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Abstract—This paper investigates the effects of dissipativity
on the performance of semiactive systems with smart dampers
via linear matrix inequality (LMI) methods. First, a linear qua-
dratic regulator (LQR) problem is defined in terms of a linear
objective function and several LMI constraints. Second, two
dissipativity indices are proposed to quantify the dissipative
nature of a force. One of the dissipativity indices is appended as
an LMI constraint in its weak form to the LMI-LQR problem
to exploit the dissipative nature of a smart damper. The dissi-
pativity indices and the proposed controller are employed for a
two-degree-of-freedom structure with a clipped optimal con-
trol problem. It is observed that the proposed method is able to
improve the dissipative nature of the controller, improving the
semiactive performance.

I. INTRODUCTION

MART dampers constitute an important class of semi-
active devices used for structural control and vibration

mitigation in civil engineering [1], [2]. These devices are
controllable dampers and, therefore, they dissipate energy
from the system to which they are attached. An often-used
semiactive control strategy to command a smart damper is
clipped optimal control [3]–[5], which employs a linear
active control theory to design a primary controller assum-
ing that the structure is linear and the control device is fully
active, and a clipping algorithm as a secondary controller to
make the damper produce a force close to that commanded
by the primary controller (Fig. 1). The primary controller is
generally a linear quadratic (LQ) optimal controller since
this class of control theory is widely applied in structural
control. It has been shown that a clipped optimal control
strategy with a smart damper demonstrates results competi-
tive to a corresponding active control strategy for most of
the civil structures.

The effectiveness of a smart damper commanded by the
clipped optimal control strategy can be explained by the pri-
mary control force being highly dissipative and, thus, suit-
able for the damper to mimic. For example, in some
controlled structures, the damper can successfully mimic the
primary control force due to high dissipativity of the force
(e.g., [3] and [6]), while for the other structures it cannot
(e.g., [4] and [6]). Although the dissipativity is an important
concept in understanding the the performance of a semi-
active system with a smart damper, there is very little work
that investigates dissipativity due to the absence of well
defined dissipativity indices. Inaudi [6] proposed a stochas-
tic index that estimates the probability of the primary con-
trol force being dissipative, i.e., . Simple
deterministic indices based on dynamic time-history analy-
ses are also used to observe the effect of the dissipative
nature of the control force (e.g., [4]).

Dissipativity indices — particularly stochastic indices —
are important in the sense that they can be used in conjunc-
tion with special methods, such as linear matrix inequality
(LMI) synthesis, to obtain controllers with various dissipa-
tivity levels. Although LMI methods are quite popular in the
control field [7], they are rarely used in civil engineering
applications (e.g., [8]). The benefit of these methods is that
they allow numerical solution of an optimal control problem
with multiple objectives that does not have an analytical
solution. In these methods, the control problem is repre-
sented in terms of bilinear and linear matrix inequalities
(BMIs and LMIs). If the BMIs can further be represented in
terms of LMIs, it can be solved by powerful numerical tech-
niques [9] using available software. In this regard, convex
multiobjective techniques can be used to investigate the
effects of dissipativity on the performance of semiactive
systems employing stochastic dissipativity indices.
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Fig. 1. A simplified representation of clipped optimal control strategy.
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This paper investigates the dissipativity and performance
of semiactive systems by utilizing LMI methods to modify
an LQR controller to achieve controllers with various dissi-
pativity characteristics. First, a state-feedback LQR problem
is represented as an optimization problem with convex
LMIs. Then, available dissipativity indices are reviewed,
and two indices are proposed. One of the indices is repre-
sented in its weak form as an LMI constraint and appended
to the LQ problem. The modified LQR controller is imple-
mented for a numerical example to observe the dissipativ-
ity–performance relations for several dissipativity levels and
controller parameters. The numerical example is a two-
degree-of-freedom shear structure (2DOF) with an ideal
semiactive damper attached between the first and second
stories. The results are presented in tabular and graphical
forms. The MATLAB® LMI Control Toolbox [10] is used
as the LMI solver.

II. LMI-EVP REPRESENTATION OF AN LQR PROBLEM

In this section, first, a method for the LMI characteriza-
tion of a multiobjective optimization problem is summa-
rized. Then, an LMI characterization of a standard linear
quadratic regulator (LQR) problem is given. See [7] and
[15] for fundamental notations and definitions used herein.

A.  LMI Characterization of Multivariable Feedback Con-
trol Systems

A method for LMI characterization of multiobjective con-
trol problems is given by [20] and summarized here:
• Consider a closed-loop system , where  is

Hurwitz. Let  satisfy the Lyapunov inequality
 for the closed-loop system where

.
• For each of the objectives, a matrix inequality condition,

 where  is the Lyapunov matrix of the
 constraint and  is the controller, is found. These ine-

qualities are, in general, BMIs.
• To enforce a unique Lyapunov matrix for the system, all

the Lyapunov matrices are set to a single Lyapunov matrix
as . Therefore, a problem with several
BMIs, whose Lyapunov matrices are all , is obtained.
• Using new variables and some algebra, BMIs are con-

verted into LMIs. The final problem has convex LMI con-
straints and can be solved numerically. Note that the
mapping between the BMIs and LMIs must be one-to-one.
• If the problem includes an optimization criteria, the LMI

problem is generally in the form of an eigenvalue problem
(EVP) [7]. The representation of an eigenvalue problem that
will be employed in this paper is as follows:

(1)

where  is a known vector and  is an LMI.

B.  LQR Control Problem

Consider a linear time-invariant system:

(2)

where  is the state vector,  is a vector of control forces,
 is a stationary zero-mean white noise stochastic vector

process disturbance with unit intensity, and  is the vector
of outputs to be minimized. In structural control, the excita-
tion and the outputs are selected such that  is zero. The
LQR problem is to find the constant feedback gain  that
satisfies the optimization

(3)

where ,  and  are weighting
matrices that must satisfy

 and (4)

to have a well-posed LQR problem.

C.  LMI-EVP Representation of an LQR Problem

A derivation of the LMI-EVP representation of an LQR
problem is summarized utilizing the aforementioned
method. There is a vast body of literature on LMI character-
ization of control systems; the method presented below is
not the only way to obtain an LMI representation of an LQR
problem. Some important works are [16]–[20].

The LQR problem is redefined in a form suitable for LMI
characterization as follows: Let  and  be real sym-
metric matrices that satisfy  and

. Using , (3) can be written as

(5)

Let , which is the state covariance matrix;
clearly, . Utilizing the trace operator  and
a Lyapunov equation (the solution of which is state covari-
ance matrix P) to represent the stability of the system, opti-
mization (5) can be written as 

(6)

Next, consider the following problem:

(7)

where  is the Lyapunov matrix. It is proposed that if 
and  are the solutions to (6), and  and  are the solu-
tions to (7), then  and . Proof of this
proposition is given in the Appendix.

q̇c Acqc= Ac
S ST 0>=

AcS SAc
T Q+ + 0<

Q QT 0>=

Fi Ac K( ) S, i( ) 0> Si
ith K

S1 … SN S= = =
S

cTx,
x

min subject to F x( ) 0>

c F x( ) 0>

q̇ Aq Bu Ew+ +=

z Czq Dzu Fzw+ +=

q u
w

z

Fz
K

E qTQq uTRu qTNu uTNTq+ ++[ ]
K

min

subject to q̇ Aq Bu Ew+ += u Kq–=,
Q QT 0= R RT= 0> N

W Q N

NT R
0= R 0>

Q1 2/ R1 2/

Q1 2/ Q1 2/ Q=
R1 2/ R1 2/ R= u Kq–=

E qTQ1 2⁄ Q1 2⁄ q qTKTR1 2⁄ R1 2⁄ Kq+[ ]
K

min

qTNKq– qTKTNTq–

subject to q̇ A BK–( )q Ew+=

E qqT[ ] P=
P PT 0>= Tr .( )

Tr Q1 2⁄ PQ1 2⁄( ) Tr R1 2⁄ KPKTR1 2⁄( )+
K P,
min

Tr KPN( )– Tr NTPKT( )–

subj. to A BK–( )P P A BK–( )T EET+ + 0, P= PT 0>=

Tr Q1 2⁄ SQ1 2⁄( ) Tr R1 2⁄ FSFTR1 2⁄( )+
F S,
min

Tr FSN( )– Tr NTSFT( )–

subj. to A BF–( )S S A BF–( )T EET+ + 0, S ST= 0><

S K0
P0 F0 S0

K0 F0= P0 S0=

3085



The optimization problem (7) is not exactly in the form of
the EVP (1) since it includes the multiplicative terms 
(i.e., the objective function is not linear), and the first ine-
quality constraint is a BMI (i.e., the constraint is not con-
vex). To convert the BMI constraint in (7) into an LMI
constraint, a new variable  and an auxiliary param-
eter  are introduced. Using the Schur complement for-
mula and some algebra, (7) can be written as

 (8)

This is equivalent to the standard LQR problem defined by
(3) with feedback gain given by .

III. DISSIPATIVITY INDICES AND CONSTRAINTS

In this section, first, a formal definition of a dissipative
force is stated, and several dissipativity indices are defined.
Then, for each index, a matrix inequality constraint is
derived for the LMI-LQR problem. Noted that, in the field
of control, the term dissipativity is generally used to charac-
terize a particular input–output relation of a dynamic system
and, hence, is different from the mechanical definition used
herein. For further information see [11]–[14].

A.  Strictly Dissipative Force

Consider an external force , which is applied to a
system at point . Let  be the velocity of point 
(with positive velocity in the same direction as positive
forces).  is called a strictly dissipative force if the rate
of energy added to the system is negative for all . Or,

(9)

where  is a strictly negative real function. In this paper,
the term dissipative force is used instead of strictly dissipa-
tive force for convenience. Note that a damper force is a
strictly dissipative force.

B.  Percentage of Dissipative Control Forces

The following deterministic index computes the percent-
age of  time that the primary control force is dissipative:

(10)

where  is the Heaviside unit step function.

C.  Probability that the Control Force is Dissipative

The probability that the control force is strictly dissipative
is given by [6]

. (11)

 is the correlation coefficient between  and .

D.  Indices Based on the Mean Energy Flow Rate

The expected value of condition (9) is applied to the pri-
mary control force as follows:

(12)

Note that  does not necessarily mean that the
control force is strictly dissipative or mostly strictly dissipa-
tive. However, it is clear that for values of ,

 has a higher mean energy flow rate, which can be used as
an indication of the dissipative nature of the control force.
Therefore the following index is proposed:

. (13)

 is called the mean energy flow rate in this paper.
One problem with  is that it is not unitless; i.e., a large

magnitude of  may be an indication of very large values
of force . To avoid this problem, a normalized index is
also proposed as follows:

. (14)

 will be called the normalized mean energy flow rate.
In a standard LQ problem, all stochastic variables are

zero-mean. Therefore,  is the correlation coefficient
between the force  and the velocity , i.e., .

E.  Dissipativity Constraints

Among the indices given,  cannot be represented in a
manner suitable for the LQR problem since it is a determin-
istic index. To find a constraint for ,  is represented
in a form suitable for the EVP first. Let the velocity of the
system at the point where the damper exerts force be given
by . Since the LQR control force is as ,

 can be written as

. (15)

Using , a constraint for  is obtained as

   where  . (16)

Using the same notation, a constraint for  is found as

    where   . (17)

Similarly, a constraint for  is given by

   where   . (18)

Clearly, the conditions given by

(19)

are desired as the primary control force is more likely to dis-
sipate energy for these values.
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It should be noted that the normalized mean energy flow
constraint given by (18) enforces the probability constraint
(16) (see Section III-D). Since (18) does not include a trigo-
nometric function, it is more suitable for the EVP problem,
and (16) is not considered further.

It is now required that the constraints (17) or (18) be rep-
resented in terms of new Lyapunov matrices,  and .
However, the introduction of  and  requires the addi-
tion of equality constraints given by

(20)

Moreover, since (18) is a nonlinear matrix inequality con-
straint, and a corresponding LMI (or, possibly, BMI) may
not be available, a numerical solution of the EVP with con-
straint (18) is not guaranteed by the available solution tech-
niques. Therefore, the following constraint is used:

    where   . (21)

There are several advantages and disadvantages of this
constraint. First, (21) does not fully represent the indices

 and  since the equality constraints (20) are dropped.
Also, the term  is not a normalized index. In con-
trast, this constraint simply allows a numerical solution to
this sophisticated multiobjective problem, which is  the fun-
damental philosophy behind the LMI-EVP approach.

Dissipativity constraint (21) can be added to the LQR
problem (8) for various values of . The new controllers
may have various dissipativity levels and can be used in a
semiactive system to investigate the correlation between the
dissipativity indices and the performance.

IV. A NUMERICAL EXAMPLE

The 2DOF shear
building model shown
in Fig. 2 is considered
as the numerical exam-
ple. The state-space
representation of the
equation of motion is
straightforward and
will not be given here.
The floor masses 
and  are 100 tons.
The stiffnesses  and

 are selected such
that the story periods
are 0.5 secs. Similarly,
the story damping coefficients are found by setting the
modal damping ratios to 2%. An ideal smart damper is
attached between the first floor and the ground. An ideal
damper is a hypothetical device that can successfully mimic
the primary controller when the primary controller force is
strictly dissipative; otherwise, it produces no force, i.e.,

(22)

where  and  are the damper force and velocity, respec-
tively, and  is the primary control force.

The control systems investigated are as follows:
• Act: This is a theoretical fully active system. A fictitious

fully active actuator is used instead of a smart damper. Stan-
dard LQR is used to command the actuator.
• Act-Dis: This system is same as Act except the proposed

LMI-EVP controller with the dissipativity constraint is uti-
lized instead of the standard LQR.
• SAct: This is a semiactive system using a smart damper

commanded by a clipped optimal control strategy. The pri-
mary controller is a standard LQR controller.
• SAct-Dis: This system is same as SAct except that the pro-

posed LMI-EVP controller with the dissipativity constraint
is used. 

In the control design, the output vector to be minimized is
selected as the drifts of each story and the absolute accelera-
tions of each floor, . The
control design parameters are selected as

(23)

where

,    ,   . (24)

This set of parameters allows one to choose the relative
importance of the drift and absolute acceleration responses.
The normalization frequency  is taken as 10.5 rad/sec;
this value is found such that the drift and absolute accelera-
tion portions of the term  give the same values for
( , ) in active control.

A parametric study is carried out to find the  pair
that yields the smallest  for each control design where

 is the feasibility radius.  is a MATLAB LMI solver
parameter that sets the Eucledian norm of the solution vec-
tor. The resulting  values are then employed in the
dynamic analysis of the 2DOF structure excited by an artifi-
cial 50 sec white noise signal normalized by 1000. The per-
formance of the structure is investigated using three indices:

,    (25)

(26)

where, for a discrete time history ,  is defined by

. (27)
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Figs. 3-5 are obtained for  and several values
of  in . In all plots, the performance indices are
normalized by the corresponding uncontrolled system indi-
ces. The difference in the RMS control force scales in Fig. 3
and Fig. 4 is due to the normalization of the white noise. In
the discussions below, the RMS control force scale of Fig. 4
is used. The following observations are made:
• For practical control force levels ( N in Fig. 4)

the dissipativity of the controller is very high for this partic-
ular structure and control design.
• The LMI method improves  and  for a given

. This is more clear for N. However, the
best improvement in  is for N. Moreover,
it is observed that the LMI method improves the drift perfor-
mance about 25% for N. This improvement is
not clear on the overall performance index .
• Another difference between  and  is that the high-

est value of  corresponds to RMS control force levels of
N, while this range is N for .

Also observed is the similarity between  and  
• The LMI method narrows the range of possible  val-

ues for the control designs. The LMI method and the dissi-
pativity indices may give a good sense of the achievable
semiactive performance, letting the designer avoid simula-
tions that will not yield better results.

V. CONCLUSIONS

In this paper, the dissipativity and performance of semi-
active systems with smart dampers are investigated. An
LQR problem is defined in terms of convex LMI constraints,
and a dissipativity constraint based on the mean energy flow
rate of the control force is appended to the LMI-LQR prob-
lem to modify the dissipative nature of the controller. This
controller is then employed in the semiactive control of a
2DOF building structure with and ideal damper as an exam-
ple. It is observed that the proposed LMI approach was able
to considerably improve drift performance of the controller.

APPENDIX

The equivalency of the problems given by (6) and (7) is
proven here. In the following, ,  and

 is Hurwitz, and the following shorthand notations are
used:  and 
where .

Corollary 1  .
Proof:  

.

Corollary 2   and   .
This is a consequence of corollary 1.

Corollary 3   .
Proof:  Let  be the  row of . Then,  

.
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Fig. 3.  and  plots for the 2DOF building structure from the
covariance analysis (overall and detailed).

Dn Dne

0.5

0.6

0.7

0.8

0.9

1

 D
%

 (
%

)

Act
Act−Dis

SAct
SAct−Dis

10
2

10
3

10
4

10
5

0

0.2

0.4

0.6

0.8

1

 J

 u
RMS

 (N)

Act
Act−Dis

10
2

10
3

10
4

10
5

10
6

 u
RMS

 (N)

SAct
SAct−Dis

Fig. 4.  and normalized  plots for the 2DOF building structure
from simulations for a white noise excitation.

D% J

0.15

0.2

0.25

0.3

 J
d

 u
RMS

 (N)
104.4 104.6 104.8 105

SAct
SAct−Dis

0.15

0.2

0.25

0.3

 J
a

 u
RMS

 (N)
104.4 104.6 104.8 105

Fig. 5. Detailed plots of normalized  and  of the 2DOF building
structure from simulations for a white noise excitation.

Jd Ja

3088



Corollary 4   .
Proof:  

.

Corollary 5  Let ; then, there exists a
unique matrix  such that  and 
for any . Moreover,  holds
for any . 
Proof:  See corollaries 2 and 4.

Lemma 6 Let

 and  . (A.1)

Then,  and .
Proof:  The proof is readily obtained using corollary 5.

Theorem 7  The problems (6) and (7) are equivalent.
Proof:  It can be shown with some matrix algebra that the
objective function in the LQR problem can be written as

 (A.2)

where

(A.3)

for real symmetric matrices  and . Note that there
is not necessarily a unique  for a given  in (A.2). The
gain in problem (6) can be found as

(A.4)

where

    and

. (A.5)

Similarly, the gain in problem (7) can be written as

(A.6)

where

                                and  . (A.7)

Using Lemma 6, one can show that the matrix functions
given by equations (A.5) and (A.7) are equal. Therefore,

 and .
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