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Abstract— Planning and model-based control of noninva-
sive thermal therapies require thermal response and power
deposition models of the target, which are site- and patient-
specific. In this paper, we propose an image-based approach
to the identification of low-dimensional model of noninvasive
thermal treatments using MRI temperature imaging. The
models of thermal response and specific absorption rate (SAR)
of noninvasively transduced energy by the target and the
surrounding normal tissue are identified in the reduced basis
of proper orthogonal decomposition of thermal images. The
developed methods are less sensitive to temporal and spatial
noises in image data, slow image acquisition rate, and are
suitable for adaptive model re-identification by recursively
utilizing newly acquired images. The proposed concepts and
developed methods are tested using the results of MR thermal
imaging experiments with tissue phantom noninvasively heated
by focused ultrasound.

I. INTRODUCTION

Thermal treatments have shown promises in noninvasive
medical interventions, such as tumor ablation [1], and as
an adjuvant treatment to radio- and chemotherapies [2].
Noninvasive heating also creates the possibility of ther-
mally activated, targeted drug delivery [3]. To be effective,
thermal treatments must selectively heat the target (e.g.,
tumor) without excessively elevating the temperature of the
surrounding healthy tissue [4].

The monitoring of temperatures in the tumor and sur-
rounding healthy tissues is critically important to achieve
objectives of thermal therapies. Traditional invasive temper-
ature monitoring techniques use catheterized thermal probes
to obtain measurements in a few fixed spatial locations.
In addition to the problem of causing patient’s pain and
discomfort, the invasive probes may interference with the
noninvasive heating of the tissue, and can alter the energy
absorption in the target. Such limitations of the traditional
monitoring methods make noninvasive temperature mea-
surements highly desirable.

In recent years, magnetic resonance imaging (MRI) has
gained an importance as a promising noninvasive temper-
ature monitoring method. MRI can provide both detailed
anatomical information for target definition and the detailed
temperature maps of the selected two-dimensional slices.
In fact, comprehensive three-dimensional temperature mea-
surements are available, constrained only by technological
limitations and long scan time to achieve high signal-
to-noise measurements. A number of magnetic resonance
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temperature mapping methods [5], [6], [7] have been in-
vestigated. Several methods were evaluated and compared
based on the results of phantom experiments [8], where it
was concluded that water proton resonance frequency (PRF)
method is the most suitable for MR monitoring of small
temperature changes (< 1◦C) during thermal treatments.

Model-based planning and control of thermal therapies
are essential in achieving the desired treatment outcome.
With the use of treatment models, the optimization of
the treatment plan becomes possible, and may include
the patient- and site-dependent selection of appropriate
noninvasive actuators and their spatial positioning, and the
configuration of the temperature monitoring system. The
model-based real-time control of treatments has significant
advantages over the traditional methods. In particular, using
the model predictive control the desired thermal dose may
be delivered to the tumor without exceeding the maximum
allowable temperature in the critical normal tissues close to
the treatment site [9], [10]. Unfortunately, modeling of the
thermal treatments presents difficulties. For example, the
first-principle modeling leads to high-dimensional models,
which makes the model-based feedback control of thermal
treatments computationally demanding, or even infeasible.
First-principle models also depend on parameters, such as
blood perfusion, which often can only be estimated or
measured with high uncertainty

The MRI thermometry gives us the ability to acquire
noninvasive spatially distributed temperature measurements
anywhere in the target. In this paper, we outline a novel
approach to image-based, low-dimensional modeling and
identification of thermal therapies. The identification starts
with pre-treatment experiments during which the MR ther-
mal images, characterizing the response of the target and the
surrounding tissue to thermal excitation, are collected. The
excitation is applied using the same noninvasive transducer,
which will later be used to administer the actual therapy.
The proper orthogonal decomposition (POD) of collected
images is used to obtain the orthonormal basis of empir-
ical eigenfunctions, which are then used to identify low-
dimensional patient- and site-specific projection models of
thermal therapies and specific absorption rate of the tissue.
The developed methods are validated using experimental
results of MRI thermal imaging of the tissue phantom
during focused ultrasound heating.

II. PROPER ORTHOGONAL DECOMPOSITION OF IMAGES

The proper orthogonal decomposition is a technique often
used to extract a set of basis functions for an approximate,
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modal-like representation of an infinite-dimensional, dis-
tributed parameter system (DPS). Generally, a numerical
solution of partial differential equation(s) at different times
is used as an input to the POD algorithm to produce the
desired basis functions. It was previously shown [11] that
POD is the most efficient way to obtain dominant modes
of an infinite-dimensional dynamical system. The identified
basis can then be used in combination with the projection
methods to obtain a finite-dimensional approximation of the
original infinite-dimensional DPS model.

In this paper, the POD method is used to identify an
orthonormal basis of infinite-dimensional system based on
the measurements in the form of a time series of images,
rather than the results of numerical solution of the known
PDE model. A brief outline of the POD in the context of
this paper is given next. For more detailed discussion, see
[11], [12], [13], [14].

Let S = {Ui(r) : 1 ≤ i ≤ N, r ∈ Ω} be the set of N
images (or snapshots) taken at arbitrary instants of time,
which characterize the evolution of a distributed parameter
physical process defined on the spatial domain Ω. The
problem is to obtain a function φ(r), which is the best at
characterizing the spatial distribution of the process based
on the available ensemble of snapshots Ui. Mathematically,
the problem is to find φ(r), such that the projections of
all snapshots Ui(r) onto function φ(r) has, on average, the
maximum possible value:

max
φ

λ =
1
N

N∑
i=1

< Ui, φ >2

< φ, φ >
(1)

Here <f, g>=
∫
Ω

f(r)g(r)dr denotes the inner product of
two square integrable functions over domain Ω. To ensure
uniqueness of the solution, the normalization condition of
< φ, φ >= 1 is imposed.

Define R ≡ ∫
Ω

K(r, r′)dr′, where

K(r, r′) =
1
N

N∑
i=1

Ui(r)Ui(r′) (2)

Then the right hand side of (1) can be expressed compactly
as ∫

Ω

{Rφ}{φ}dr =< Rφ, φ > (3)

which makes it clear that the maximization problem (1) is
equivalent to the following eigenvalue problem:

Rφ = λφ (4)

Namely, function φ that maximizes the objective function
(1) is the eigenfunction of (4) corresponding to the largest
eigenvalue λ.

Solution of the eigenproblem (4) may be difficult to
find. Following [15], assume that eigenproblem (4) has N
solutions each expressed as

φk =
N∑

i=1

ωk
i Ui(r), k = 1, . . . , N (5)

where the coefficients ωk
i are the components of the

eigenvector Wk = [ωk
1 . . . ωk

N ]T found from the matrix
eigenproblem

CWk = λkWk (6)

where C is a nonnegative covariance matrix of available
images:

C = [cij ], cij =
1
N

∫
Ω

Ui(r)Uj(r)dr, i, j = 1, .., N (7)

Because of the symmetry of K, all eigenvalues λk are
real and nonnegative and the eigenvectors of the Hermitian
matrix C corresponding to distinct eigenvalues are orthog-
onal. It is also assumed that all λk’s are in descending
order. The normalization condition of eigenvectors Wk is

satisfied by requiring < Wk,Wk >=
1

Nλk
. The resulting

basis Φ = {φ1, φ2, . . . , φN} is the orthonormal basis of the
sequence of images S.

The amount of information captured by the projection of
the set S on the i-th eigenfunction is characterized by the
corresponding eigenvalue, which means that φ1 captures the
most information about spatial distribution of the snapshot
ensemble, followed by φ2 as the next most informative
direction, and so on. Therefore, the eigenvalues can be used
as a guidance in selecting the order of the reduced order
POD basis for the set S. For instance, we can select the
order M of the reduced basis Φ such that the predetermined
level 0 < e ≤ 1 of the total energy of the snapshot ensemble
is captured. For example, the problem may be to select the

smallest M such that

∑M
i=1 λi∑N
i=1 λi

> e, where e is specified. It

was reported [16] that in many cases the values of λi decay
rapidly and M � N even for e close to 1.

The obtained reduced order basis {φj(r)}M
j=1 can be

used to obtain a low-dimensional projection model relat-
ing the time history of process inputs to the temporal
evolution of snapshots. In the subsequent discussion, the
basis {φj(r)}M

j=1 is used to: (a) Represent thermal MRI
images in the reduced form, which is, in essence, an
image compression operation; (b) Identify low-dimensional
thermal response models of the thermal treatments and
(c) Estimate the SAR of the ultrasound transducer, which,
generally, is patient- and site-specific.

III. TRADITIONAL MODEL OF THERMAL THERAPIES

First-principle model of the heat transfer in tissues is
given by convection-diffusion partial differential equation,
which depends on the geometry and inhomogeneity of the
domain, the distribution of blood vessels, the corresponding
blood flow rates, thermal conductivity and power deposition
in the tissue. Direct measurement of blood flow and other
needed model parameters is difficult, which motivated the
introduction of simplified models, such as the following
Pennes’ bioheat transfer equation (BHTE) [17]:

ρC
∂T

∂t
= ∇ · (k∇T ) − WbCb(T − Ta) + Q (8)

with initial conditions T (r, 0) = Ta, where T (◦C) is the
temperature response, Q (W/m3) is the power deposited in
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the tissue, ρ (kg/m3) and k (W/m◦C) are the tissue density
and thermal conductivity, C and Cb are the specific heats of
tissue and blood (in J/kg◦C) respectively, Wb (kg/m3s) is
the blood-perfusion related parameter, and Ta is the arterial
(equilibrium) temperature.

IV. IMAGE REDUCTION, TREATMENT MODELING AND

PARAMETER IDENTIFICATION

A. POD Basis Functions and Image Modeling

Consider a series of MRI thermal images T (r, tk) of the
spatial domain of interest r ∈ Ω collected at N sampling
moments tk. The images, acquired at pre-treatment stage in
response to mild thermal excitation by the transducer to be
later used during the actual therapy, forms the snapshot set
S. The reduced set of empirical eigenfunctions Φ = {φj :
j = 1, . . . , M}, found by solving the eigenvalue problem
(6), forms the orthonormal basis of the image space. In
reduced basis of M elements, image T (r, t) is approximated
by Tp(r, t) as

T (r, t) ≈ Tp(r, t) =
M∑

j=1

φj(r)T̂j(t) (9)

where M is selected to achieve the desired accuracy of
approximation. The data communication between the MRI
scanner and the thermal treatment controller, which uses
thermal images in the feedback, requires that only a M -
dimensional vector of projections T̂ (t) is exchanged, thus
reducing data traffic and computer storage requirements.
The same reduced basis is also used to represent the power
deposition Q (in W/m3):

Q(r, t) ≈ Qp(r, t) =
M∑

j=1

φj(r)ûj(t) (10)

generated by the energy transducer.
In the subsequent experiments, more than 300 pixels

of an MRI thermal image, which would traditionally be
treated as independent pointwise measurements, describe
the thermal response in the spatial region of interest around
the focal zone of ultrasound transducer. We show that this
measurement information can be adequately approximated
with a single identified eigenfunction (M = 1). Therefore,
the POD image approximation allows us to reduce the
communication traffic between the MRI scanner and the
treatment controller ∼ 300-fold with little loss of useful
information.

B. Projection Model of the Thermal Response

Assume that the bioheat equation is the appropriate model
of the thermal response. The subsequent development can
be easily modified for a different form of the distributed
parameter thermal response model. In particularly, it can
be adapted for the case of the convection-diffusion model.
To obtain the weak Galerkin formulation with the reduced
POD basis, use (9) and (10) in the Pennes’ model (8). After

taking the inner product with all basis functions φi(r) obtain

˙̂
Ti(t) =

M∑
j=1

< φi(r), α(r)∇2φj(r) − β(r)φj(r) > T̂j(t)

+
M∑

j=1

< φi(r), γ(r)φj(r) > ûj(t) (11)

where α(r) =
k

ρC
, β(r) =

WbCb

ρC
, γ(r) =

1
ρC

. Equation

(11) gives a low M -dimensional projection model of the
thermal response. In compact form, the projection model
(11) can be written as

˙̂
T = AT̂ (t) + Bû(t) (12)

where A = [aij ], B = [bij ], i, j = 1, . . . , M and the
elements of A and B are given by the following expressions:

aij =<φi(r), α(r)∇2φj(r)> − <φi(r), β(r)φj(r)> (13)

bij =<φi(r), γ(r)φj(r)> (14)

If all coefficients of the Pennes’ model are known or
independently identified, then the projection model (12)
is a computationally inexpensive way to predict thermal
response of the patient, which makes it well suited for the
use in model-based control of thermal therapies.

Next, we develop the method for identification of the
projection model (12) directly from available thermal im-
ages. The identified projection model is independent of
the assumed form of the partial differential models. If
its relationship with the PDE model is established, the
identified projection model can be used to estimate un-
known parameters of the governing model; for example, M2

equations (13) can be used to identify unknown parameters
of the Pennes’ equation.

C. Identification of Projection Model

The SAR pattern which characterizes energy absorption
by the target is site- and patient-specific and, therefore, a
priori unknown for even well-characterized transducer. As a
consequence, an unusual feature of the model identification
problem at hand from the system identification perspective
is the need to identify the system matrix A of the thermal
response model (12) without knowing thermal input to
the process. Our approach, therefore, is to use thermal
images acquired during tissue cooling, when the transducer
is switched off, to first identify A, and then use the result
to identify thermal input Bû.

Temperature decay is described by the following projec-
tion model:

˙̂
T (t) = AT̂ (t) (15)

We wish to estimate matrix A such that 2-norm of the error
between the measured Tm, and the predicted tissue cooling
temperatures is minimized, on average, for each moment
the measurement is available:

min
A

‖Tm(r, t) − Tp(r, t)‖2 (16)
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Here the model prediction is Tp(r, t) = Φ(r)T̂ (t), where
Φ = [φ1(r) φ2(r) · · ·φM (r)], and T̂ must satisfy equation
(15). For a single measurement at time tk, the solution of
the optimization problem (16) with the equality constraints
(15) gives that A must satisfy:

Tm(r, tk) = Φ(r)eAtk T̂0 (17)

where T̂0 is the initial condition for the projection model
(15), calculated so that Φ(r)T̂0 gives the best approximation
of the temperature distribution T (r, t) at the time when
cooling begins. The differentiation of (17) yields

AeAtk T̂0 = ΨΦT Tt(r, tk) (18)

where Tt(r, tk) is the time derivative of the temperature
measurements Tm(r, tk) and the matrix pseudo inverse Ψ =
(ΦT Φ)†. For a single measurement at tk, the combination
of (17) and (18) after obvious manipulations gives the
following linear system of equations:

TT
m(r, tk)ΦΨT AT = TT

t (r, tk)ΦΨT (19)

where TT
t (r, tk)ΦΨT is the 1 × M row vector.

To account for all available measurements during the
tissue cooling, introduce the following matrices of measure-
ments and their derivatives: T m = [Tm(r, t1) · · ·Tm(r, tn)]
and T t = [Tt(r, t1) · · ·Tt(r, tn)]. Then the system matrix
A that solve the identification problem is found as a (least
squares) solution of the following matrix equation:

T T
mΦΨT AT = T T

t ΦΨT (20)

The proposed batch identification method, which finds A
as the solution of (20), can be re-formulated in a recursive
form, enabling a continuous adaptation of A based on MRI
thermal images acquired during the actual treatment. This
is an important capability since blood perfusion and tissue
properties are known to change in response to elevated
temperatures.

D. SAR Identification

The power deposition pattern for a given transducer or ap-
plicator is traditionally identified using linear slope method
[18], an approach known to be sensitive to the measurement
noise and slow sampling rate. The alternative proposed here
is less affected by random spatial and temporal disturbances,
relatively slow acquisition rate of MRI thermometry and is
well-suited for the image-based identification of the SAR.

For known tissue density, the SAR (in W/kg) is related
to the power deposition as

SAR(r, t) =
Q(r, t)
ρ(r)

(21)

The SAR identification is posed as the following con-
strained optimization problem:

min
û

‖ Tm(r, t) − Tp(r, t) ‖2 (22)

where Tm is the measured temperature, Tp is given by
equation (9) and the projected states must satisfy model
equation (12). The system matrix A of the projection model
is identified following the method of Section IV-C. Since

B (cf. equation 14) depends only on the identified eigen-
functions and the relatively well-known and little-changing
tissue density and heat capacity (both often assumed equal
to the water values), matrix B in the projection model
is considered to be known. Similarly to the interpretation
of T̂ as temperature projections, and with the reference
to equation (10), the vector û(t) can be viewed as the
projection of the transducer power deposition Q(r, t) into
the space with {φj}M

j=1 as the basis. The problem (22) is
now to find projection û(t) such that when used in the
model equation (12), the predicted T̂ minimize the error
between the measured and the predicted temperatures (9).
Once û(t) is found, the estimated power deposition and
SAR patterns is given by equations (10) and (21).

Consider the identification of û under the assumption
that Tm(r, t) is the measured evolution of the temperature
distribution in response to the step change (û = cont) in
transducer power. Using the analytical prediction of the
temperature response in the projected space, for a single
temperature measurement Tm(r, tk), the minimal (zero)
prediction error is obtained if û satisfies the following
equation:

Φ(r)(eAtk − I)A−1Bû = Tm(r, tk) − Φ(r)eAtk T̂o (23)

where T̂o is the projected initial temperature before the
step change in power is applied. After assembling equations
(23) for all available measurements into a single system of
equations, obtain that û must satisfy the following equation:

Φ

⎡
⎢⎣

eAt1 − I
...

eAtN − I

⎤
⎥⎦A−1Bû =

⎡
⎢⎣

Tm(r, t1)
...

Tm(r, tN )

⎤
⎥⎦ − Φ

⎡
⎢⎣

eAt1

...
eAtN

⎤
⎥⎦ T̂o

(24)
where the matrix pseudo-inverse should be used if A is not
invertible. If the domain is initially at thermal equilibrium,
then equation (24) is simplified by setting T̂o = 0.

The solution of the SAR identification problem (22) is the
least squares solution of the assembled system of equations
(24). The sensitivity of the identified û to temporal measure-
ment noises is reduced as the number of measurements is
increased. The effect of zero-mean spatial noises in thermal
images can be reduced by using the following projection
form of equation (24):

⎡
⎢⎣

eAt1 − I
...

eAtN − I

⎤
⎥⎦A−1Bû =

⎡
⎢⎣

T̂m(t1)
...

T̂m(tN )

⎤
⎥⎦ −

⎡
⎢⎣

eAt1

...
eAtN

⎤
⎥⎦ T̂o (25)

where the vector of measurement projections is found from
equation Φ(r)T̂m(t) = Tm(r, t). The estimates of the power
deposition Q(r, t) and the corresponding SAR are obtained
by using the identified û(t) in equations (10) and (21).

The SAR and Q identified following the described
method are for a single and constant level of transducer
power. If SAR changes linearly with power, as often the
case during low-intensity treatments, then the SAR for dif-
ferent power levels is obtained by correspondingly scaling
a single identified power distribution Q(r).
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V. MATERIALS AND METHODS

A. MR Thermometry

The water PRF shift is temperature dependent and can be
used to calculate the phase difference of two gradient-echo
images [7]. To obtain a temperature map during thermal
treatment, phase images are obtained and subtracted from
the baseline phase image to yield the phase difference 	φ
at each scan time. The relative temperature difference 	T
is calculated as

	T =
	φ

γg · α · B0 · TE
(26)

where α is the temperature dependent PRF change coeffi-
cient for aqueous tissue, γg is the gyromagnetic ratio, B0 is
the main magnetic field strength, TE is the echo time for
the phase accumulation.

B. Experimental Setup

The experiment is performed using Siemens Trio 3
Tesla MRI Scanner. The ultrasound field is generated by
a single, spherically focused, air backed transducer, with
a resonant frequency of 1.5 MHz. Its aperture diameter is
10cm and radius of curvature ∼18cm. The transducer was
placed in a bath containing degassed and deionized water.
The in-house built, MRI-compatible ultrasound positioning
system is used to move the position of the focal zone. In
current experiments, after initial alignment the transducer
position remained fixed. The transducer is driven by the
function generator (Stanford Research System, Sunnyvale,
CA, model DS345), amplified using RF amplifier (ENI Inc,
Rochester, NY, model A150). The electrical impendence of
the transducer is matched to the output impendence of the
amplifier by an external LC matching circuit.

A cubic 11×11×11cm agar phantom is used during the
experiments. Figure 1 shows the temperature image in the
focal plane with phantom appearing as rectangular object
above the ultrasound positioning system. Dark (red) region
inside the phantom is the area of elevated temperature
(gradient scale is in ◦C). We select the region of interest
(ROI) as the region of an appreciable temperature elevation,
which has pixel coordinates of 62 ≤ x ≤ 72 and 50 ≤ x ≤
78. On the line of focal symmetry (x = 67), the maximum
temperature rise of 12.5◦C in response to a step change in
transducer power is observed.

Gradient-echo sequences with the following acquisition
parameters are used to obtain MRI temperature images:
repetition time =75ms, echo time TE=10ms, field of view
30×30cm, flip angle 25◦, scan time 10s. The overall image
size is 128×128 pixels, voxel size is 2.3×2.3×2mm. In our
experiment, the phase difference of two consecutive com-
plex images are used to calculate the temperature difference,
where α = −0.01ppm·C−1 [19] is assumed.

VI. RESULTS

A step increase of 3.1W of ultrasound power is applied
for 893s and then switched off to the original zero level.
The total duration of MR temperature measurements is 1037
seconds. A total of 109 MR thermal images are collected
with 10s interval. The image data in the ROI are used
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Fig. 1. MRI temperature map of agar phantom heated by focused
ultrasound transducer.

to identify eigenfunctions. Figure 2 shows the first four
empirical eigenfunctions within the ROI of 11×29 pixels
identified using all available thermal images. Since the
first eigenfunction captures approximately 98.19% of the
information carried by the collection of 109 images, the
projection model with a single state T̂ is used to model
the process. Figure 3 compares the MRI measurement at
t = 893s, time when the peak temperature elevation was
observed, with the model prediction based on the single-
state projection model. The prediction error is also shown.
A very good agrement with measurements is evident; Figure
4, which shows the predicted and measured temperature
evolution in four different locations on the line of focal
symmetry x = 67, further confirms this conclusion. Finally,
Figure 5 shows the power deposition pattern Q(r) within the
ROI identified with a single eigenfunction. As expected for
unperfused phantom, the temperature distribution, the first
identified eigenfunction and the power deposition pattern
are similar in shape.

VII. CONCLUSIONS

We have developed a methodology for image-based
reduced-order modeling and identification of distributed
parameter systems, and demonstrated its application to
the case of noninvasive thermal therapies. The results
of experimental study using MRI thermometry of tissue
phantom during focused ultrasound heating confirm that
the method is well-suited for the identification of the
reduced-order SAR and dynamic thermal response models
of clinically relevant targets and real-time compression of
MRI thermometry images. Our current effort is directed at
the development of efficient treatment controllers that utilize
low-dimensional projection models and use thermal images
in the feedback. Though our emphasis is on thermal thera-
pies, the developed approach has a broader applicability in
image-based identification of distributed parameter systems.
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Fig. 2. Leading eigenfunctions identified using MR thermal images.
φ1 and φ2 capture 98.19% and 1.07% of information within the ROI,
respectively.
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Fig. 3. Temperature elevation: (a) measured; (b) predicted; (c) prediction
error.
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