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Abstract— Complexity reduced guaranteed cost control de-
sign problem is considered for a class of nonlinear symmet-
rically connected uncertain state-delayed systems. Nonlinear
systems with identical nominal linear both subsystems and
symmetric connections are supposed. Point time-delays and
norm bounded parametric uncertainties are considered. A
reduced-order guaranteed cost control problem is constructed
first. The dimension of its state equals to the dimension of a
subsystem in the original system. Then, a memoryless guaran-
teed cost dynamic output feedback controller is designed for
the reduced problem using the LMI approach. It is proved that
when this controller is implemented into each subsystem of the
original system then such decentralized output controller is a
guaranteed cost controller for the overall system.

I. INTRODUCTION

Guaranteed cost control approach has the advantage of
providing an upper bound on a given performance index.
Recent advances in the theory of linear matrix inequality
have allowed a revising of the guaranteed cost control
approach for various classes of dynamic systems. Guaran-
teed cost control approach offers to employ this advantage
also for large-scale systems. Symmetrically coupled sys-
tems belong to an important class of large-scale systems.
Generally, they are characterized as coupled systems with
identical subsystems and symmetric connections. Recently,
guaranteed cost control approach has been extended on
various classes of time-delayed uncertain systems to reflect
real world phenomena in a more realistic way.

A. Relevant references

Guaranteed cost control design for delayed uncertain sys-
tems has been recently considered usually within the LMI
approach. The state delay independent feedback considers
[1]. The output delay independent feedback design presents
[2]. Delay dependent output feedback includes [3]. The
decentralized delay-less control design for power systems
is studied in [4].

Motivation for studying a class of symmetrically coupled
systems arises in very different application areas. Real
world system examples can be found in parallel systems
such as flow splitting parallel reactors with combined pre-
cooling [5], electric power systems operating in parallel
[6], industrial manipulators with several degrees of freedom
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[7], flexible structures [8], space crystal furnace [9] or ho-
mogeneous interconnected systems such as seismic cables
[10]. Recently, the problem of formations of vehicles in
cyclic pursuit has been solved using circulant matrices in
[11]. More exhaustive survey of other applications outside
mainstream control interests is given in [5], [12].

Complexity-reduced control design for delay-less uncer-
tain parameter symmetric composite system state space
models considered [5], [13]-[19]. The problem of robust
stabilization for a class of uncertain time delay systems
using output feedback solved [20], [21]. This approach has
been extended on a class of symmetric composite systems
in [22], [23].

One of new open research issues within the guaranteed
cost control approach for the class of symmetric composite
systems is the extension to both delay–less and delayed sys-
tems. The present paper extends the results in [1], [2], [3] as
well as [13], [14], [18], [22], [23] on the case of complexity-
reduced dynamic output feedback controller design within
the guaranteed cost control approach when considering a
class of continuous-time symmetrically connected uncertain
systems with state delays. Moreover, the results presented in
[13], [14], [18], [22], [23] consider models with rank-one
uncertainties which are overbounded by [24] to solve the
problem of complexity reduced control design. This paper
considers directly norm bounded uncertainties. It essentially
simplifies the solution. To the author’s knowledge, such
extension has not been considered up to now.

B. Outline of the paper

This paper presents complexity–reduced decentralized
guaranteed cost controller design for a class of nonlinear
continuous-time uncertain time-delayed symmetrically cou-
pled systems. The original guaranteed cost control prob-
lem is reduced to a low order control design guaranteed
cost control problem preserving structural properties of the
overall problem. The order of the reduced systems equals
to the order of a subsystem’s order of the overall original
system. Guaranteed cost memoryless dynamic controller is
designed for this reduced problem using the well known
LMI approach. It is proved that when such controller
is implemented into each subsystem, then the resulting
decentralized controller is a guaranteed cost controller for
the overall system. The presented procedure leads to an
essential reduction of control design complexity.
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II. PROBLEM FORMULATION

The uncertain linear symmetric composite system under
consideration consists of N subsystems, where the i–th
subsystem is described as follows

ẋi =
[
A + ∆Ai(t)

]
xi +

[
Adi + ∆Adi(t)

]
xdi+[

B + ∆Bi(t)
]
ui + szi

yi = (C + ∆Ci(t))xi

xi(to) = Φi(to) ∀to ∈ [−d, 0] i = 1, . . . , N
(1)

where xi, ui, szi, yi are n−,m−, ps−, py−dimensional
vectors of the subsystem states, control inputs, intercon-
nection inputs and measured outputs, respectively. Φi(to)
is a given initial function. Interconnections are described in
the form

szi =
N∑

j=1

(Lijyzj + Ldijydzj) (2)

where yzj is the pz-dimensional vector of the interconnec-
tion output from the subsystem j which is related to the
state vector in the form

yzj = Czxj ydzj = Cdzxdj (3)

xdj = xj(t − d), d denotes a point time delay. The
interconnection matrices Lij , Ldij have the structure as
follows:

Lii = 0 Lij = Lq + ∆Lqij(t)
Ldii = 0 Ldij = Ldq + ∆Ldqij(t), (i �= j)

(4)

A, Ad, B, C, Cz and Lq, Ldq are constant nominal
matrices, while ∆Ai(t), ∆Adi(t), ∆Bi(t), ∆Ci(t), and
∆Lqij(t), ∆Ldqij(t) are norm bounded uncertainties which
admit the following structure:

∆Ai(t) = DAFAi(t)EA

∆Adi(t) = DdAFdAi(t)EdA

∆Bi(t) = DBFBi(t)EB

∆Ci(t) = DCFCi(t)EC

∆Lqij(t) = DLFLij(t)EL

∆Ldqij(t) = DdLFdLij(t)EdL

(5)

DA, ..., EdL are constant matrices. Uncertainties are lumped
in unknown Lebesgue measurable functions F(∗) satisfying
the bounds. FT

(∗)F(∗) ≤ I for all t ≥ 0. I denotes a unit
matrix of appropriate dimensions.

Consider the performance index which is associated with
the system (1)-(5) as follows

J =
N∑

i=1

Ji =
N∑

i=1

∫ ∞

0

[xT
i R1xi(t) + uT

i R2ui(t)]dt (6)

where R1, R2 are given positive definite matrices.
The goal is to find global decentralized dynamic con-

troller quadratically stabilizing the system (1)-(5) and which

guarantees the upper bound of the cost (6) for any uncer-
tainty (5). We propose the decentralized dynamic full order
memoryless controller to be composed of N local feedback
controllers of the form

˙̂xi = Acx̂i + Bcyi

ui = Ccx̂i i = 1, . . . , N
(7)

where x̂i is the n−dimensional controller state of the
subsystem i. Ac, Bc, Cc are the controller matrices to be
determined. Notice that these matrices are identical for
all subsystems, thus taking advantage of the symmetric
structure of the large scale system to reduce the control
design complexity.

Definition 1. Suppose there exist a controller (7) and a
positive scalar γ satisfying for any point time–delay and
any realization of uncertainties (5) that the closed–loop
system (1)–(5), (7) is quadratically stable and the closed–
loop system value of the cost function (6) satisfies J � γ.
Then γ is said to be a guaranteed cost and (7) is said to be
a guaranteed cost controller.

The problem

The goal is to derive a complexity-reduced procedure
for designing a guaranteed cost decentralized memory–less
dynamic output feedback controller (7) for the delayed sym-
metrically connected system (1)–(5) with the performance
index (6).

III. SOLUTION

In this section, we propose a constructive procedure to
design the matrices Ac, Bc, and Cc. This procedure is
divided into two steps: first, a reduced-order guaranteed cost
control problem is constructed. The state dimension of the
reduced system equals to the dimension of any subsystem
in (1). The objective of such construction is to obtain a
low order guaranteed cost control problem with dynamic
properties which are equivalent to the overall guaranteed
cost control problem (1)–(6). It is proved in Appendix
that the particular structural features of (1)–(7) enable
such construction. Second, a dynamic output memoryless
feedback controller is considered to be designed using the
standard well known LMI procedure for the reduced-order
guaranteed cost control problem. If such controller exists,
then it quadratically stabilizes the reduced-order control
design system with guaranteed cost. When this output con-
troller is applied to each subsystem of the original overall
system (1)–(5) as a global decentralized controller with
identical local controllers, it renders the overall closed–loop
system (1)–(5), (7) quadratically stable with guaranteed cost
equal to the guaranteed cost of the control design system
multiplied by a constant depending on N in a nonlinear
way.

First, introduce

∆Aa(t) = DaFa(t)Ea

∆Ada(t) = DdaFdaEda

(8)
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where Da, ..., Eda are constant block matrices given by
decomposing the matrices N

2 LqCz,
N
2 LdqCdz into the form

N

2
LqCz = DaEa

N

2
LdqCdz = DdaEda

(9)

F(.)(t) in (8) are unknown Lebesgue measurable functions
satisfying F(∗)(t)T F(∗)(t) ≤ I for all t ≥ 0.

Define the n-dimensional system using the uncertainties
(8) as follows

ẋm = (Am + ∆Am(t))xm + (Adm + ∆Adm(t))xdm

+ (B + ∆Bm(t))um

ym = (C + ∆Cm(t))xm

(10)
where the nominal matrices are defined by the expressions

Am = A + (
N

2
− 1)LqCz

Adm = Ad + (
N

2
− 1)LdqCdz

(11)

with the uncertainties given as follows

∆Am(t) = DAFA(t)EA + (
N

2
− 1)DLFL(t)EL

+ DaFa(t)Ea

= ∆A(t) + ∆Aa(t)
= DAmFAm(t)EAm

∆Adm(t) = (
N

2
− 1)DdAF(dA)EdA

+ DdaFdaEda

= ∆Ad(t) + ∆Ada(t)
= DAdmFAdm(t)EAdm

∆Bm(t) = DBFBm(t)EB = DBmFBm(t)EBm

∆Cm(t) = DCFCm(t)EC = DCmFCm(t)ECm

(12)

F(.)(t) in (12) are unknown Lebesgue measurable functions
satisfying standard norm bounded conditions.

Consider the performance index which is associated with
the system (10)-(12) as follows

Jm =
∫ ∞

0

[xT
mR1xm(t) + uT

mR2um(t)]dt (13)

where R1, R2 are positive definite matrices given in (6).
Consider a full order memoryless dynamic feedback

controller for the guaranteed cost control problem (10)-(13)
in the form

˙̂xm = Acx̂m + Bcym

um = Ccx̂m

(14)

The matrices Ac, Bc, Cc can be determined by the proce-
dure as follows. Denote x̄m = [xT

m, x̂T
m]T . The closed–loop

system (10)-(12), (14) results in

˙̄xm(t) = (Ām + D̄1mF̄1m(t)Ē1m)x̄m(t)
+ (Ādm + D̄2mF̄2m(t)Ē2m)x(t − d)

(15)

where

Ām =
(

Am BCc

BcC Ac

)
Ādm =

(
Adm

0

)

D̄1m =
(

DAm DBm 0
0 0 BcDCm

)
D̄2m = DAdm

ĒT
1m =

(
ET

Am 0 ET
Cm

0 ET
Bm 0

)
Ē2m = EAdm

F̄1m = diag(FAm, FBm, FCm) F̄2m = FAdm

(16)
To establish the quadratic stability consider the Lyapunov

functional for the system (15)-(16)

Vm(x̄m, t) = x̄m(t)T Pmx̄m(t)

+
∫ d

0

xm(t − s)T P1mxm(t − s)ds
(17)

where Pm ∈ �2n×2n and P1m ∈ �n×n are positive definite
matrices.

Definition 1. The controller (14) is a quadratically sta-
bilizing controller for the system (15)–(16 if there exist
matrices Pm > 0 and P1m > 0 satisfying

(
Y11m Y12m

Y T
12m Y22m

)
< 0 (18)

where Y11m = (Ām + D̄1mF̄1m(t)Ē1m)T Pm +
Pm(Ām + D̄1mF̄1m(t)Ē1m) + P̂m, Y12m = Pm(Ādm +
D̄2mF̄2m(t)Ē2m), Y22m = P1m, and P̂m = diag(P1m, 0).

The closed–loop system cost value has the form

Jm =
∫ ∞

0

[xT
mR1xm(t) + x̂T

mCT
c R2Ccx̂m(t)]dt (19)

Denote C̄m = diag(R
1
2
1m, R

1
2
2mCc).

Lemma 1. Consider the system (10)–(12 and the cost
function (19). Suppose there exist a controller (14) and
given matrices Pm > 0, P1m > 0, V1m ≥ 0, and V2m > 0
such that

Ym(Am) =
(

Y11m + C̄T
mC̄m Y12m

Y T
12m Y22m

)
< 0 (20)

Then this controller quadratically stabilizes the system (10)–
(12). The closed–loop system cost (19) satisfies the bound

Jm ≤ tr{PmVm} + tr{P1m

∫ ∞

−d

xm(s)xm(s)T ds} = γm

(21)
where Vm = diag(V1m, BcV2mBT

c ). (20), (21) hold for all
admissible uncertainties.

Lemma 1 is based on Theorem 3.1 in [2]. This result is
not convenient for computations of controller parameters.
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However, applying Schur complements to (20) and applying
the method of changing variables, we get two known LMIs
serving for the control design. They are given by Theorem
3.2. in [2]. This result enables also to solve the problem of
finding an output-feedback controller guaranteeing the cost
bound to be less than some specific value [2]. Because these
results are well known, they are omitted here.

To give the expression on the bounds of costs, consider

TJ(1, 1) = 1

TJ(1, s) =

⎛
⎜⎜⎜⎜⎜⎝

1 0 . . . 0 1
0 1 . . . 0 1
...

...
. . .

...
...

0 0 . . . 1 1
−1 −1 . . . −1 1

⎞
⎟⎟⎟⎟⎟⎠

s > 1
(22)

Denote

T J(i) = diag[TJ(1, N − i), ..., 1], i = 0, ..., N − 1

GJ = T J(0)T J(1) ... T J (N − 1)

GT
J GJ = diag(2 6 ... N(N − 1) N)

KJ = tr{GT
J GJ}

(23)

The following theorem states the main result.
Theorem. Consider the guaranteed cost control problem

defined by equations (1)–(6). Construct the reduced guaran-
teed cost control problem defined by equations (10)–(13).
Suppose the matrices Ac, Bc, Cc are selected so that (14)
is a quadratically stabilizing output feedback controller for
the system (10)–(12) with a guaranteed cost γm. Then,
using the matrices Am, Adm and the matrices Ac, Bc, Cc

in (7), the global closed–loop overall system (1)–(5), (7) is
quadratically stable with a guaranteed cost γ = KJγm.

Proof: See the Appendix.
Remark. Lemma 1 serves not only as a base for the

control design when it is rewritten into computationally
convenient well known LMIs by [2], but mainly as an as-
sertion which is required to prove the main result presented
by Theorem. Finally, the resulting reduced-order output
feedback controller is implemented to each subsystem of
the overall original system. The result states that the original
guaranteed cost control problem can be solved using a guar-
anteed cost dynamic controller design for the reduced-order
guaranteed cost control problem. The dimension of the
reduced-order control design problem equals to a subsystem
dimension. The resulting global controller is a decentralized
controller with identical local controllers. Moreover, the
bound on the cost is a constant determined as a nonlinear
function of N multiplied by the cost bound for the reduced
guaranteed cost control problem.

IV. CONCLUSION

The paper contributes by the procedure for a complexity–
reduced guaranteed cost control design when considering

a class of nonlinear uncertain state-delayed continuous-
time symmetrically connected systems. The construction
of a reduced guaranteed cost control problem has been
presented. It has been proved that the guaranteed cost
controller designed for this reduced problem can be used
as a decentralized guaranteed cost controller for the overall
system when implemented into each subsystem of this
system.
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APPENDIX

Necessary preliminaries are introduced only to prove
Theorem. First, the overall system description is given.
The systems has a specific structural properties which are
used to transform this systems into low order equivalent
system which is convenient for the proper control design.
Denote the global system description of the system (1)–(5)
as follows

ẋ =
[
A + ∆A(t)

]
x +

[
Ad + ∆Ad(t)

]
xd

+
[
B + ∆B(t)

]
u

y = (C + ∆C(t))x x(to) = Φo(to) ∀to ∈ [−d, 0]
(24)

where x, u, y are nN−,mN−, pN−dimensional vectors of
the system states, control inputs and measured outputs,
respectively. Φo(to) is a given initial function. Further
xd(t) = x(t − d). The nominal matrices are defined as
follows

A = (Aij) Aii = A Aij = LijCz

Ad = (Adij) Adii = Ad, Adij = LdijCdz

B = diag(B, ..., B)

C = diag(C, ..., C)

(25)

The uncertainty terms have the form

∆A(t) = DAFA(t)EA

∆Ad(t) = DdAF dA(t)EdA

∆B(t) = DBFB(t)EB

∆C(t) = DCFC(t)EC

(26)

The constant matrices are defined as follows

DA =diag(D1, ...,DN )

Di = (DL...DL DA CL...DL)

EA =diag(E1 ..., EN )

Ei = (EL...EL EA EL...EL)

DdA =diag(Dd1, ...,DdN )

Ddi = (DdL...DdL DdA DdL...DdL)

EdA =diag(Ed1 ..., EdN )

Edi = (EdL...EdL EdL EdL...EdL)

DB =diag(DB , ..., DB)

EB =diag(EB , ..., EB)

DC =diag(DC , ..., DC)

EC =diag(EC , ..., EC)

(27)

DA is located at the i − th position in Di. An analogous
symbols are used for the locations in Ei, Ddi, Edi. The
uncertainty structure is lumped in uncertainty functions in
the form

FA(t) =diag(FA1, ..., FAN )
FAi = diag(FLi1, ...

..., FLi i−1, FAi, FLi i+1, ..., FLiN )

F dA(t) =diag(FdA1, ..., FdAN )
FdAi = diag(FdLi1, ...

..., FdLi i−1, FdAi, FdLi i+1, ..., FdLiN )

FB(t) =diag(FB1, ..., FBN )

FC(t) =diag(FC , ..., FCN )

(28)

Uncertainties FA(t), F dA(t), FB(t), FC(t) are unknown
Lebesgue measurable functions satisfying standard norm
bounded conditions.

Consider the overall guaranteed cost control problem (6),
(24)–(28).

Denote the overall decentralized controller (7) rewritten
into a compact form as follows

˙̂x = Ācx̂ + B̄cy

u = C̄cx̂
(29)

where all matrices have a diagonal form of the correspond-
ing dimensions.

Denote x̄ = [xT , x̂T ]T . The closed–loop system (24)-(29)
results in

˙̄x(t) = (Āc + D̄1cF̄1c(t)Ē1c)x̄(t)
+ (Ādc + D̄2cF̄2c(t)Ē2c)x(t − d)

(30)

where

Āc =
(

Ā B̄C̄c

B̄cC̄ Āc

)
Ādm =

(
Ādm

0

)

D̄1 =
(

D̄A D̄B 0
0 0 B̄cD̄C

)
D̄2m = D̄dA

ĒT
1m =

(
ĒT

A 0 ĒT
C

0 ĒT
B 0

)
Ē2 = ĒdA

F̄1 = diag(F̄A, F̄B , F̄C) F̄2 = F̄dA

(31)

To establish the quadratic stability using the specific
structure of the system (24)–(28), consider the Lyapunov
functional

V̄ (x̄, t) = x̄(t)T Px̄(t)

+
∫ d

0

x(t − s)T P1x(t − s)ds
(32)
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where P ∈ �2N×2N and P1 ∈ �N×N are positive definite
diagonal matrices with diagonal blocks of dimensions 2n×
2n and n × n, respectively.

Definition 2. The controller (29) is a d-quadratically
stabilizing controller for the system (24)–(28) if there exist
diagonal matrices P > 0 and P1 > 0 with diagonal blocks
of dimensions 2n × 2n and n × n, respectively, satisfying

(
Ȳ11 Ȳ12

Ȳ T
12 Ȳ22

)
< 0 (33)

where Ȳ11 = (Ā+ D̄1F̄1(t)Ē1)T P +P (Ā+ D̄1F̄1(t)Ē1)+
P̂ , Ȳ12 = P (Ād + D̄2F̄2(t)Ē2), Ȳ22 = P1, and P̂ =
diag(P1, 0).

The closed–loop system cost value has the form

J =
∫ ∞

0

[xT R̄1x(t) + x̂T C̄T
c R̄2C̄cx̂(t)]dt (34)

where R̄1 = diag(R1, ..., R1) and R̄2 = diag(R2, ..., R2).
Denote C̄ = diag(R̄

1
2
1 , R̄

1
2
2 Cc).

Lemma 2. Consider the system (24)–(28) and the cost
function (6). Suppose there exist a controller (29) and given
positive definite matrices P = diag(Pm, ..., Pm), P1 =
diag(P1m, ..., P1m and V1 = diag(V1m, ..., V1m) ≥ 0,
V2 = diag(P2m, ..., P2m) > 0 such that

Ȳ (Ā) =
(

Ȳ11 + C̄T C̄ Ȳ12

J̄Y T
12 Ȳ22

)
< 0 (35)

Then this controller d-quadratically stabilizes the system
(30). The closed–loop system cost (34) satisfies the bound

J ≤ tr{PV } + tr{P1

∫ ∞

−d

x(s)x(s)T ds} = γ (36)

where V = diag(V1, B̄cV2B̄
T
c ). (35), (36) hold for all

admissible uncertainties.
Notice only a d-quadratic stability means a quadratic

stability with the corresponding diagonal matrices.
To get a deeper insight into the structural properties

of the considered system (24)-(28), introduce a useful
transformation as follows.

Consider a real snxsn matrix T (n, s) in the form

T (n, 1) = I

T (n, s) =

⎛
⎜⎜⎜⎜⎜⎝

I 0 . . . 0 I
0 I . . . 0 I
...

...
. . .

...
...

0 0 . . . I I
−I −I . . . −I I

⎞
⎟⎟⎟⎟⎟⎠

s > 1
(37)

where I denotes here nxn identical matrix. Denote

T (i) = diag[T (n,N − i)I, ..., I] i = 0, ..., N − 1

G = T (0)T (1) ... T (N − 1)
(38)

Lemma 3 [18]. Consider the matrix A in the system
(24)–(28) and any given J = diag[Jo, ..., Jo], where J, Jo

are nNxnN , nxn matrices. Then the following equalities

G−1AG = diag(As...As Ac)

GT AG = diag(2As 6As...N(N − 1)As NAc)

G−1J(G−1)T = diag(
1
2
Jo

1
6
Jo...

1
N(N − 1)

Jo)

GT JG = diag(2Jo...N(N − 1)Jo NJo)
(39)

hold.

Proof of Theorem
Consider the system (1)–(5). Denote As = A−LqCz, Ac =
As+NLqCz, Ads = Ad−LdqCdz, Adc = Ads+NLdqCdz .
Consider two particular cases of the uncertainties (8) such as
∆Aa(t) = N

2 LqCz, ∆Ada(t) = N
2 LdqCdz and ∆Aa(t) =

−N
2 LqCz, ∆Ada(t) = −N

2 LdqCdz . It evident that using
(12)

Am + ∆Am(t) = As + ∆Aa(t) + ∆A(t)
= Ac − ∆A(t)

Adm + ∆Adm(t) = Ads + ∆Ada(t) + ∆Ad(t)
= Adc − ∆Ad(t)

(40)

Suppose given matrices Pm, ..., V2m by Lemma 1 and
the matrices Ac, Bc, Cc satisfying (20) with the guaranteed
closed–loop cost γm (21). Then by Theorem it is sufficient
to show that these matrices satisfy the relation (35) with the
guaranteed cost (36).

Denote ḠY = diag(Ḡ, Ḡ), where Ḡ = diag(G,G) and
G defined by (38). We get using Lemma 3 when applying
only standard operations on all terms

ḠT
Y Ȳ (Ā)ḠY = Ȳ (Ā)

=
(

ḠT (Y11 + C̄T C̄)Ḡ ḠT Ȳ12Ḡ
ḠT J̄Y T

12Ḡ ḠT Ȳ22Ḡ

)

= diag[2Ym(As) ... N(N − 1)Ym(As) NYm(Ac)]
(41)

However, if Ym(Am) < 0, then also Ym(As) < 0 and
Ym(Ac) < 0 hold because the uncertainties of the system
(10), (11) includes both systems with the matrices As, Ac

as special cases. The matrix ḠY is nonsingular. Therefore,
the relation ḠT

Y Ȳ (Ā)ḠY < 0 holds.
Consider (36) and suppose given Jm. Now, applying the

above transformation using G

J ≤ tr{ḠT PV Ḡ} + tr{ḠT P1

∫ ∞

−d

x(s)x(s)T dsḠ} (42)

and Lemma 3 for Jo = 1 in (22), (23), we get directly the
relation γ = KJγm.

Thereby, the closed loop system (1)-(7) is quadratically
stabilized using the guaranteed cost controller (7) with the
guaranteed cost bound (36). Q.E.D.
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