
Abstract—This paper investigates the problem of robust L1
model reduction for continuous-time uncertain stochastic 
systems with state delay. For a given mean-square stable 
system, our purpose is to construct reduced-order systems, 
such that the error system between the two models is 
mean-square asymptotically stable and has a guaranteed L1
performance. The peak-to-peak gain criterion is first 
established for stochastic systems with state delay, and the 
corresponding model reduction problem is solved by using 
projection lemma. Sufficient conditions are obtained for the 
existence of admissible reduced-order models in terms of linear 
matrix inequalities (LMIs) plus matrix inverse constraints. 
Since these obtained conditions are not expressed as strict 
LMIs, the cone complementarity linearization (CCL) method 
is exploited to cast them into nonlinear minimization problems 
subject to LMI constraints, which can be readily solved by 
standard numerical software. In addition, the development of 
delay-free reduced-order model is also presented. The 
efficiency of the proposed methods is demonstrated via a 
numerical example. 

I. INTRODUCTION

The problem of model reduction is very important in 
many areas of engineering. It is often desirable to find a 
reduced-order model to approximate the original high-order 
model without significant error introduced. Many important 
results on model reduction have been reported, which 
involve various efficient approaches such as the balanced 
truncation method [1], the optimal Hankel norm 
approximation method [2]. Very recently, LMI technique 
has also been introduced to solve the model reduction 
problem for different classes of systems [3, 4]. 

In solving the model reduction problem, some 
performance indices are usually introduced to evaluate the 
error between the original system and the reduced-order 
system. Some widely used performances are H , L2-L  and 
H2. These performances assume the input signal to be energy 
bounded, and therefore the model reduction methods upon 
these performances are most suitable for systems with inputs 
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that belong to L2 space. If the input signal is assumed to be 
bounded on magnitude only, the minimization of 
peak-to-peak gain, which computes the worst-case peak 
value of the error with persistent bounded input, appears to 
be more adequate as performance criterion in the 
construction of reduced-order models. The model reduction 
problem based on such a performance is usually also called 
peak-to-peak model reduction or L1 model reduction. 
However, it seems that little effort has been made toward 
solving the L1 model reduction problem, except that in [2]. 

During the last decades stochastic systems received much 
attention. For the model reduction problem, based on the 
theory of stochastic realization, an algorithm for obtaining 
reduced-order models was proposed in [5]. However, to the 
best of the authors’ knowledge, the L1 model reduction 
problem has not been solved for stochastic uncertain 
systems, either with or without time delays.  

In this paper, we are interested in the problem of L1 model 
reduction for linear continuous-time uncertain stochastic 
systems with state delay. For a given mean-square stable 
system, attention is focused on the construction of 
reduced-order models, which guarantee the error system to 
be mean-square asymptotically stable and has a prescribed 
L1 performance constraint. The L1 performance criterion is 
first established for stochastic systems with state delay, upon 
which sufficient conditions are obtained for the existence of 
admissible reduced-order models in terms of LMIs with 
some matrix inverse constraints. Since these obtained 
conditions are not expressed as strict LMIs, CCL method is 
exploited to cast them into nonlinear minimization problems 
subject to LMIs constraints, which can be readily solved by 
standard software. In addition, the development of 
delay-free reduced-order models is also presented.  

II. PROBLEM FORMULATION

Consider a continuous-time uncertain stochastic system 
with state delay 

0,),()(

)())(()()(
)(d)())(()(d)())(()()(d

htttx

tuDthtxCtxCty

twtuNthtxMtxMttuBthtxAtxAtx

d

dd (1)

where nR)(tx is the state vector; mR)(ty is the output 
signal; qR)(tu is the input which belongs to ,0L ; )(tw  is 
a one-dimensional Brownian motion satisfying 0)(d tw ,

Robust L1 Model Reduction for Uncertain 
Stochastic Systems with State Delay 

Yanhui Li,  Yancheng Qu,  Huijun Gao, and  Changhong Wang 

2005 American Control Conference
June 8-10, 2005. Portland, OR, USA

0-7803-9098-9/05/$25.00 ©2005 AACC

ThB09.6

2602



ttw d)(d 2 . In addition, )(th is time-varying bounded time 
delays satisfying hth )(0 , 1)(th , 0t , where 
h  and  are real constant scalars; )(t  is given initial vector 
function that is continuous on the segment 0,h ; DNB ,,
are known real constant matrices; 

ddd CCMMAA ,,,,,  are 
uncertain matrices that have the following form 

MMMAAAAAA ddd 000 ,,

dddddd CCCCCCMMM 000 ,,
where

000000 ,,,,, ddd CCMMAA are known constant matrices 
with appropriate dimensions. A ,

dA , M ,
dM , C ,

dC

are real-valued time-varying matrix functions representing 
norm-bounded parameter uncertainties, satisfying 
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where
1U ,

2U ,
3U , 1V  and 

2V are constant matrices, and 
jiRF  is the uncertain matrix satisfying IFF T . The 

parameter uncertainties A ,
dA , M ,

dM , C  and 
dC are

said to be admissible if (2) holds. 
Here, we are interested in approximating system in (1) by 

the following reduced-order system 

0,),()(ˆ
)(ˆ))((ˆˆ)(ˆˆ)(ˆ

)(d)](ˆ))((ˆˆ)(ˆˆ[d)](ˆ))((ˆˆ)(ˆˆ[)(ˆd

htttx

tuDthtxCtxCty

twtuNthtxMtxMttuBthtxAtxAtx

d

dd  (3) 

where ltx R)(ˆ  is the state vector; m)(ˆ Rty  is output signal; 
)(t is given initial vector function that is continuous on the 

segment 0,h ; Â ,
dÂ , B̂ , M̂ ,

dM̂ , N̂ , Ĉ ,
dĈ , D̂  are 

appropriately dimensioned matrices to be determined. 
Augmenting the model of system (1) to include the states 

of system (3), we obtain the following error system: 

0,)()(

)())(()()(

)(d)]())(()([d)]())(()([)(d

htttx

tuDthtxCtxCte

twtuNthtxMtxMttuBthtxAtxAtx

d

dd (4)

where TTT )(ˆ)()( txtxtx , TTT )()()( ttt , )(ˆ)()( tytyte .

A
A

A ˆ0
0 ,

d

d
d A

A
A ˆ0

0 ,
B
B

B ˆ
,

M
M

M ˆ0
0 ,

d

d
d M

M
M ˆ0

0  (5) 

TTT NNN ˆ , CCC ˆ ,
ddd CCC ˆ , DDD ˆ     (6) 

Before presenting the main objective of this paper, we 
first introduce the following definitions for the error system 
(4), which will be essential for our derivation. 

Definition 1:  The error system (4) with 0)(tu  is said to 
be mean-square asymptotically stable if 0)(Elim 2

txt

for any initial conditions. 
Definition 2: Given a scalar 0 , the error system (4) is 

said to be mean-square asymptotically stable and have L1

performance constraint  if it is mean-square asymptotically 

stable and under zero initial condition, 
LE

tute )()( for all 

nonzero ,0)( Ltu  (where
0suptL

, }E{sup 2

t
E

).

Assume the system (1) is mean-square asymptotically 
stable. Our purpose is to determine reduced-order model (3) 
such that for all admissible uncertainties and time delays, the 
error system (4) is mean-square asymptotically stable and 
has L1 performance constraint .

Before proceeding further, we present the following 
lemmas which will be used in the proof of our main results. 

Lemma 1: Let nnLL RT , mnS R , nlH R  be given 
matrices, and suppose rank(S)<n and rank(H)<n, there exists 
a matrix  satisfying 

0)( THSHSL

if and only if  
0TLSS , 0TTT LHH                     (7) 

Furthermore, if (7) holds, the solutions of can be given by 
LLRRLR HHSSHS

With   2
1

T2
1

11TTT1 )()( RRRRRL HHWHHHS ,
0)( 1T1 LSS LL

,
LRRRRL SHHHHS ))(( 1TTT .

where , , W  are any appropriately dimensioned matrices 
satisfying 0  and 1W .

Remark 1:  For matrix mnS R , we denote S as the 
orthogonal complement, such that 0SS  and 0TSS ;
we denote S as the Moore-Penrose inverse of S ;

LS and
RS are any full rank factors of S , that is, SSS RL

.
Lemma 2: Let U

~ ,V~  and 
1F  be real matrices of appropriate 

dimensions with 
1F  satisfying IFF 1

T
1

. Then, for any scalar 
0 , there holds   VVUUVFUVFU

~~~~)~~(~~ TT1T
11

.

III. L1 PERFORMANCE CRITERION OF STOCHASTIC SYSTEMS
WITH STATE DELAY

In this section, we will derive an L1 performance criterion 
for stochastic time-delay systems, which includes stochastic 
L1 performance and delay L1 performance as special.  

 Theorem 1: Consider system (1). If there exist matrix 
)()(0 lnlnRP , and scalars 10 , R , R , and 

R   satisfying 

0
0)1()1(

T

I
PP

BPAPPPAPPA
NPMPMPP

d

d     (8) 

0
)(

01
00

T

T

T

I
DI
CP
CP

d

                (9) 

Then, the error system (4) is mean-square asymptotically 
stable and the maximal peak-to-peak gain is smaller than .

Proof: First, choose a Lyapunov functional candidate for 
the error system in (4) 
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where P  is real symmetric positive definite matrices to be 
determined. Then by making use of ôIt  differential rule, 
along the solution of system (4) we obtain the stochastic 
differential as 

)(d)]())(()([)(2d)),((L)),((d T twtuNthtxMtxMPtxtttxVttxV d

where

)]())(()([)]())(()([

)]())(()([)(2
))(())(())(1()()()),((L

T

T

TT

tuNthtxMtxMPtuNthtxMtxM

tuBthtxAtxAPtx

thtxPthtxthtxPtxttxV

dd

d

)()()())((2)(])[(2

))((])1())[((

))((])[(2)(])[(

TTTTTT

TT

TTTTT

tuNPNtutuNPMthtxtuNPMBPtx

thtxMPMPthtx

thtxMPMAPtxtxMPMPAPPAtx

d

dd

dd

Therefore, when assuming zero input u(t)=0, it follows that 

))((
)())(()()),((L TT

thtx
tx

thtxtxttxV            (10) 

where
dd

dd

MPMP

MPMAPMPMPAPPA
T

TTT

)1(
.

By Schur complement, (8) implies the negative 
definiteness of . This together with (10) implies that for all 

0))(()( TTT thtxtx , we have 0)),((L ttxV . Then, by 
Definition 1 and [8, 9], the error system (4) with u(t)=0 is 
guaranteed to be mean-square asymptotically stable. 

Now our task is to establish the L1 performance. First 
inequality (8) implies that 

0)()()()(1)()()),((L TTT tututhtxPthtxtxPtxttxV

 that is 

0)()()()(E1
)()(E)),((LE

TT

T

tututhtxPthtx

txPtxttxV        (11) 

Assume zero initial condition (that is, 0)(tx  for 0,ht ,
then we have 0)),((

0t
ttxV ) and Lu  with 1

L
u .

Then, by reason of 0P , we obtain (pointwise in 0t ) that 
T TE ( ) ( ) 1 E ( ) ( )x t Px t x t h t Px t h t     (12) 

where  is adding-weight operator.  
Analyzing (12) farther by reduction to absurdity, now, we 

provide a contrary conclusion to (12). For ,0t , propose 
that exist the points satisfying 

)()(E1)()(E TT thtxPthtxtxPtx       (13) 
By reason of that is adding-weight operator, based on 

the hypothesis (13), there exists the points satisfying 
)()(E T txPtx   or )()(E T thtxPthtx

or
)()(E T txPtx   and )()(E T thtxPthtx

Since the system (4) is mean-square asymptotically stable, 
and for peak-bounded input, as t , )(E tx  should be 
bounded, we put forward a function )()(E)( T txPtxtf that 
must appear a peak value. We propose the peak point of )(tf

is lie in the point tt . So the expectation of the differential 

of Lyapunov function at the point as tt can be obtained. 

tthtxPthtx

ttxPtxtxPtxtxV
tt

d))(())(()1(E

d)()(E)()(dE))((dE
T

T

tt

T

By reason of ))(())((E)()(E TT thtxPthtxtxPtx ,

0)()(dE
tt

T txPtx , yields 0))((dE
tt

txV .

Furthermore, by reason of tttVttV d)),((LE)),((dE xx ,
yields  0)),((LE

tt
ttV x . According to the hypothesis (13), 

yields  

0)()()()(E1
)()(E)),((LE

TT

T

tututhtxPthtx

txPtxttxV   (14)

The inequality (14) is in contradiction with the inequality 
(11), so the hypothesis (13) is not tenable. We can conclude 
that the inequality (12) is accurate. 

Performing a Schur complement operation to (9) yields 
that there exists certain 0  satisfying 

01

00
010
00

T
DCCDCC

I
P

P

dd

Pointwise in 0t  and for all 1
L

u , we can obtain 

)(
)()()()()(1)()(E)(

)()(E)(E
TTT

T2

tututhtxPthtxtxPtx

tetete

Taking the supremum over 0t  yields 
L

tute )()(
E

for

all nonzero Lu . Consequently, the conditions (8) and (9) 
ensure that the error system (4) is mean-square 
asymptotically stable and the maximal peak-to-peak gain is 
smaller than  and the proof is completed. 

Remark 2:  Note that conditions (8) and (9) are LMIs 
when  ,  and  are fixed.  must lies inside the interval 

c,0  (where ,))))(((max2(min ARec )1()1( )
to assure a positive definite solution to (8). In addition, a 
three dimensional line search on ,  and  must be 
performed in order to obtain tighter bound .

Remark 3:  It is important to note that the L1 performance 
criterion obtained in Theorem 1 includes several versions as 
its special cases. In the following, we will present L1

performance criterion for delay systems without taking into 
account the stochastic issue, and for stochastic systems 
without considering the delay factor.  

Corollary 1:  Consider the following time-delay system  

0,)()(

)())(()()(

)())(()()(

htttx

tuDthtxCtxCte

tuBthtxAtxAtx

d

d                     (15) 

If there exist matrices )()(0 lnlnRP , and scalars 10 ,
R , R  and R  satisfying 

00)1()1(

T

I
PP

BPAPPPAPPA d
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Then, the time-delay system (15) is asymptotically stable 
and

L
tute )()(

L
.

Corollary 2:  Consider the following stochastic system  

)()()(
)(d)]()([d)]()([)(d

tuDtxCte

twtuNtxMttuBtxAtx               (16) 

If there exist matrix )()(0 lnlnRP and scalars R , and 
R  satisfying 
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0)(
0

T
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Then, the stochastic system (16) is mean-square 
asymptotically stable and 

L
tute )()(

E
.

IV. PARAMETERIZATION OF L1 REDUCED-ORDER MODELS

The following Theorem provides sufficient conditions for 
the existence of robust L1 reduced-order models for 
stochastic systems with state delay. 

Theorem 2: Consider system (1), given 1,0 , R ,
R . Then an admissible L1 reduced-order system (3) 

exists if there exists appropriately dimensioned matrices 
0P , 0X  and scalars R , 0i

( 6,,1i ), 01
,

03
  satisfying 
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                         (21) 
Furthermore, if we can obtain a feasible solution ,,,, 1XP

3165432 ,,,,,,   to (17)-(21), then the system matrices 
of an admissible L1 reduced-order system (3) can be given 
by 
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1
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1W ,
2W are any appropriately dimensioned matrices 

satisfying 01
, 02

 and 11W , 12W .
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Where T
22

1
4

1
3

1
1 )( KKP , PKPKAPPA T

11
1

2
1
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02 )(

1
T
131 )( GGPP ,

2
T
2423 )()1()1( GGPP .

TT
2

T
11 00PEES , TVUH 01

           (29) 
T

2 000 IS , 02 TVUH             (30) 
Proof: From Theorem 1, we know that there exists a 

reduced-order system (3) such that the error system (4) is 
mean-square asymptotically stable and has a guaranteed L1

performance  if there exist matrices 0P  and R
satisfying (8) and (9). We define the following matrices 

00
0A

A ,
00
0d

d

A
A ,

00
0M

M ,
00
0d

d

M
M

0CC , 0dd CC .
Then rewrite (5) and (6) in the following form 
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UEAAA 120
, VEAAA ddd 120

, TEBB 120

UEMMM 110
, VEMMM ddd 110

, TENN 110

UFCCC 210
, VFCCC ddd 210

, TFDD 210

where
0A ,

0dA ,
0B ,

0M ,
0dM ,

0N ,
0C ,

0dC ,
0D ,

1E ,
2E ,

1F ,
1
,

2
,

U , V ,T  are defined in (22)-(26). 
According to Lemma 2 we have 
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Noticing (8), (9) can be rewritten as 
0T

1111111 HSHSLu
                      (31) 

0T
2222222 HSHSLu

                    (32) 
where 2,1,,, iHSL iiui

 are defined in (27)-(30). By Lemma 
1, the necessary and sufficient conditions for LMIs (31) and 
(32) to have solutions are 

0T
111 SLS u

, 0TT
11

T
1 HLH u

; 0T
222 SLS u

, 0TT
22

T
2 HLH u

.
Note that 

iS and T
iH , 2,1i  can be selected as follows: 

,

000
000
000
000

1

1

I

I
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S
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1

0 0 0
0 0 0
0 0 0

I
H Z

Z

,
000
000
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I
I
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S
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Z

Z

H

000
000
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T
2

By Schur complement and the conditions of XP 1 ,
1

1
1

,

3
1

3
, we obtain that 0T

111 SLS u
 and 0TT

11
T
1 HLH u

 are 
equivalent to (17) and (18), 0T

222 SLS u
 and 0TT

22
T
2 HLH u

are equivalent to (19) and (20). From the matrix inequalities 
(17)-(21), if there exist matrices 0P  satisfying (8) and (9), 
there exist matrices 

1
 and 

2
such that (8) and (9) hold. By 

Theorem 1, we can obtain that the error system (4) is mean 
square asymptotically stable and the maximal peak-to-peak 
gain is less than . In addition, all the parameters of the 
reduced-order models satisfying (8) and (9) can be obtained 
by (22) and (23). This completes the proof.  

It should be noted that the obtained conditions in Theorem 
2 are not LMI conditions due to the equations in (21) in 
despite of a line search on , and . However, with the 
result of CCL algorithm in [6], we can solve this feasibility 

problem by formulating it into a nonlinear optimization 
problem subject to LMI constraints. 

Problem 1: min 
3311PXTrace   subject to 

(17)-(20) and 

0
XI
IP , 01

1
1

1 , 01
1

3

3               (33) 

According to [6], we can readily modify Algorithm 1 in [6] 
to solve the above nonlinear problem. 

Algorithm 1: 
1) Given initial constant  matrices, the order of the 
reduced-order model l and prescribed error 0 ; Given the 
max iterative times ; ,  and  are fixed respectively in 
the interval 1,0 , c,0  and )))(((max2,0 ARe .
2) Set k=0 and choose arbitrarily an initial guess 

0
31654321 ,,,,,,,,,, XP satisfying (17)-(20) and (33). 

3)  Solve the following LMI problem 
min    

33331111
kkkkkk XPPXTrace

subject to      (17)-(20) and (33). 
4) Denote 1

31654321 ,,,,,,,,,, kXP  as the 
minimizer and compute the minimum 

1 1 1
1 1 1 3 3 1 1

1 1 1
1 1 3 3 3 3

, , , , , k k k
k

k k k

f P X Trace PX P X

5)  If 4)(21 lnf k
 where 0  is a sufficiently small 

prescribed scalar to control the convergence accuracy, then 
go to 6); otherwise set k=k+1, it has no results and exist as 
k , and it goes to 3) as k .
 6)  Construct a reduced-order model based on (22) and (23). 

Algorithm 1 can be used to solve the feasibility problem 
in Theorem 2 for a given constant . However, it is not 
difficult to further modify Algorithm 1 to obtain the 
minimum value of  by adding four-dimensional search 
technique about , ,  and .

V. DELAY-FREE REDUCED-ORDER MODEL

In this section, we will consider the problem of L1 model 
reduction by delay-free reduced-order models, and use the 
following reduced-order system to approximate system (4).  

)(ˆ)(ˆˆ)(ˆ

)(d)](ˆ)(ˆˆ[d)](ˆ)(ˆˆ[)(ˆd

tuDtxCty

twtuNtxMttuBtxAtx            (34) 

The error system can be given by (4), but different matrices 

A
A

A ˆ0
0 ,

00
0d

d

A
A ,

B
B

B ˆ
,

M
M

M ˆ0
0 ,

00
0d

d

M
M ,

TTT NNN ˆ , CCC ˆ , 0dd CC , DDD ˆ .
The following theorem gives the solution to above problem.  

Theorem 3: Consider system (1). Given 1,0 , R ,
R , then an admissible delay-free L1 reduced-order 

model (34) exists if there exist appropriately dimensioned 
matrices 0P , 0X and scalars R , 0i

( 6,,1i ),
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01
, 03

 satisfying (17), (19), (21) and 

0

0
00
000
0000~
00

00

4

3

2

1

3,3

1102,2

220
T

0

I

I
I

I

ZPKZPKAZP

KKMZMX

d

d

0
0

001
000

6

5

33

T
02

T
26

T
01

T
15

T

I
I

UUI
CGGP

CVVZPZ

d

Furthermore, if we can obtain a feasible solution 
31654321 ,,,,,,,,,, XP to the above conditions, 

then the matrices of an admissible delay-free L1

reduced-order model (34) can be given by 

2
1

T
1111

2
1

1
1

1
1T

111
T
11

T
1

1
11 )()(ˆˆ

ˆˆ~
HHWHHHS

BA
NM

2
1

T
2222

2
1

2
1

2
1T

222
T
22

T
2

1
22 )()(ˆˆ~

HHWHHHSDC

Here, all matrices have the same forms as in Theorem 2, but 
with different matrices given by 

2
T
2423,3 )()1()1(~
GGPP

00
0 I

U ,
00
00

V ,
I

T
0 .

The theorem can be proved with similar lines as the proof 
of Theorem 2, and then omitted here.

VI. NUMERICAL EXAMPLE

In this section, we present an illustrative example to 
demonstrate the applicability of the proposed approach.    
Consider an uncertain stochastic time-delay system with 

,

1000101
03005.00
5.004010

101701
03.012101
0011111

A

100101
0102.005.0
101001
2.002.0115.0

01.00210
10105.01

dA

,

5.001
5.005.0
5.005.0
5.010

15.00
5.005.0

B

5.0001.001.0
03.0002.00
2.004.001.00
1.001.05.002.0

03.01.02.013.0
04.0201.01

M

,

5.0001.001.0
05.002.001.0

1.001.0002.0
001.02.02.03.0
01.002.02.00

3.003.02.01.01.0

dM

1.001.0
2.002.0
3.003.0
4.01.00
1.01.03.0
3.01.01.0

N

,
005.05.000
5.0005.005.0

C ,
111001
01113.00

dC
550
505

D

where T
1 1.01.01.01.001.0U , T

2 1.001.001.00U , T
3 1.00U ,

1.001.01.001.01V , 2.01.0001.01.02V , sinF .
 It can be shown that this stochastic time-delay system is 

mean-square asymptotically stable. The time delay h(t) is 
supposed to be equal to 1.6, 0 . Here we are interested in 
constructing a first-order system (3) to approximate the 
above system. By solving the nonconvex feasibility problem 
in Theorem 2 with the help Algorithm 1, the subminimum L1

performance for the error system is found to be 
7298.3 )30.3,91.0,5.0( . Choose 

2202.0 Ii
,

3222 099.0 IWi
, 2,1i . The matrices of an admissible 

first-order L1 reduced-order model (3) can be given by 

4475.01622.03386.01695.47790.6
2711.00795.01450.05570.05687.1

ˆˆˆ
ˆˆˆ

1
BAA
NMM

d

d

9997.49993.40003.03331.32516.0
0000.50006.09994.43320.04458.2ˆˆˆ

2 DCC d

It can be seen that the reduced-order system approximate the 
original system under admissible error. 

VII. CONCLUDING REMARKS

The problem of L1 model reduction for continuous 
uncertain stochastic systems with state delay is investigated 
in this paper. The peak-to-peak gain criterion is first 
established for stochastic systems with state delay. 
Sufficient conditions are obtained for the existence of 
desired reduced-order models. Since these obtained 
conditions are not expressed as strict LMIs, the CCL method 
is exploited to cast them into nonlinear minimization 
problems subject to LMI constraints, which can be readily 
solved in the Matlab environment. Numerical example 
demonstrates the validity of the theoretical results.  
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