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Abstract— Singularly impulsive (or generalized impulsive)
dynamical systems are systems which dynamics are charac-
terized by the set of differential, difference and algebraic
equations. They represent the class of hybrid systems, where
algebraic equations represent constraints that differential
and difference equations need to satisfy. For the class of
singularly impulsive dynamical systems we present optimal
control results. We developed unified framework for hybrid
feedback optimal and inverse optimal control involving a
hybrid nonlinear-nonquadratic performance functional. It is
shown that the hybrid cost functional can be evaluated in
closed-form as long as the cost functional considered is
related in a specific way to an underlying Lyapunov function
that guarantees asymptotic stability of the nonlinear closed-
loop singularly impulsive system. Furthermore, the Lyapunov
function is shown to be a solution of a steady-state, hybrid
Hamilton-Jacobi-Bellman equation.

I. INTRODUCTION

Singularly impulsive or generalized impulsive dynamical
systems has been recently presented in [1]. Dynamics of
this systems is characterized with the set of differential,
difference and algebraic equations,wherein algebraic equa-
tions represents constraints that differential and difference
equations need to satisfy. Applications of this class of
systems can be found in contact problems.

For the class of nonlinear singularly impulsive dynamical
systems [1, 2] we developed optimality results. In doing so,
we generalize optimality results developed in [3, 4]. Using
the stability results [2], we consider a hybrid feedback
optimal control problem over an infinite horizon involving
a hybrid nonlinear-nonquadratic performance functional.
The performance functional involves a continuous-time cost
for addressing performance of the continuous-time system
dynamics and a discrete-time cost for addressing perfor-
mance at the resetting instants. Furthermore, the hybrid
cost functional can be evaluated in closed-form as long
as the nonlinear-nonquadratic cost functional considered is
related in a specific way to an underlying Lyapunov function
that guarantees asymptotic stability of the nonlinear closed-
loop singularly impulsive system. This Lyapunov function
is shown to be a solution of a steady-state, hybrid Hamilton-
Jacobi-Bellman equation and thus guaranteeing both opti-
mality and stability of the feedback controlled singularly

impulsive dynamical system. The overall framework pro-
vides the foundation for extending linear-quadratic feedback
control methods to nonlinear singularly impulsive dynami-
cal systems. We note that the optimal control framework for
singularly impulsive dynamical systems developed herein is
quite different from the quasivariational inequality methods
for singularly impulsive and hybrid control developed in the
literature (e.g.[5-8]). Specifically, quasivariational methods
do not guarantee asymptotic stability via Lyapunov func-
tions and do not necessarily yield feedback controllers. In
contrast, the proposed approach provides hybrid feedback
controllers guaranteeing closed-loop stability via an under-
lying Lyapunov function.

An important contribution of the paper is to develop
unified framework for the analysis and control synthesis
of nonlinear singularly impulsive dynamical systems. How-
ever, since singularly impulsive dynamical systems involve
a hybrid formulation of continuous-time and discrete-time
dynamics, this paper also provide a tutorial for optimality
for continuous time and singular discrete time dynamical
systems which can be viewed as a specialization of singu-
larly impulsive dynamical systems.

The contents of the paper are as follows. In Section 2
we address an optimal control problem with respect to a
hybrid nonlinear-nonquadratic performance functional for
singularly impulsive dynamical systems. To avoid complex-
ity in solving the hybrid Hamilton-Jacobi-Bellman equation,
in Section 3 we specialize the results of Section 2 to address
an inverse optimal control problem for nonlinear affine (in
the control) singularly impulsive systems. Finally, we draw
conclusions in Section 4.

Finally, in this paper we use the following standard
notation. Let R denote the set of real numbers, let A/ denote
the set of nonnegative integers, let R™ denote the set of nx1
real column vectors, let %™ denote the set of n x m real
matrices, let S™ denote the set of n x n symmetric matrices,
and let N™ (resp., P™) denote the set of n X n nonnegative
(resp., positive) definite matrices, and let I,, or I denote the
n X n identity matrix. Furthermore, A > 0 (resp., A > 0)
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denotes the fact that the Hermitian matrix is nonnegative
(resp., positive) definite and A > B (resp., A > B) denotes
the fact that A— B > 0 (resp., A— B > 0). In addition, we
write V'(x) for the Fréchet derivative of V'(-) at z. Finally,
let C° denote the set of continuous functions and C* denote
the set of functions with r continuous derivatives.

II. OPTIMAL CONTROL FOR SINGULARLY IMPULSIVE
DYNAMICAL SYSTEMS

In this section we consider an optimal control problem for
nonlinear singularly impulsive dynamical systems involving
notion of optimality with respect to a hybrid nonlinear-
nonquadratic performance functional. Specifically, we con-
sider the following singularly impulsive optimal control
problem.

Singularly Impulsive Optimal Control Problem. Consider
the nonlinear singularly impulsive controlled system given
by

E.i(t)=Fc(z(t), uc(t),t), uc(t) EUe, (t,2(t)) €Sz, (1)
EqAz(t)=Fy(z(t),ua(t),t), ua(t) €U, (t,2(t)) €Ss,(2)

where x(to) = xo, z(ty) = x5, t > 0, z(t) € D C R"
is the state vector , D is an open set with 0 € D,
(uc(t),uq(ty)) € U x Uy C R™ x R™, ¢ € [to,tf],
k € Njg,t;), is the hybrid control input, x(tg) = ¢ is
given, z(t;) = xy is fixed, F, : D x U, x R — R" is
Lipschitz continuous and satisfies F.(0,0,0) = 0, Fy : D X
Ug x R — R™ is continuous and satisfies F4(0,0,0) = 0,
and S; C 0,00) x R™ is the resetting set [1]. Matrices E.,
E4 may be singular matrices. Then determine the control
inputs (uc(t), ua(ty)) € Ue X Ua,t € [to,ts],k € Nigg )
such that the hybrid performance functional

J(xo,uc(.),ud(.mo):/t fLC(as(t),uC(t),t)dt
+ Y La(a(te), valts), t

kEN[tOvtf)

:DxU. xR — R and Ly :
D x Uy x R — R are given.

),(3)

is minimized, where L.

Next, we state a hybrid version of Bellman’s principle
of optimality [2] which provides necessary and sufficient
o(t),ualty)) €
U. x Ug,to, k € Ny y,), for minimizing the performance

conditions, for a given hybrid control (u

functional (3). Furthermore, we relax Assumption Al of
[1] . This is due to the fact that if (0,z¢) € S,, then there
can be a cost associated with the initial system reset to x .

Let (uc(t),ud(tk)) € U, X Uy, t € [to,tf],k € A/[t()atf)’
be an optimal hybrid control that generates the trajectory
x(t),t € [to,ts], with (to) = xo. Then the trajectory z(-)

from (to,x0) to (tf,xy) is optimal if and only if for all
tt" e[t t ], the portion of the trajectory x(-) going from
(t',x')tot" ,z(t") optimizes the same cost functional over
[t',t"], where x(t') = x; is a point on the optimal trajectory
generated by (uc(t), ua(t)), t€ [to,t’).

Next, let (u:(t),u}(t)),t € [to,tf],k € Nigy,u,)» solve
the Singularly Impulsive Optimal Control Problem and
define the optimal cost J*(zo,t0) = (zo,ui(:), ui(:), o).
Furthermore, define, for p € R™ and ¢ € R", the Hamil-
tonians H,(, uc,p,t) = Le(x,uc, t) + pt Fo(z, ue, t)) and
Ha(x,ua,q,tx) = La(z,uq, tr) + q(Eqx+ Fa (2, uq, tr)) —
q(x).

Theorem 2.1: Let J*(x,t) denote the minimal cost for
the Singularly Impulsive Optimal Control Problem with

ro = x and to = t and assume that J*(-,-) is C! in .

Then
0 %mﬁl&cm (), ue(t), p(0), ),
(t,z(t)) & Si, (4)
0= min Hq(2(t),ua(t),q(t),t), (t z(t))ESL(OS)

uq(-)€EUa
DN and g(t) = J*(x(t),t). Fur-

*(-),ul(-)) solves the Singularly Impulsive

where p(t) = (
thermore, if (u,
Optimal Control Problem, then

oJ*(x(t),t)

0= ot

+ He(x(t), ue(t), p(t), 1),
(t,z(t)) & Sa, (6)
0 = Ha(z(t),ug(t),q(t), 1), (t,z(t) € Soy (D)
Proof: Identical to the proof of the corresponding
theorem of [4].
Next, we provide a converse result to Theorem 2.1.
Theorem 2.2: Suppose there exists a C! function V :
D x R — R and an optimal control (u}(-), u}(-)) such that
V(z(ty), ty) =0,

) T(a,t)
0= 2D L B (2wt (1), D 1),

(t,x) & Su(8)

ox
0= Ha(z,uj(t),V(z),t), (tz)€Ss, 9)
He(o,ug (), 2520 1) < He(w,uc(t), 2582 1),
(t.z) & Sa, uc()euc, (10)
Ha(z,ui(t),V(z),t) < Ha(z,ua(t), V(z),1),
(t,z) € Si, ua(:) € Ug. a1

Then (u}(-),u}(-)) solves the Singularly Impulsive Control
Problem, that is,

J (o, us(+),
(ue(-),

J*(xo,t0) = ui(+), to)J (2o, ue(+), ua

ud()) €U, x Uy,

(')7t0)7
(12)

and
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J*(z0,t0) = V (o, t0)- (13)
Proof: Identical to the proof of the corresponding
theorem of [4].

Next, we use Theorem 2.2 to characterize optimal hy-
brid feedback controllers for nonlinear singularly impul-
sive dynamical systems. In order to obtain time-invariant
controllers, we restrict our attention to state-dependant
singularly-impulsive dynamical systems with optimality
notions over the infinite horizon with an infinite num-
ber of resetting times. To address the optimal nonlinear
feedback control problem let ¢, : D — U, be such
that ¢.(0) = 0 and let ¢g : D — Uy be such that
9a(0) = 0. If (uc(t),ua(t)) = (Pe(a(t)), dale(ti))).
where z(t), t > 0, satisfies (1), (2), then (uc(-),ua(-))
is a hybrid feedback control. Given the hybrid feedback
control (uc(t), ua(tx)) = (¢c(x(t)), pa(x(tk))), the closed-
loop state-dependent singularly impulsive dynamical system
has the form

Ec:’t(t) = Fc(w(t)7¢c(x(t))v l‘(to) = Zo, $(t) ¢ Zaz,

(14

EqAx(t) = Fa(z(t), ¢a(z(t)), x(t) € Zs. (15)

Now, we present the main theorem for characterizing
hybrid feedback controllers that guarantee closed-loop sta-
bility and minimize a hybrid nonlinear-nonquadratic perfor-
mance functional over the infinite horizon. For the statement
of this result, recall that with S, [0, c0) x Z,, it follows from
Assumptions A2 and A3 of [1] that the resetting times ¢, (=
Ti(x)) are well defined and distinct for every trajectory
of (14), (15). Furthermore, define the set of asymptotically
stabilizing hybrid controllers by

C(zo) = { (ue(+),ua(+)) : (ue(+), ua(+))is admissible and
zero solution, z(t) = 0, to (14) is as. stable }(16)

Theorem 2.3: Consider the nonlinear controlled singu-
larly impulsive system (14), (15) with hybrid performance
functional

J($0,UC(~),ud(.)) = AOO Lc(z(t)auc(t))dt
+ Z La(x(tr), ua(tr)). (17)

kEN[OTQC)

where (uc(+),uq(+)) is an admissible control. Assume there
exists a C! function V : D — R and a hybrid control
law ¢, : D — U. and ¢q : D — Uy such that V(0) =

V'(2)Fo(x, Fo(z,0c(2)) <0, x¢& Z,, 2#0,18)
V(EBax+Fa(z,¢a(2)))-V () <0, x€ Z,, (19)
H.(z,¢.(x)) =0, x¢Z,, (20)

Ha(z,pa(z)) =0, xz€ Z,, (21)

22 Z, uc €U, (22)

Hd(m,ud) >0, $€Z, Uq Eud(23)

where

H.(z,uc) = Le(x,ue) + V' (2)Fo(z, ue), (24)
Hd(l’, ud) = Ld(l‘, ud) + V(de + Fd(l‘, ud)) — V(Edl’)
(25)

Then, with the hybrid feedback control (uc(-),uq(+)), there
exists a neighborhood of the origin Dy C D such that
if xg € Do, the zero solution z(t) = 0 of the closed-
loop system (14), (15) is locally asymptotically stable.
Furthermore,

T (w0, de(x(:)), ¢a(z(-))) = V (20),

In addition, if 9y € Dy then the hybrid feedback
control (ue(), ua(-) = (Ge(2(2)), da(w())) minimizes

J(xo, uc(+),uq(-) in the sense that

(o, @e(x()); a(2())) = wmin  J(zo, ue(-), ual-)).
Ue "), ug (-

Finally, if D = R, U. = R™<, Uy = R™, and V(z) — oo
as ||z|| — oo, then the zero solution z(¢) = 0 of the closed-

zg € Dg. (26)

loop system (14), (15) is globally asymptotically stable.

Proof: Local and global asymptotic stability is a direct
consequence of (18) and (19) by applying Theorem 3.2 of
[2] to the closed-loop system (14), (15). Conditions (26)
and (??) are a direct consequence of Theorem 2.2, with
V(z,t) = V(z), to =0, ty — oo, and using the fact that
lim; 00 V(2(t)) = 0 and limy_.o V(z(t;)) = 0.

Remark 2.1: Theorem 2.3 guarantees optimality with re-
spect to the set of admissible stabilizing hybrid controllers
C(xo). However, it is important to note that an explicit
characterization of C(xg) is not required. In addition, the
optimal stabilizing hybrid feedback control law (uc,uq) =
(¢c(x), pa(x)) is independent of the initial condition zg.

Next, we specialize Theorem 2.3 to linear singularly
impulsive systems. For the following result let A, €
R"™™ B, € R"™ ™M, Aq € R"*™ Byq € R"™d Ry. €
R™ ™ Rg. € R™M<X™e Riqg € R™™™ and Rgq € R™Ma*™d
be given, where Rj., Rac, R14, and Roq are positive defi-
nite.
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Corollary 2.1: Consider the linear controlled singularly
impulsive system
E.i(t)=Acx
EdALC(t) =

(t)+Beuc(t), x(0)=mg
(Ad — Ed)l'(t) + Bdud(t),

x(t) ¢ 2, 27)
z(t) € Z,,(28)

with quadratic hybrid performance functional

oo

J(ﬂco,uc(-)»uci('))=/0 [ (t) Rica(t) + g (t) Racue (1))t

+ Z T(tx) Riaz(tr) + ug (tr) Roaua(te),(29)
kENU’OO)
where (uc(-),uq(-)) is an admissible hybrid control. Fur-

thermore, assume there exists a positive-definite matrix
P ¢ R™*™ such that

0 = z"(ATPE.+ ErPA. + Ri. — PB.R; BIP)x,
T & Z,, (30)

0 = a2"(AYPAy+ EJPEy+ Riq — AL PB4(Raq
+BiPBy) 'Bi PAq)z, =€ Z,. (31)

Then, the zero solution z(t) = 0 to (27), (28) is globally
asymptotically stable with the hybrid feedback controller

e =¢c(r) = =Ry B Pr, a & Z,, (32)
ug = ¢a(z) = —(Roa+B4 PBq) "' B PAgz, € Z,(33)
and
J(x0,0e(-), da(-)) = s EYPE.xo, x0€ R". (34)
Furthermore,
J(20,¢c(+),¢a()) = min - J(zo,uc("),ua(")), (35)

(uc(-),ua(-))€C(wo)
where C(x¢) is the set of asymptotically stabilizing con-
trollers for (27), (28) and zog € R".

Proof: The result is a direct consequence of The-
orem 2.3 with F.(z,u.) = Acx + Beue, Le(z,ue) =
2T Ricx + ul Rocuc, forx & Z,, Fa(z,uq) = (A —
Eq)x + Bqua, La(x,uq) = 2T Ryqz + ugRgdud, forxz €
Z., V(z) = 2T Pz, with argument E.x, Eqx,D = R",
and U, x Uy = R™< x R™4. Specifically, it follows
from (30) that H.(z,¢.(x)) = 0,2 ¢ Z,, and hence
V'(x)Fe(x,dc(x)) < Oforall z # 0and x ¢ Z,. Similarly,
it follows from (31) that Hy(z,¢a(z)) = 0, x € Z,,
and hence V(Eqx + Fa(z,dq(x)) — V(z) < 0 for all
x # 0 and x € Z,. Thus, He(z,u.) = He(z,uc) —

c(x7¢c( )) = [uc - ¢c( )]TR2C[UC - ¢( )] Z 0’
x & Z,, and Hy(x,uq) = Ha(z,uq) — Ha(x,da(x)) =
[ug — da(@)]" (Raa + Bi PBa)[ua — ¢alz)] > 0, x €
Z., so that all conditions of Theorem 2.3 are satisfied.

Finally, since V'(-) is radially unbounded, the zero solu-
tion z(t) = 0 to (27), (28) with uc(t) = oe(x(t)) =
—Ry'BYPx(t),z(t) € Z,, and ug(t) = ¢a(z(t)) =
—(Raq + BYPB4)"'BTPAqx(t), z(t) €, is globally as-
ymptotically stable.

Remark 2.2: The optimal hybrid feedback control
(¢pc(x), pa(x)) in Corollary 2.1 is derived using the prop-
erties of Hc(z,u.) and Hq(x,uq) as defined in Theorem
2.3. Specifically, since H(z,uc) = 2T Ricx + ul Rocue +
2T(AYPE. + EXPA)x + 22T PBu., z ¢ 2., and
Hd(:c,ud) = J}TRldI+ud Rgdud+(Ade+Bdud) (Ader
Byuq) — 2TE} PEgx, x € Z,, it follows that a e =
Ro. > 0 and a;ﬁd = Roq + Bd PBy > 0 Now
%f: = 2Ry + QBg;rP:v = 0,z ¢ Z,, and %}Jd
2(Roq + BdTPBd)ud + QBEPAdx = 0,z € Z,, give
x & Z,,
and Hy(z,uq),z € Z,, respectively. Hence, since ¢.(x)

the unique global minimum of H.(z,u.),

minimizes H.(x,u.) on © € Z, and ¢q(x) minimizes
Hy(z,uq) on ¢ € Z,, it follows that ¢.(x) satisfies
%ﬁf = 0 and ¢q(z) satisfies af" = 0, or, equivalently,
¢o(r) = —RyBYPx, v ¢ Z,, and ¢q(x) = —(Raq +
BaPBq) !B} PAgz, z € Z,

Remark 2.3: For given Ri., Rac, Ri4, and Raq, (30)
and (31) can be solved using constrained nonlinear pro-

gramming methods using the structure of Z,. For example,
in the case where Z, is characterized by the hyperplane
Z, = {x € R" : Hx = 0}, where H € R™ ", it
follows that (31) holds when z € AN (H) and (30) holds
when z € [N(H)]* = R(H)T, where N denotes the null
space of H and R(H?T) denotes the range space of HT.
Exz = 0}, where E
is an elementary matrix composed of zeroes and ones such

Now, reformulating Z, as {x € R™ :

that the columns of E span the nullspace of H, and using
the fact that P > 0, (30) and (31) will hold for P > 0 with
a specific internal matrix structure. This of course reduces
the number of free elements in P satisfying (30) and (31).
Alternatively, to avoid complexity in solving (30) and (31),
an inverse optimal control problem can be solved wherein
Ry, Rac, R14, and Roq are arbitrary. In this case, (30) and
(31) are implied by

0 = AYPE. + EYPA. + Ri. — PB.Ry.B} P, (36)

0 = AJPAq — EJPEq + Ryq — A PBa(Raq

+B] PBq) ' Bi PAqg. (37)

Since Ry, Roc, Ri14, and Req are arbitrary, (36) and (37)
can be cast as an LMI [5] feasibility problem involving

ATPE. + E'PA. PB.

P>0,] BTPp "Ry,

] <0,
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ATPAy— ETPE,

[ ATPB,
BYPA,

< 0.
*(RQ(I + BdTPBd) }

(38)

III. INVERSE OPTIMAL CONTROL FOR NONLINEAR
AFFINE SINGULARLY IMPULSIVE SYSTEMS

In this section we specialize Theorem 2.3 to affine sys-
tems. The controllers obtained are predicated on an inverse
optimal hybrid control problem. In particular, to avoid the
complexity in solving steady-state hybrid Hamilton-Jacobi-
Bellman equation we do not attempt to minimize a given
cost functional, but rather, we parametrize a family of
stabilizing hybrid controllers that minimize some derived
cost functional that provides flexibility in specifying the
control law. The performance integrand is shown to explic-
itly depend on the nonlinear singularly impulsive system
dynamics, the Lyapunov function of the closed-loop system,
and the stabilizing hybrid feedback control law wherein
the coupling is introduced via the hybrid Hamilton-Jacobi-
Bellman equation. Hence, by varying the parameters in
the Lyapunov function and the performance integrand, the
proposed framework can be used to characterize a class
of globally stabilizing hybrid controllers that can meet the
closed-loop system response constraints.

Consider the state-dependent affine (in the control) sin-
gularly impulsive dynamical system

Eei(t) = fo(z(t)) + Ge(x(t))uc(t),
EqAz(t) = fa(z(t) + Ga(z(t))ua(t),

z(t) & Ze, (39)
2(t) € Z,, (40)

where x(0) = x¢. Furthermore, we consider performance
integrands L.(z,u.) and L4(x,uq) of the form

LC(.Z',UC) = Llc+ucTR2c($)uca

La(z,uq) = Lia + u) Roa(z)uq, 41
where Ly, : R™ — R and satisfies Li.(z) > 0, € R",
Ry : R" — P™<, L14 : R" — R and satisfies L1q(z) > 0,
x € R", and Raoq : R™ — P™< so that (3) becomes

oo

(2o, uc(-), Ud(-))=1[L1c(x(t))+ucT(t)ch(x(t))uc(t)]dt

+ Y [Lua(e(tn) + walte) Roa(z(te) Jua(te)].. (42)
kEEN|0,50)

Corollary 3.1: Consider the nonlinear singularly impul-
sive controlled system (39), (40) with performance func-
tional (42). Assume there exists a C'! function V : R® — R,

and functions Py : R®* — RY™™d and P, : R®* — N™

such that V(0) =0,V (z) > 0,2 € R",z # 0,

P12(0) =0, 43)

V'(@)[fe(x) — 3Gc(2)Ry ' G (2)V' T (2)] <0,
ngm, x #£0, (44)

V(Ed.’II + fd(iC) — %Gd(x)(RQd(x)

+Py(x)) ' Ph(x) = V(Bar) <0, x € Z,, (45)

V(de + fd(x) + Gd(x)ud) = V(de + fd(x))
+Pio(z)uq + ul Pa(z)uq, (46)

where uq is admissible, and

V(z) — o0 as ||z|| — oo. 47)

Then the zero solution x(¢) = 0 to the closed-loop system
Eei(t) = fo(z(t)) + Ge(x(t))de(x(t),  x(t) & Z448)
EaAx(t) = fa(x(t) + Ga(z(t))¢a(z(t), z(t) € Z449)

where z(0) = x¢,is globally asymptotically stable with the
hybrid feedback control law

bele) = SR @GE @V @), 0 g 2 (50)
6a(w) = 5 (Raa(@) + Po(e)) ' Ph(2), w € 2., G
and performance functional (42), with
Lic(z) = ¢cT(x)R2c($)¢c(x) - V/(x)fc(x)a (52)
Lia(z) = ¢4 (2)(Raa(w) + Pa()) = V(Baz + fa(x))
+V(Ed$c), (53)

is minimized in the sense that

I (@0, de(2(-)); da(z(-))) =

J,T’uc.’u ),
(“F(Md())eq SO (), ua("))

o € R™.
Finally,

J(xo, e (x()), pa(z(+))) = V(zg), z0€ R".  (54)
Proof: The result is a direct consequence of The-
orem 2.3 with D = R", u. € R™, uqg € R™4,
Fe(z,ue) fe(z) + Ge(@)ue, ¢a(w,ua) fa(z) +
Ga(z)ug, Le(z,ue) = Lic +ul Roc(z)ue and Lq(z,uq) =
Lig+u} Roa(w)uq. Specifically, with (41) the Hamiltonians
have the form

He(z,ue) = Lic(z) +u R2C( Jue + V'(w)(fc(x)

+Gc(2)ue), & Zy, ue €U,  (55)
Hy(z,uq) = Lia(z) + V(Eax + fa(z)) + Pia(z)uq

4l (Rog + Po(2))ug — V(Eqx)

T € 2y, uUq €Ug. (56)
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Now, the hybrid feedback control law (50), (51) is obtained
by setting ggj; = 0 and gg; = 0. With (50) and (51) it
follows that (44) and (45) imply (18) and (19), respectively.
Next, since V(-) is C* and z = 0 is a local minimum
of V(-), it follows that V’(0) = 0, and hence, since by
assumption Pj2(0) = 0, it follows that ¢.(0) = 0 and
¢a(0) = 0. Next, with Li.(z) and L1q(z) given by (52)
and (53), respectively, and ¢.(x), ¢q(x) given by (50) and
(51), (20) and (21) hold. Finally, since

H.(z,uc)=H.(z,uc) — He(z, pc(x))

= [te = ¢e(@)]" Rac(@)[ue — dc(2)], @ & Z4(57)
Hy(z,uq)=Ha(x,uq) — Ha(x, ¢a(x))

= [ua — ¢a(@)]" (Roa(x) + Po(x))[ua — da(2)],
(58)

T € Z,,

where Roc(z) > 0, © € Z,, and Roq(x) + Pa(z) > 0,
r € Z,, conditions (22) and (23) hold. The result now
follows as a direct consequence of Theorem 2.3.

Remark 3.1: Note that (44) and (45) are equivalent to

V(z) = V'(@)[fe(x) + Ge(z)¢e(2)] <0,
& 2., x#0, (59)

AV(Ede) = V(Edl‘ + fd(I) + Gd(x)¢d(x))
—V(Eqz) <0, z€ Z,, (60)

with ¢.(x) and ¢q(x) given by (50) and (51), respectively.
Furthermore, conditions (59) and (60) with V' (0) = 0 and
V(z) >0, x € R", x # 0, assure that V (z) is a Lyapunov
function for the singularly impulsive closed-loop system
(48) and (49).

IV. CONCLUSION

In this paper we have developed a unified framework
for hybrid feedback optimal control over an infinite hori-
zon involving a hybrid nonlinear-nonquadratic performance
functional. The overall framework provides the foundation
for generalizing optimal linear-quadratic control methods
to nonlinear singularly impulsive dynamical systems [1, 2].
Presented results will be base for further work on optimal
nonlinear robust control that is under the development.
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