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Abstract— Singularly impulsive (or generalized impulsive)
dynamical systems are systems which dynamics are charac-
terized by the set of differential, difference and algebraic
equations. They represent the class of hybrid systems, where
algebraic equations represent constraints that differential
and difference equations need to satisfy. For the class of
singularly impulsive dynamical systems we present optimal
control results. We developed unified framework for hybrid
feedback optimal and inverse optimal control involving a
hybrid nonlinear-nonquadratic performance functional. It is
shown that the hybrid cost functional can be evaluated in
closed-form as long as the cost functional considered is
related in a specific way to an underlying Lyapunov function
that guarantees asymptotic stability of the nonlinear closed-
loop singularly impulsive system. Furthermore, the Lyapunov
function is shown to be a solution of a steady-state, hybrid
Hamilton-Jacobi-Bellman equation.

I. INTRODUCTION

Singularly impulsive or generalized impulsive dynamical

systems has been recently presented in [1]. Dynamics of

this systems is characterized with the set of differential,

difference and algebraic equations,wherein algebraic equa-

tions represents constraints that differential and difference

equations need to satisfy. Applications of this class of

systems can be found in contact problems.

For the class of nonlinear singularly impulsive dynamical

systems [1, 2] we developed optimality results. In doing so,

we generalize optimality results developed in [3, 4]. Using

the stability results [2], we consider a hybrid feedback

optimal control problem over an infinite horizon involving

a hybrid nonlinear-nonquadratic performance functional.

The performance functional involves a continuous-time cost

for addressing performance of the continuous-time system

dynamics and a discrete-time cost for addressing perfor-

mance at the resetting instants. Furthermore, the hybrid

cost functional can be evaluated in closed-form as long

as the nonlinear-nonquadratic cost functional considered is

related in a specific way to an underlying Lyapunov function

that guarantees asymptotic stability of the nonlinear closed-

loop singularly impulsive system. This Lyapunov function

is shown to be a solution of a steady-state, hybrid Hamilton-

Jacobi-Bellman equation and thus guaranteeing both opti-

mality and stability of the feedback controlled singularly

impulsive dynamical system. The overall framework pro-

vides the foundation for extending linear-quadratic feedback

control methods to nonlinear singularly impulsive dynami-

cal systems. We note that the optimal control framework for

singularly impulsive dynamical systems developed herein is

quite different from the quasivariational inequality methods

for singularly impulsive and hybrid control developed in the

literature (e.g.[5-8]). Specifically, quasivariational methods

do not guarantee asymptotic stability via Lyapunov func-

tions and do not necessarily yield feedback controllers. In

contrast, the proposed approach provides hybrid feedback

controllers guaranteeing closed-loop stability via an under-

lying Lyapunov function.

An important contribution of the paper is to develop

unified framework for the analysis and control synthesis

of nonlinear singularly impulsive dynamical systems. How-

ever, since singularly impulsive dynamical systems involve

a hybrid formulation of continuous-time and discrete-time

dynamics, this paper also provide a tutorial for optimality

for continuous time and singular discrete time dynamical

systems which can be viewed as a specialization of singu-

larly impulsive dynamical systems.

The contents of the paper are as follows. In Section 2

we address an optimal control problem with respect to a

hybrid nonlinear-nonquadratic performance functional for

singularly impulsive dynamical systems. To avoid complex-

ity in solving the hybrid Hamilton-Jacobi-Bellman equation,

in Section 3 we specialize the results of Section 2 to address

an inverse optimal control problem for nonlinear affine (in

the control) singularly impulsive systems. Finally, we draw

conclusions in Section 4.

Finally, in this paper we use the following standard

notation. Let R denote the set of real numbers, let N denote

the set of nonnegative integers, let Rn denote the set of n×1
real column vectors, let Rn×m denote the set of n×m real

matrices, let Sn denote the set of n×n symmetric matrices,

and let Nn (resp., Pn) denote the set of n×n nonnegative

(resp., positive) definite matrices, and let In or I denote the

n × n identity matrix. Furthermore, A ≥ 0 (resp., A > 0)
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denotes the fact that the Hermitian matrix is nonnegative

(resp., positive) definite and A ≥ B (resp., A > B) denotes

the fact that A−B ≥ 0 (resp., A−B > 0). In addition, we

write V ′(x) for the Fréchet derivative of V (·) at x. Finally,

let C0 denote the set of continuous functions and Cr denote

the set of functions with r continuous derivatives.

II. OPTIMAL CONTROL FOR SINGULARLY IMPULSIVE

DYNAMICAL SYSTEMS

In this section we consider an optimal control problem for

nonlinear singularly impulsive dynamical systems involving

notion of optimality with respect to a hybrid nonlinear-

nonquadratic performance functional. Specifically, we con-

sider the following singularly impulsive optimal control

problem.

Singularly Impulsive Optimal Control Problem. Consider

the nonlinear singularly impulsive controlled system given

by

Ecẋ(t)=Fc(x(t), uc(t), t), uc(t)∈Uc, (t, x(t)) �∈Sx, (1)

Ed∆x(t)=Fd(x(t), ud(t), t), ud(t)∈Ud, (t, x(t))∈Sx,(2)

where x(t0) = x0, x(tf ) = xf , t ≥ 0, x(t) ∈ D ⊆ Rn

is the state vector , D is an open set with 0 ∈ D,

(uc(t), ud(tk)) ∈ Uc × Ud ⊆ Rmc × Rmd , t ∈ [t0, tf ],
k ∈ N[t0,tf ), is the hybrid control input, x(t0) = x0 is

given, x(tf ) = xf is fixed, Fc : D × Uc × R → Rn is

Lipschitz continuous and satisfies Fc(0, 0, 0) = 0, Fd : D×
Ud × R → Rn is continuous and satisfies Fd(0, 0, 0) = 0,

and Sx ⊂ 0,∞)×Rn is the resetting set [1]. Matrices Ec,

Ed may be singular matrices. Then determine the control

inputs (uc(t), ud(tk)) ∈ Uc × Ud, t ∈ [t0, tf ], k ∈ N[t0,tf ),

such that the hybrid performance functional

J(x0, uc(·), ud(·), t0)=
∫ tf

t0

Lc(x(t), uc(t), t)dt

+
∑

k∈N[t0,tf )

Ld(x(tk), ud(tk), tk),(3)

is minimized, where Lc : D × Uc × R → R and Ld :
D × Ud × R → R are given.

Next, we state a hybrid version of Bellman’s principle

of optimality [2] which provides necessary and sufficient

conditions, for a given hybrid control (uc(t), ud(tk)) ∈
Uc × Ud, t0, k ∈ N[t,t0), for minimizing the performance

functional (3). Furthermore, we relax Assumption A1 of

[1] . This is due to the fact that if (0, x0) ∈ Sx, then there

can be a cost associated with the initial system reset to x+
0 .

Let (uc(t), ud(tk)) ∈ Uc × Ud, t ∈ [t0, tf ], k ∈ N[t0,tf ),

be an optimal hybrid control that generates the trajectory

x(t), t ∈ [t0, tf ], with x(t0) = x0. Then the trajectory x(·)

from (t0, x0) to (tf , xf ) is optimal if and only if for all

t
′
, t

′′ ∈ [t0, tf ], the portion of the trajectory x(·) going from

(t′, x
′
) to t

′′
, x(t

′′
) optimizes the same cost functional over

[t′, t′′], where x(t′) = x1 is a point on the optimal trajectory

generated by (uc(t), ud(t)), t∈ [t0, t′).
Next, let (u∗

c(t), u∗
d(tk)), t ∈ [t0, tf ], k ∈ N[t0,tf ), solve

the Singularly Impulsive Optimal Control Problem and

define the optimal cost J∗(x0, t0) = (x0, u
∗
c(·), u∗

d(·), t0).
Furthermore, define, for p ∈ Rn and q ∈ Rn, the Hamil-

tonians Hc(x, uc, p, t) = Lc(x, uc, t) + pTFc(x, uc, t)) and

Hd(x, ud, q, tk) = Ld(x, ud, tk)+q(Edx+Fd(x, ud, tk))−
q(x).

Theorem 2.1: Let J∗(x, t) denote the minimal cost for

the Singularly Impulsive Optimal Control Problem with

x0 = x and t0 = t and assume that J∗(·, ·) is C1 in x.

Then

0 =
∂J∗(x(t), t)

∂t
+ min

uc(·)∈Uc

Hc(x(t), uc(t), p(t), t),

(t, x(t)) �∈ Sx, (4)

0 = min
ud(·)∈Ud

Hd(x(t), ud(t), q(t), t), (t, x(t))∈Sx,(5)

where p(t) = (∂J∗(x(t),t)
∂t )

T
and q(t) = J∗(x(t), t). Fur-

thermore, if (u∗
c(·), u∗

d(·)) solves the Singularly Impulsive

Optimal Control Problem, then

0 =
∂J∗(x(t), t)

∂t
+ Hc(x(t), u∗

c(t), p(t), t),

(t, x(t)) �∈ Sx, (6)

0 = Hd(x(t), u∗
d(t), q(t), t), (t, x(t)) ∈ Sx, (7)

Proof: Identical to the proof of the corresponding

theorem of [4].
Next, we provide a converse result to Theorem 2.1.
Theorem 2.2: Suppose there exists a C1 function V :

D×R → R and an optimal control (u∗
c(·), u∗

d(·)) such that

V (x(tf ), tf ) = 0,

0 = ∂V (x,t)
∂t + Hc(x, u∗

c(t),
∂V

T(x,t)

∂x , t), (t, x) �∈ Sx,(8)

0 = Hd(x, u∗
d(t), V (x), t), (t, x) ∈ Sx, (9)

Hc(x, u∗
c(t),

∂V T(x,t)
∂x , t) ≤ Hc(x, uc(t),

∂V T(x,t)
∂x , t),

(t, x) �∈ Sx, uc(·) ∈ Uc, (10)

Hd(x, u∗
d(t), V (x), t) ≤ Hd(x, ud(t), V (x), t),

(t, x) ∈ Sx, ud(·) ∈ Ud. (11)

Then (u∗
c(·), u∗

d(·)) solves the Singularly Impulsive Control

Problem, that is,

J∗(x0, t0)= J(x0, u
∗
c(·), u∗

d(·), t0)≤J(x0, uc(·), ud(·), t0),
(uc(·), ud(·)) ∈ Uc × Ud, (12)

and
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J∗(x0, t0) = V (x0, t0). (13)

Proof: Identical to the proof of the corresponding

theorem of [4].

Next, we use Theorem 2.2 to characterize optimal hy-

brid feedback controllers for nonlinear singularly impul-

sive dynamical systems. In order to obtain time-invariant

controllers, we restrict our attention to state-dependant

singularly-impulsive dynamical systems with optimality

notions over the infinite horizon with an infinite num-

ber of resetting times. To address the optimal nonlinear

feedback control problem let φc : D → Uc be such

that φc(0) = 0 and let φd : D → Ud be such that

φd(0) = 0. If (uc(t), ud(tk)) = (φc(x(t)), φd(x(tk))),
where x(t), t ≥ 0, satisfies (1), (2), then (uc(·), ud(·))
is a hybrid feedback control. Given the hybrid feedback

control (uc(t), ud(tk)) = (φc(x(t)), φd(x(tk))), the closed-

loop state-dependent singularly impulsive dynamical system

has the form

Ecẋ(t) = Fc(x(t), φc(x(t)), x(t0) = x0, x(t) �∈ Zx,

(14)

Ed∆x(t) = Fd(x(t), φd(x(t)), x(t) ∈ Zx. (15)

Now, we present the main theorem for characterizing

hybrid feedback controllers that guarantee closed-loop sta-

bility and minimize a hybrid nonlinear-nonquadratic perfor-

mance functional over the infinite horizon. For the statement

of this result, recall that with Sx[0,∞)×Zx it follows from

Assumptions A2 and A3 of [1] that the resetting times tk(=
τk(x0)) are well defined and distinct for every trajectory

of (14), (15). Furthermore, define the set of asymptotically

stabilizing hybrid controllers by

C(x0) = { (uc(·), ud(·)) : (uc(·), ud(·)) is admissible and

zero solution, x(t) ≡ 0, to (14) is as. stable}.(16)

Theorem 2.3: Consider the nonlinear controlled singu-

larly impulsive system (14), (15) with hybrid performance

functional

J(x0, uc(·), ud(·)) =
∫ ∞

0

Lc(x(t), uc(t))dt

+
∑

k∈N[0,∞)

Ld(x(tk), ud(tk)). (17)

where (uc(·), ud(·)) is an admissible control. Assume there

exists a C1 function V : D → R and a hybrid control

law φc : D → Uc and φd : D → Ud such that V (0) =

0, V (x) > 0, x �= 0, φc(0) = 0, φd(0) = 0, and

V ′(x)Fc(x, Fc(x, φc(x)) ≤ 0, x �∈ Zx, x �=0,(18)

V (Edx+Fd(x, φd(x)))−V (x)≤ 0, x ∈ Zx, (19)

Hc(x, φc(x)) = 0, x �∈ Zx, (20)

Hd(x, φd(x)) = 0, x ∈ Zx, (21)

Hc(x, uc ≥ 0, x �∈Z, uc∈Uc (22)

Hd(x, ud) ≥ 0, x∈Z, ud∈Ud(23)

where

Hc(x, uc)= Lc(x, uc) + V ′(x)Fc(x, uc), (24)

Hd(x, ud)= Ld(x, ud) + V (Edx + Fd(x, ud)) − V (Edx).

(25)

Then, with the hybrid feedback control (uc(·), ud(·)), there

exists a neighborhood of the origin D0 ⊆ D such that

if x0 ∈ D0, the zero solution x(t) ≡ 0 of the closed-

loop system (14), (15) is locally asymptotically stable.

Furthermore,

J (x0, φc(x(·)), φd(x(·))) = V (x0), x0 ∈ D0. (26)

In addition, if x0 ∈ D0 then the hybrid feedback

control (uc(·), ud(·)) = (φc(x(·)), φd(x(·))) minimizes

J(x0, uc(·), ud(·) in the sense that

J(x0, φc(x(·)), φd(x(·))) = min
(uc(·),ud(·))

J(x0, uc(·), ud(·)).

Finally, if D = Rn, Uc = Rmc , Ud = Rmd , and V (x) → ∞
as ‖x‖ → ∞, then the zero solution x(t) ≡ 0 of the closed-

loop system (14), (15) is globally asymptotically stable.

Proof: Local and global asymptotic stability is a direct

consequence of (18) and (19) by applying Theorem 3.2 of

[2] to the closed-loop system (14), (15). Conditions (26)

and (??) are a direct consequence of Theorem 2.2, with

V (x, t) = V (x), t0 = 0, tf → ∞, and using the fact that

limt→∞ V (x(t)) = 0 and limk→∞ V (x(tk)) = 0.

Remark 2.1: Theorem 2.3 guarantees optimality with re-

spect to the set of admissible stabilizing hybrid controllers

C(x0). However, it is important to note that an explicit

characterization of C(x0) is not required. In addition, the

optimal stabilizing hybrid feedback control law (uc, ud) =
(φc(x), φd(x)) is independent of the initial condition x0.

Next, we specialize Theorem 2.3 to linear singularly

impulsive systems. For the following result let Ac ∈
Rn×n, Bc ∈ Rn×mc , Ad ∈ Rn×n, Bd ∈ Rn×md , R1c ∈
Rn×n, R2c ∈ Rmc×mc , R1d ∈ Rn×n and R2d ∈ Rmd×md

be given, where R1c, R2c, R1d, and R2d are positive defi-

nite.
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Corollary 2.1: Consider the linear controlled singularly

impulsive system

Ecẋ(t) = Acx(t)+Bcuc(t), x(0)=x0, x(t) �∈Zx, (27)

Ed∆x(t) = (Ad − Ed)x(t) + Bdud(t), x(t) ∈ Zx,(28)

with quadratic hybrid performance functional

J(x0, uc(·), ud(·))=
∫ ∞

0

[xT(t)R1cx(t) + uT
c (t)R2cuc(t)]dt

+
∑

k∈N[0,∞)

[xT(tk)R1dx(tk) + uT
d (tk)R2dud(tk), (29)

where (uc(·), ud(·)) is an admissible hybrid control. Fur-

thermore, assume there exists a positive-definite matrix

P ∈ Rn×n such that

0 = xT(AT
c PEc + ET

c PAc + R1c − PBcR
−1
2c BT

c P )x,

x �∈ Zx, (30)

0 = xT(AT
d PAd + ET

d PEd + R1d − AT
d PBd(R2d

+BT
d PBd)−1BT

d PAd)x, x ∈ Zx. (31)

Then, the zero solution x(t) ≡ 0 to (27), (28) is globally

asymptotically stable with the hybrid feedback controller

uc = φc(x) = −R−1
2c BT

c Px, x �∈ Zx, (32)

ud = φd(x) = −(R2d+BT
d PBd)−1BT

d PAdx, x∈Zx,(33)

and

J(x0, φc(·), φd(·)) = xT
0 ET

c PEcx0, x0 ∈ Rn. (34)

Furthermore,

J(x0, φc(·), φd(·)) = min
(uc(·),ud(·))∈C(x0)

J(x0, uc(·), ud(·)), (35)

where C(x0) is the set of asymptotically stabilizing con-

trollers for (27), (28) and x0 ∈ Rn.

Proof: The result is a direct consequence of The-

orem 2.3 with Fc(x, uc) = Acx + Bcuc, Lc(x, uc) =
xTR1cx + uT

c R2cuc, for x �∈ Zx, Fd(x, ud) = (Ad −
Ed)x + Bdud, Ld(x, ud) = xTR1dx + uT

d R2dud, for x ∈
Zx, V (x) = xTPx, with argument Ecx, Edx,D = Rn,

and Uc × Ud = Rmc × Rmd . Specifically, it follows

from (30) that Hc(x, φc(x)) = 0, x �∈ Zx, and hence

V ′(x)Fc(x, φc(x)) < 0 for all x �= 0 and x �∈ Zx. Similarly,

it follows from (31) that Hd(x, φd(x)) = 0, x ∈ Zx,

and hence V (Edx + Fd(x, φd(x)) − V (x) < 0 for all

x �= 0 and x ∈ Zx. Thus, Hc(x, uc) = Hc(x, uc) −
Hc(x, φc(x)) = [uc − φc(x)]TR2c[uc − φc(x)] ≥ 0,

x �∈ Zx, and Hd(x, ud) = Hd(x, ud) − Hd(x, φd(x)) =
[ud − φd(x)]T(R2d + BT

d PBd)[ud − φd(x)] ≥ 0, x ∈
Zx, so that all conditions of Theorem 2.3 are satisfied.

Finally, since V (·) is radially unbounded, the zero solu-

tion x(t) ≡ 0 to (27), (28) with uc(t) = φc(x(t)) =
−R−1

2c BT
c Px(t), x(t) ∈ Zx, and ud(t) = φd(x(t)) =

−(R2d + BT
d PBd)−1BT

d PAdx(t), x(t) ∈, is globally as-

ymptotically stable.

Remark 2.2: The optimal hybrid feedback control

(φc(x), φd(x)) in Corollary 2.1 is derived using the prop-

erties of Hc(x, uc) and Hd(x, ud) as defined in Theorem

2.3. Specifically, since Hc(x, uc) = xTR1cx + uT
c R2cuc +

xT(AT
c PEc + ET

c PAc)x + 2xTPBcuc, x �∈ Zx, and

Hd(x, ud) = xTR1dx+uT
d R2dud+(Adx+Bdud)P (Adx+

Bdud) − xTET
d PEdx, x ∈ Zx, it follows that ∂2Hc

∂u2
c

=

R2c > 0 and ∂2Hd
∂u2

d
= R2d + BT

d PBd > 0. Now,
∂Hc
∂uc

= 2R2c + 2BT
c Px = 0, x �∈ Zx, and ∂Hd

∂ud
=

2(R2d + BT
d PBd)ud + 2BT

d PAdx = 0, x ∈ Zx, give

the unique global minimum of Hc(x, uc), x �∈ Zx,

and Hd(x, ud), x ∈ Zx, respectively. Hence, since φc(x)
minimizes Hc(x, uc) on x �∈ Zx and φd(x) minimizes

Hd(x, ud) on x ∈ Zx, it follows that φc(x) satisfies
∂Hc
∂uc

= 0 and φd(x) satisfies ∂Hd
∂ud

= 0, or, equivalently,

φc(x) = −R−1
2c BT

c Px, x �∈ Zx, and φd(x) = −(R2d +
BdPBd)−1BT

d PAdx, x ∈ Zx

Remark 2.3: For given R1c, R2c, R1d, and R2d, (30)

and (31) can be solved using constrained nonlinear pro-

gramming methods using the structure of Zx. For example,

in the case where Zx is characterized by the hyperplane

Zx = {x ∈ Rn : Hx = 0}, where H ∈ Rm×n, it

follows that (31) holds when x ∈ N (H) and (30) holds

when x ∈ [N (H)]⊥ = R(H)T, where N denotes the null

space of H and R(HT) denotes the range space of HT.

Now, reformulating Zx as {x ∈ Rn : Ex = 0}, where E

is an elementary matrix composed of zeroes and ones such

that the columns of E span the nullspace of H , and using

the fact that P > 0, (30) and (31) will hold for P > 0 with

a specific internal matrix structure. This of course reduces

the number of free elements in P satisfying (30) and (31).

Alternatively, to avoid complexity in solving (30) and (31),

an inverse optimal control problem can be solved wherein

R1c, R2c, R1d, and R2d are arbitrary. In this case, (30) and

(31) are implied by
0 = AT

c PEc + ET
c PAc + R1c − PBcR2cB

T
c P, (36)

0 = AT
d PAd − ET

d PEd + R1d − AT
d PBd(R2d

+BT
d PBd)−1BT

d PAd. (37)

Since R1c, R2c, R1d, and R2d are arbitrary, (36) and (37)

can be cast as an LMI [5] feasibility problem involving

P > 0, [ AT
c PEc + ET

c PAc PBc

BT
c P −R2c

] < 0,
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[ AT
d PAd − ET

d PEd AT
d PBd

BT
d PAd −(R2d + BT

d PBd) ] < 0. (38)

III. INVERSE OPTIMAL CONTROL FOR NONLINEAR

AFFINE SINGULARLY IMPULSIVE SYSTEMS

In this section we specialize Theorem 2.3 to affine sys-

tems. The controllers obtained are predicated on an inverse

optimal hybrid control problem. In particular, to avoid the

complexity in solving steady-state hybrid Hamilton-Jacobi-

Bellman equation we do not attempt to minimize a given

cost functional, but rather, we parametrize a family of

stabilizing hybrid controllers that minimize some derived

cost functional that provides flexibility in specifying the

control law. The performance integrand is shown to explic-

itly depend on the nonlinear singularly impulsive system

dynamics, the Lyapunov function of the closed-loop system,

and the stabilizing hybrid feedback control law wherein

the coupling is introduced via the hybrid Hamilton-Jacobi-

Bellman equation. Hence, by varying the parameters in

the Lyapunov function and the performance integrand, the

proposed framework can be used to characterize a class

of globally stabilizing hybrid controllers that can meet the

closed-loop system response constraints.

Consider the state-dependent affine (in the control) sin-

gularly impulsive dynamical system

Ecẋ(t) = fc(x(t)) + Gc(x(t))uc(t), x(t) �∈ Zx, (39)

Ed∆x(t) = fd(x(t) + Gd(x(t))ud(t), x(t) ∈ Zx, (40)

where x(0) = x0. Furthermore, we consider performance

integrands Lc(x, uc) and Ld(x, ud) of the form

Lc(x, uc) = L1c + uT
c R2c(x)uc,

Ld(x, ud) = L1d + uT
d R2d(x)ud, (41)

where L1c : Rn → R and satisfies L1c(x) ≥ 0, x ∈ Rn,

R2c : Rn → Pmc , L1d : Rn → R and satisfies L1d(x) ≥ 0,

x ∈ Rn, and R2d : Rn → Pmd so that (3) becomes

J(x0, uc(·), ud(·))=
∫ ∞

0

[L1c(x(t))+uT
c (t)R2c(x(t))uc(t)]dt

+
∑

k∈N[0,∞)

[L1d(x(tk)) + ud(tk)R2d(x(tk))ud(tk)]., (42)

Corollary 3.1: Consider the nonlinear singularly impul-

sive controlled system (39), (40) with performance func-

tional (42). Assume there exists a C1 function V : Rn → R,

and functions P12 : Rn → R1×md and P2 : Rn → Nmd

such that V (0) = 0, V (x) > 0, x ∈ Rn, x �= 0,

P12(0) = 0, (43)

V ′(x)[fc(x) − 1
2Gc(x)R−1

2 GT
c (x)V ′T(x)] < 0,

x �∈ Zx, x �= 0, (44)

V (Edx + fd(x) − 1
2Gd(x)(R2d(x)

+P2(x))−1PT
12(x)) − V (Edx) ≤ 0, x ∈ Zx, (45)

V (Edx + fd(x) + Gd(x)ud) = V (Edx + fd(x))

+P12(x)ud + uT
d P2(x)ud, (46)

where ud is admissible, and

V (x) → ∞ as ‖x‖ → ∞. (47)

Then the zero solution x(t) ≡ 0 to the closed-loop system

Ecẋ(t)= fc(x(t)) + Gc(x(t))φc(x(t)), x(t) �∈Zx,(48)

Ed∆x(t)= fd(x(t) + Gd(x(t))φd(x(t)), x(t)∈Zx,(49)

where x(0) = x0,is globally asymptotically stable with the

hybrid feedback control law

φc(x)=
1
2
R−1

2c (x)GT
c (x)V ′T(x), x �∈ Zx, (50)

φd(x)=
1
2
(R2d(x) + P2(x))−1PT

12(x), x ∈ Zx, (51)

and performance functional (42), with

L1c(x)= φT
c (x)R2c(x)φc(x) − V ′(x)fc(x), (52)

L1d(x)= φT
d (x)(R2d(x) + P2(x)) − V (Edx + fd(x))

+V (Edx), (53)

is minimized in the sense that

J(x0, φc(x(·)), φd(x(·))) = min
(uc(·),ud(·))∈C(x0)

J(x0, uc(·), ud(·)),
x0 ∈ Rn.

Finally,

J(x0, φc(x(·)), φd(x(·))) = V (x0), x0 ∈ Rn. (54)

Proof: The result is a direct consequence of The-

orem 2.3 with D = Rn, uc ∈ Rmc , ud ∈ Rmd ,

Fc(x, uc) = fc(x) + Gc(x)uc, φd(x, ud) = fd(x) +
Gd(x)ud, Lc(x, uc) = L1c +uT

c R2c(x)uc and Ld(x, ud) =
L1d+uT

d R2d(x)ud. Specifically, with (41) the Hamiltonians

have the form

Hc(x, uc) = L1c(x) + uT
c R2c(x)uc + V ′(x)(fc(x)

+Gc(x)uc), x �∈ Zx, uc ∈ Uc, (55)

Hd(x, ud) = L1d(x) + V (Edx + fd(x)) + P12(x)ud

+uT
d (R2d + P2(x))ud − V (Edx)

x ∈ Zx, ud ∈ Ud. (56)
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Now, the hybrid feedback control law (50), (51) is obtained

by setting ∂Hc
∂uc

= 0 and ∂Hd
∂ud

= 0. With (50) and (51) it

follows that (44) and (45) imply (18) and (19), respectively.

Next, since V (·) is C1 and x = 0 is a local minimum

of V (·), it follows that V ′(0) = 0, and hence, since by

assumption P12(0) = 0, it follows that φc(0) = 0 and

φd(0) = 0. Next, with L1c(x) and L1d(x) given by (52)

and (53), respectively, and φc(x), φd(x) given by (50) and

(51), (20) and (21) hold. Finally, since

Hc(x, uc)= Hc(x, uc) − Hc(x, φc(x))

= [uc − φc(x)]TR2c(x)[uc − φc(x)], x �∈ Zx,(57)

Hd(x, ud)= Hd(x, ud) − Hd(x, φd(x))

= [ud − φd(x)]T(R2d(x) + P2(x))[ud − φd(x)],

x ∈ Zx, (58)

where R2c(x) > 0, x �∈ Zx, and R2d(x) + P2(x) > 0,

x ∈ Zx, conditions (22) and (23) hold. The result now

follows as a direct consequence of Theorem 2.3.
Remark 3.1: Note that (44) and (45) are equivalent to

V̇ (x) = V ′(x)[fc(x) + Gc(x)φc(x)] < 0,

x �∈ Zx, x �= 0, (59)

∆V (Edx) = V (Edx + fd(x) + Gd(x)φd(x))

−V (Edx) ≤ 0, x ∈ Zx, (60)

with φc(x) and φd(x) given by (50) and (51), respectively.

Furthermore, conditions (59) and (60) with V (0) = 0 and

V (x) > 0, x ∈ Rn, x �= 0, assure that V (x) is a Lyapunov

function for the singularly impulsive closed-loop system

(48) and (49).

IV. CONCLUSION

In this paper we have developed a unified framework

for hybrid feedback optimal control over an infinite hori-

zon involving a hybrid nonlinear-nonquadratic performance

functional. The overall framework provides the foundation

for generalizing optimal linear-quadratic control methods

to nonlinear singularly impulsive dynamical systems [1, 2].

Presented results will be base for further work on optimal

nonlinear robust control that is under the development.
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