapable of describing
cell cycle dependent production. One notable exception is
a study in which a simple cell cycle model was used to
determine optimal fed-batch operating policies for rice α-
amylase production by a recombinant yeast [7].

The development of fed-batch optimization strategies
based on PBE models is considerably more challenging.
Dynamic optimization codes usually require that the pro-
cess model be posed as a set of nonlinear algebraic con-
straints [16], thereby necessitating both spatial and temporal
discretization of the PBE model. The size of the resulting
optimization problem will be several orders of magnitude
larger than that encountered with a simple unsegregated
model. To our knowledge the use of PBE models to
compute optimal fed-batch operating policies has not been
explored. In this paper we take a preliminary step towards
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this goal by computing optimal open-loop feeding policies
using a simple population model that captures cell cycle
dependent ethanol production. The model accounts for cell
growth and ethanol production/consumption via the glucose
fermentative, glucose oxidative and ethanol oxidative path-
ways. The dynamic optimization problem is formulated as
maximization of ethanol production subject to constraints
imposed by the temporally discretized model equations. In
addition to the feed flow rate and glucose feed concentration
profiles, the initial volume, initial glucose concentration and
final batch time are treated as decision variables.

II. POPULATION MODEL FOR CELL CYCLE
DEPENDENT ETHANOL PRODUCTION

The population model is based on a very simple de-
scription of the eukaryotic cell cycle in which cells are
distributed in the G1, S and G2/M phases [7]. Transitions
between cell cycle phases are described by the following
equations:

dXG1

dt
= −PG1XG1 + 2PMXM (1)

dXS

dt
= −PSXS + PG1XG1 (2)

dXM

dt
= −PMXM + PSXS (3)

where the subscripts G1, S and M are used to denote the
cell cycle phase, X is the number of cells in a particular
phase and P is the transition rate between two phases. The
cell fraction φ in each phase is defined as:

φG1 =
XG1

Z
, φS =

XS

Z
, φM =

XM

Z
(4)

The total cell number Z = XG1 + XS + XM is assumed
to increase exponentially:

dZ

dt
= µZ (5)

where the overall growth rate µ depends on carbon source
availability. We utilize the following expressions that relate
the cell fractions in the three cell cycle phases to the growth
rate:

φG1 = exp (βµ) (6)

φS =
0.33µ

ln 2
(7)

φM = 1 − φG1 − φS (8)

where β is an adjustable parameter. Although derived under
the assumption of balanced growth, the following relations
relating the cell fractions φ and the transition rates P have
been shown to hold for unbalanced growth conditions [7]:

PG1 = (2/φG1 − 1)µ (9)

PS = (1/φS + φM/φS)µ (10)

PM = µ/φM (11)

The overall growth rate µ is determined by the contri-
butions of the glucose fermentative (gf ), glucose oxidative
(go) and ethanol oxidative (eo) pathways [10]:

µ(G,E) = µgf (G) + µgo(G) + µeo(G,E) (12)

where G and E denote the extracellular concentrations of
glucose and ethanol, respectively. Fermentation is assumed
to be inhibited by high glucose concentrations according to
the Crabtree effect [17]. The dissolved oxygen concentra-
tion is assumed to be regulated as a constant value such that
the growth rate expressions for the two oxidative pathways
depend only on the carbon sources. Because glucose is
the preferred carbon source, ethanol oxidation is assumed
to inhibited by high glucose concentrations. The resulting
growth rate expressions are:

µgf (G) =
µmgfG

Kgf + G + G2

Kigf

(13)

µgo(G) =
µmgoG

Kgo + G
(14)

µeo(G,E) =
µmeoE

Keo + E

Kieo

Kieo + G
(15)

Extracellular balances yield the following equations:

dV

dt
= F (16)

d(V G)
dt

= FGf −
(

µgf

Ygf
+

µgo

Ygo

)
Z (17)

d(V E)
dt

=
[
ψ(XG1, XS , XM , Z)

µgf

Ygf
− µeo

Yeo

]
Z (18)

where V is the reactor volume, F is the feed flow rate and
Y are yield coefficients for the three pathways. The function
ψ accounts for cell cycle dependent ethanol production via
the fermentation pathway:

ψ(XG1, XSXM , Z) =
ρG1Xg1 + ρSXS + ρMXM

Z
(19)

where ρ represents is the specific ethanol production rate in
a particular cell cycle phase. While specific production rate
values have been estimated for α-amylase production [7],
we simply adjusted the ρ parameters to evaluate the effect
of different cell cycle production dependencies on the
computed nutrient feeding policies.

The nominal model parameter values listed in Table I
were generated from several sources. The maximum growth
rate (µmgf ) and glucose inhibition constant (Kigf ) for
glucose fermentation were obtained from Henson and Se-
borg [18]. Maximum growth rates for the other two path-
ways (µmeo, µmgo) were calculated by scaling the values
given in Mhaskar et al. [10] to be consistent with the µmgf

value. The saturation constants (Kgf , Keo, Kgo) and the
glucose inhibition constant for ethanol oxidation (Kieo)
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TABLE I

NOMINAL MODEL PARAMETER VALUES.

Variable Value Variable Value
µmgf 0.48 h−1 Kgf 40 g/l
Kigf 20 g/l Ygf 1.04 × 1011 g−1

µmeo 0.112 h−1 Keo 1.3 g/l
Kieo 0.4 g/l Yeo 3.47 × 1011 g−1

µmgo 0.052 h−1 Kgo 2.0 g/l
Ygo 4.51 × 1011 g−1 β -3.9
ρG1 0 ρS 0.75
ρM 0.5 V (0) 1 l

V (tf ) 5 l

were obtained from the same source. The yield coefficients
(Ygf , Yeo, Ygo) were calculated by scaling the values given
in Mhaskar et al. [10] with the same single cell mass
(1.44 × 10−12 g) used to the scale the maximum growth
parameters. Uchiyama and Shioya [7] fit the β parameter
to growth rate data for cell populations in the G1, S and
G2/M phases. We used the same parameter value under
the assumption that their recombinant yeast strain exhibits
similar growth rate characteristics as a wild type strain used
for ethanol production. The specific ethanol production rate
values (ρG1, ρS , ρM ) were chosen somewhat arbitrarily to
reflect experimental data showing that ethanol is produced
primarily by large budded cells [8]. A larger value was
chosen for ρS than for ρM due to the relatively short
duration of the S phase. These values were modified to
evaluate the effect of different cell cycle dependencies on
the optimal feeding policy.

III. FED-BATCH OPTIMIZATION STRATEGY

The objective function to be maximized was the total
mass of ethanol produced at the end of the batch. The initial
volume V (0) and glucose concentration G(0), the feed
flow rate F (t) and glucose feed concentration Gf (t), and
the final batch time tf were treated as decision variables.
Therefore the dynamic optimization problem had the form:

max
V (0),G(0),F (t),Gf (t),tf

V E(tf ) (20)

The maximization was performed subject to constraints
imposed by the dynamic model equations and various
operational restrictions. We utilized a simultaneous solu-
tion method that explicitly accounts for state dependent
constraints and is applicable to large optimal control prob-
lems [16], [19]. The dynamic model equations were tempo-
rally discretized and posed as equality constraints. Model
discretization was performed using orthogonal collocation
on finite elements with 96 elements and 8 internal colloca-
tion points to yield a total of 865 node points.

The dynamic optimization problem was solved using the
code IPOPT [20] within the AMPL modeling language. The
following bounds were imposed on the problem variables:

0 ≤ F (t) ≤ 5 l/h,

∣∣∣∣dfdt

∣∣∣∣ ≤ 1 l/h/h (21)

0 ≤ Gf (t) ≤ 100 g/l,
∣∣∣∣dGf

dt

∣∣∣∣ ≤ 50 g/l/h (22)

14.4 h ≤ tf ≤ 48 h, 0 ≤ G(0) ≤ 50 g/l (23)

V (0) ≥ 1 l, V (tf ) ≤ 5 l (24)

XG1, XS , XM , Z, V, G, E ≥ 0 (25)

Most bounds were specified to ensure that the optimal
solution remained within a physically meaningful operating
range. Derivative bounds were imposed on the feed vari-
ables to avoid undesirable solutions in which the feed flow
rate rapidly cycled between its lower and upper bounds to
achieve a minuscule improvement in the objective function.
A lower bound on the batch time was implemented to avoid
complications associated with using a variable number of
finite elements. The optimization model consisted of 8647
decision variables and 6914 constraints.

IV. RESULTS AND DISCUSSION

To evaluate the impact of dynamic optimization the first
set of results were generated by fixing the initial fermenter
conditions, the feeding policy and the final batch time. The
following operating conditions were simulated: V (0) = 1 l,
G(0) = 50 g/l, F (t) = 0.167 l/h, Gf (t) = 100 g/l, and tf = 24
h. Because the primary objective was to analyze the effect of
a constant feed flow rate, the other variables were chosen
to be close to their optimal values computed below. The
nominal set of model parameter values listed in Table I were
used. Figure 1 shows the glucose concentration and ethanol
productivity over the fed-batch run. The constant feeding
policy produced a highly variable glucose concentration
and 70.6 g of ethanol at the end of the batch. Figure 2
shows the cell number in each cell cycle phase and the
growth rate attributable to each metabolic pathway. Most
cells were located in the G1 and M phases due to the
relatively short duration of the S phase. For this feeding
policy the fermentative pathway was dominant, the glucose
oxidative pathway was significant and the ethanol oxidative
pathway was negligible.

The next set of results were generated by solving the
dynamic optimization problem under the assumption that
ethanol is produced only in the S and M phases. As before
the nominal parameter values listed in Table I were used.
The optimal feeding policy is shown in Figure 3. The feed
flow rate was maintained at zero for the first eight hours
to achieve a glucose concentration that maximizes the fer-
mentation rate. Then the feed rate was increased slowly to
maintain the optimal glucose concentration before dropping
abruptly near the end of the batch to ensure satisfaction of
the terminal volume constraint. During the period of non-
zero feed rate, the feed glucose concentration was placed at
its upper bound to maximize the fermentation rate. When
the derivative constraint on the feed flow rate was removed,
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Fig. 1. Glucose concentration and ethanol productivity for a constant
feed flow rate.
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Fig. 2. Cell populations and growth rates for a constant feed flow rate.

the small oscillations were replaced by violent oscillations
in which the feed rate rapidly cycled between its lower
and upper bounds to achieve a minuscule improvement
in the objective function. This undesirable behavior was
easily eliminated through the use of the feed rate derivative
constraint.

Figure 4 shows the liquid volume, glucose concentration
and ethanol productivity trajectories when ethanol produc-
tion occurred in the S and M phases. The initial volume
was set equal to the lower bound, while the upper bound
was chosen for the initial glucose concentration. By driving
the glucose concentration to the value that maximized the
fermentation rate, the optimized solution produced 102.7 g
of ethanol. This productivity represents a 45% improvement
over that obtained with the constant feed flow rate.

Figure 5 shows the cell number in each cell cycle phase
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Fig. 3. Optimal feeding policy for ethanol production in the S and M
cell cycle phases.
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Fig. 4. Volume, glucose concentration and ethanol productivity obtained
with the optimal feeding policy for ethanol production in the S and M cell
cycle phases.

and the growth rate attributable to each metabolic pathway
for this case. The fermentative and overall growth rates
were larger than those achieved with the constant feed
flow rate (see Figure 2). The higher growth rates were
attributable to the optimized feeding policy that maintained
the glucose concentration at a value that maximized fer-
mentation relative to the other two metabolic pathways.
The fermentative pathway was preferred for several reasons:
(1) fermentation provided the largest growth rate of the
three pathways; (2) higher growth rates shortened the G1
phase as per (6); and (3) ethanol was only produced via
the fermentative pathway by cells in the S and M phases.
Consequently the optimal operating policy for fermentation
products such as ethanol that are synthesized in the later cell
cycle phases is manipulation of the feeding rate to maximize
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Fig. 5. Cell populations and growth rates obtained with the optimal
feeding policy for ethanol production in the S and M cell cycle phases.

flux through the fermentative pathway while honoring the
terminal volume constraint. We found that the optimal
solution was not significantly affected by the values chosen
for metabolite production rates unless φG1 was much larger
than both φS and φM . This result suggests that the proposed
framework will be most beneficial for metabolites that are
primarily produced in the G1 phase because only then will
the optimal solution deviate substantially from that obtained
with a standard model that neglects cell cycle production
dependencies. This case is explored below.

The final set of results were generated with a different set
of metabolite production rates ρ than those listed in Table I.
Although not realistic for ethanol, the production rates were
specified to represent a fermentation metabolite produced
only during the G1 cell cycle phase: φG1 = 0.462, φS =
0 and φM = 0. The φG1 value was chosen such that the
optimized solution produced the same amount of ethanol
(102.7 g) as the previous case with φG1 = 0. Otherwise
the nominal parameter values listed in Table I were used.
The optimal feeding policy is shown in Figure 6. The most
significant differences with the optimal solution obtained
for φG1 = 0 were (see Figure 3): (1) the feed rate was
initially maintained at zero for a longer period of time; (2)
the feed rate was increased more slowly during the middle
of the batch; (3) the feed rate was dropped back to zero
much closer to the end of the batch; and (4) the final batch
time was significantly longer. Both cases produced identical
glucose feed concentration profiles in which the maximum
value was selected for non-zero feed rates.

Figure 7 shows the liquid volume, glucose concentration
and ethanol productivity trajectories when metabolite pro-
duction occurred only in the G1 phase. The glucose concen-
tration was driven to a much lower value than with φG1 = 0
(see Figure 4). For this case maximization of fermentation
relative to the other two metabolic pathways no longer
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Fig. 6. Optimal feeding policy for metabolite production in the G1 cell
cycle phase.

represented the optimal solution. Instead the optimizer was
forced to find a compromise between competing pathways:
(1) fermentation that maximized the total cell number and
the ethanol produced per cell in the G1 phase; and (2)
glucose oxidation that maximized the number of cells in the
G1 phase due to the effect of overall growth rate on the G1
phase duration. This interpretation is supported by Figure 8
which shows the cell number in each cell cycle phase and
the growth rate attributable to each metabolic pathway for
this case. As compared to the φG1 = 0 case (see Figure 5),
the optimal solution produced a lower overall growth rate
such that the glucose oxidative and fermentative pathways
had comparable growth rates. This shift in metabolic state
produced a larger fraction of cells in the G1 phase, thereby
compensating for the effects of decreased fermentative flux.

V. SUMMARY AND CONCLUSIONS

The problem of ethanol productivity optimization in fed-
batch yeast fermenters was addressed by embedding a
simple cell population model within a dynamic optimization
strategy. The population model accounts for three metabolic
pathways involved in ethanol production/consumption and
the cell cycle dependency of ethanol production via the
glucose fermentative pathway. Optimal fed-batch operating
policies were determined by solving a dynamic optimiza-
tion problem in which ethanol production was maximized
subject to various constraints including the temporally dis-
cretized model equations. The proposed framework allows
the comparison of optimal solutions obtained with different
metabolite production rates in the G1, S and G2/M cell
cycle phases.

We found that the optimal solution was most sensitive
to the ethanol production rate in the G1 phase relative to
the total production rate in the other cell cycle phases.
Our results suggest that the impact of cell cycle dependent
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Fig. 7. Volume, glucose concentration and ethanol productivity obtained
with the optimal feeding policy for metabolite production in the G1 cell
cycle phase.
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Fig. 8. Cell populations and growth rates obtained with the optimal
feeding policy for metabolite production in the G1 cell cycle phase.

production is minimal for fermentation metabolites such as
ethanol produced in the later phases. The proposed strategy
appears to have greater potential for metabolic products and
recombinant yeast proteins that are primarily synthesized
and/or secreted during the G1 phase [21]. For this case
the optimal solution will deviate substantially from that
obtained with a standard model that neglects cell cycle
production dependencies. Our future work will focus on
further exploration of these hypotheses using more detailed
population balance equation models that capture cell cycle
dependent production of metabolites [10] and recombinant
proteins.
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