
Abstract— Time varying parameter identification of 
affine systems with bounded parameters is addressed via 
traditional and high order sliding mode parameter observers. 
Numerical examples illustrate the effectiveness of the 
proposed parameter estimation based on sliding mode control 
(SMC) algorithms. 

I. INTRODUCTION

n this work we focus on parameter identification in 
affine systems with unknown time-varying bounded 

parameters. Using extended Kalman Filters [1] usually 
yields nonlinear high order equations of the filter, which 
stability guarantees just locally. In the discrete time case, 
Matrix (non adaptive as well as adaptive) Forgetting
Factor is introduced in the Least Square Method [2,3] to 
ensure an acceptable level of nonstationary parametric 
identification. Use of SMC is beneficial in parameter 
identification of affine systems [4-6], since it can provide 
for a global convergence of the estimation error to zero 
with no immeasurable noises in system dynamics. Sliding 
mode observers and differentiators [4-10] are also used for 
state and parameter identification. In particular, 
state/parameter identification algorithms based on the 
sliding mode differentiators [5-7] are studied in [8]. 
Analysis of SMC state observers upon measurement noise 
is available in [11],[13]. In this paper we propose the 
parameter identification algorithm based on a direct 
application of “equivalent control” [4-7] to estimating the 
right hand side of the differential equations. It is worth 
noting that estimating the right hand side of a differential 
equation is equivalent to differentiating the state that 
allows interpreting the studied parameter estimation 
algorithms from the standpoint of state differentiation as 
well. Both traditional [4-7] and second order [9],[10] 
sliding mode (SOSM) control techniques are used. SOSM 
does not require a low pass filter to estimate equivalent 
control, since continuous control is generated directly [9].  
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II. THE PROBLEM FORMULATION

Dynamics of an affine system with bounded parameters 
can be realized as a system of first order differential 
equations.  
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with nRx , nRtx ),(  and nRtx ),(  are a known 

Lipschitz vector fields, nRy  is a measurement vector, 
nRt)(  is an immeasurable bounded noise. The matrix 

)(tA  is given by 

njnitatA ij ,1,1)()(           (2) 

with )(taij  to be time-varying unknown bounded 

parameters. Also, it is assumed that AtA )( .
The problem is to design a sliding mode parameter observer 
for the system (1), (2) that provides at least asymptotic 
estimation error dynamics, when 0)(t , i.e. 

0)(ˆ)(lim tAtA
t

             (3) 

and zone convergence, when )(t , i.e. 

0),()(ˆ)(lim tAtA
t

          (4) 

where tÂ  estimates )(tA .

III. CONSATANT MATRIX A  OBSERVATION 

In this section we consider a particular case of the plant 
(1) that obeys the following assumption: 

Assumption 1. The following conditions are assumed to be 
held for the plant (1)

(a) 0)(t

(b) )(tAA  is a constant matrix 

(c) xbatx ),(

(d) a matrix nn
n Rtt ),...( 1  given by 

)),((),...,),((),),((),...,( 22111 nnn ttxttxttxtt  (5) 

is nonsingular for ntt ...1 , with 001 tt
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A.  Constant Matrix A  Observation Algorithm Based on 
Traditional Sliding Mode  

The parameter estimation algorithm for the plant given by 
(1) is formulated in the following Theorem.
Theorem 1. If Assumption 1 is met for the plant (1) then the 
constant matrix A  can be exactly estimated ntt  by 

1
111 ),...(),...,(),...( nnneq ttttttUA      (6) 

nn
neqeqneq

nn
nnn

RtututtU

Rttxttxtt

)(),....(),...(

)),((),...,),((),...,(

11

111     (7) 

with rtt1 ,
)0(

rt  and n
eq Rtu )(  standing for 

equivalent control [4-6] in the observer  

)(),(

0)0(ˆ,ˆ,ˆ

xbaAtxu

xxyux
        (8) 

Proof of Theorem 1 is given in Appendix. 

Remark 1. Equivalent control )(tueq  in (6), (7) can be 
estimated by low pass filtering (LPF) [4-6] of high 
frequency switching part of control u  in (8) and adding it to 
the known continuous vector field ),( tx :

)(

)(),()(ˆ

xAv

vLPFtxtueq

            (9)

Equivalent control estimate )(ˆ tueq  may converge to )(tueq

only asymptotically due to dynamical properties of LPF. 
Usually, only zone convergence can be achieved, i.e.  

)()()(ˆ Otutu eqeq    (10) 

as time increases. For instance, if LPF is given by a transfer 
function )1/(1 s , then the transient response to a unit step 
function will reach %2.98 of its steady state value in 

4T , which can be treated as a settling time, since by this 
time the transient response is practically over. So, eq. (10) 
holds approximately for Ttt n , where 4T  with 
standing for a time constant of the LPF [12]. Therefore, 
using equivalent control estimate (9), the matrix A  can be 
also estimated only approximately, i.e. 

1
1211 ),...(),...,,(),...(ˆˆ

nnneq tttttttUA    (11)

where nn
neqeqneq RtututtU )(ˆ),....(ˆ),...(ˆ

11 , Ttt n1 ,

and )(ˆ OAA .

Remark 2. In the observer (8) )()(ˆ txtx  holds in the 
sliding mode 0 , and )(tueq  estimates )(tx , i.e. 

)()( tutx eq rtt .  So, the algorithm in (8) and (9) 
represents a traditional SMC-based differentiator [5,6]. 

B.  Constant Matrix A  Observation Algorithm Based on 
Second Order Sliding Mode 

In order to avoid LPF in (9) that yields only approximate 
estimation of the matrix A  in (1), it is beneficial to use 
second order sliding mode con1trol (SOSM) [9,10], which 
provides for a finite time convergence to the sliding variable 

 and its derivative  by means of continuous control in 
the parameter observation algorithm. The SOSM-based 
parameter estimation algorithm for the plant given by (1) 
that obeys Assumption 1 is formulated in the following 
Theorem.

Theorem 2. If Assumption 1 is met for the plant (1) then the 
constant matrix A  can be exactly estimated ntt  by 

1
111 ),...(),...,(),...( nnn ttttttUA    (12) 

nn
nn

nn
nnn

RtututtU

Rttxttxtt

)(),....(),...(

)),((),...,),((),...,(

11

111    (13) 

with nT
n Rtututu )(),...,()( 1  and 
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txvsignu

ii

iiiiiii
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nixbaA

xbaA

i

i

,14

5.0
   (15) 

standing for control in the observer  
0)0(ˆ,ˆ,ˆ xxyux    (16) 

in the second order sliding mode 0 .

Proof of Theorem 2 is given in Appendix. 

Remark 3. There is no need to filter )(tu  while estimating 
the matrix A  in (12), since )(tu  in (14) is already 
continues due to integration of a high frequency switching 
part of control. 
Remark 4. The control function (14), which is called 
super-twisting control [9,10], exactly estimates )(tx , i.e. 

)()( tutx , in the second order sliding mode 0 .
So, the algorithm in (14)-(16) is an exact second SOSM-

based differentiator [9,10]. 

IV. TIME-VARYING MATRIX )(tA  OBSERVATION 

The constant matrix estimation algorithms given by 
Theorems 1 and 2 are applicable for the approximate 
identification of the slowly varying matrix )(tA . In this case 
the parameter estimation algorithm, let’s say for certainty 
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(12)-(16), can be applied for the matrix )(tA  estimation on 
the consecutive intervals ,...2,11 ittt inii  assuming 
Assumption 1 holds approximately at all these time-
intervals. It yields a following discrete sequence of the 
matrix )(tA  estimate: 

),......(),...,(),( 21211 knnn tttAttAtA .
Next, in this section we consider a particular case of the 

plant (1) with a time-varying matrix )(tA , which is not 
necessarily slow-varying. The plant dynamics under 
consideration is given by the linear scalar differential 
equation with unknown bounded time-varying coefficients 

)(
)()(...)( 0

)1(
1

)(

tqy

tgqtaqtaq n
n

n

   (17) 

where 1)( Rtg  is a known Lipschitz function, 1Ry  is 

the output measurement, and 1R  is a measurement 
noise. Eq. (17) can be realized in a state variable format (1) 
[12] with  

Tn

n

n

tgtxRxtx

ta

ta

ta

ta

tA

)(,...0,0),(,),(

0...00)(
1...00)(
...............
0...10)(
0...01)(

)(

0

1

2

1

   (18) 

The output 1Ry  in (17) is identified 
)(1 txy    (19) 

In this section we consider a particular case of the plant (1), 
(18), (19) that obeys the following assumption: 
Assumption 2. The following conditions are assumed to be 
held for the plant (1), (18), (19) 

(a) the states nxx ,...,2  of the plant (1), (18) are also 
measuring available, i.e. 

)(txy    (20) 

(b) 1,0)( nita ii

(c) 0)(t

A.  Time-varying Matrix )(tA  Observation Algorithm 
Based on Traditional Sliding Mode

The parameter estimation algorithm for the plant given by 
(1), (18), (20) that obeys Assumption 2 is formulated in the 
following Theorem.

Theorem 3. If Assumption 2 is met for in the plant (1), (18), 

(20) and 0)(1 tx rtt ,
)0(

rt  then the elements 

of the time-varying matrix )(tA  can be exactly estimated by 

)(
)()(

)(
1 tx

trtu
ta eq    (21) 

where
T

nn tatatata )(),...,(),()( 021 , T
nxxxtr 0,...,,,)( 32  with 

n
eq Rtu )(  and rt  standing for equivalent control and 

reaching time correspondingly [4-6] in the observer 

xAtu

xxytux

)(

0)0(ˆ,ˆ),(ˆ
   (22) 

Proof of Theorem 3 is omitted for brevity. 
Remark 5. Equivalent control )(tueq  in (21) can be 
estimated by low pass filtering (LPF) [4-6] of high 
frequency switching control u  in (22)  

)()(ˆ tuLPFtueq    (23)

Equivalent control estimate )(ˆ tueq  may converge to 

)(tueq  only asymptotically due to dynamical properties of 
LPF. Usually only zone convergence is achievable, and eq. 
(10) holds for LPF in (23) as time increases. Practically eq. 
(10) holds after the transient response in the LPF dies out, 
and the elements of time-varying matrix )(tA  in (1) and 
(18) are to be estimated for Ttt r , 4T  via the 
sliding mode parameter observer (21)-(23) as 

)(
)()(ˆ

)(ˆ
1 tx

trtu
ta eq    (24)  

and )()()(ˆ Otata  as time increases. 

B.   Time-varying Matrix A  Observation Algorithm Based 
on Second Order Sliding Mode

Use of high order sliding mode technique, in particular 
super-twisting algorithm [9], allows avoiding filtering of 
equivalent control in (22), (23) and achieving exact time-
varying matrix estimation in a finite time. The SOSM-based 
parameter estimation algorithm for the plant given by (1), 
(18), (20) that obeys Assumption 2 is formulated in the 
following Theorem.
Theorem 4. If Assumption 2 is met for the plant (1), (18), 
(20) and 0)(1 tx rtt , then the elements of the time-
varying matrix )(tA  can be exactly estimated by 

)(
)()()(

1 tx
trtu

ta    (25) 

where
T

nn tatatata )(),...,(),()( 021 , T
nxxxtr 0,...,,,)( 32

with nT
n Rtututu )(),...,()( 1  standing for control [9] 

nisignv

vsignu

ii

iiiiii

,1)(

)(2/1

   (26)

1,14

5.0

11

11

nixx

xx

iini

iini    (27) 
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1,0)(

4,5.0 1010

nita

xx

ii

nn    (28) 

and rt  standing for the reaching time in the observer 

0)0(ˆ,ˆ),(ˆ xxytux    (29) 
Proof of Theorem 4 is omitted for brevity. 
Remark 6. Control )(tu  is continuous in SOSM that occurs 
in the observer (29) in a finite time rt . So, there is no need 
in using LPF, and the matrix )(tA  estimate is exact in (25). 
Remark 7. It is worth noting that )(ˆ tueq  and )(tu

evaluate derivatives of the vector state of the plant (1), (18) 
in the traditional and SOSM estimation algorithms, and 
represent sliding mode differentiators [5],[6],[9],[10]. 

V. MEASUREMENT NOISE EFFECTS IN
PARAMETER OBSERVATION ALGORITMS 

In this section we study effects of nonzero bounded 
measurement noise on matrix )(tA  estimation in the plant 
given by (1), (18) and (20) using traditional and second 
order sliding mode estimation algorithms discussed in 
Sections III and IV. This study was done upon the following 
assumption: 
Assumption 3. The following conditions are assumed to be 
held for the plant (1), (18), (20) 

(a) 0t ,  in (20) 

(b) 1,0)( nita ii

 The effect of the bounded measurement noise on SMC-
based parameter estimation algorithm is formulated in the 
following Theorem.
Theorem 5. If Assumption 3 is met for the plant (1), (18), 

(20), 0)(1 ty Ttt r ,
)0(

rt  and provided  

0,...,,,)(
)(

)()(ˆ
)(ˆ

32

1

n

eq

yyytr

ty

trtu
ta

   (30) 

be the estimate of the elements of the time-varying matrix 
)(tA , with eqû  defined by (22) and (23), then the following 

inequality holds  
)()()()(ˆ OOtata Ttt r    (31) 

as time increases. 
Proof of Theorem 5 in given in Appendix. 

The effect of the bounded measurement noise on SOSM-
based parameter estimation algorithm is formulated in the 
following Theorem.
Theorem 6. If Assumption 3 is met for in the plant (1), (18), 
(20), 0)(1 ty rtt  and provided  

0,,...,,
)(

)()()(ˆ 32
1

nyyyr
ty

trtu
ta    (32) 

be the estimate of the elements of the time-varying matrix 
)(tA  with )(tu  defined by (26)-(29), then the following 

inequality holds  
)()()(ˆ 2/1Otata rtt    (33) 

Proof of Theorem 6 is given in Appendix. 

VI. EXAMPLES
A. Time-Varying Matrix )(tA  observation  
 The LTV system in (1), (18) and (20) is considered for 

2n , 6.5)0(,0.3)0( 21 xx , 0t , and simulated 
with )(t  as a vector-Gaussian noise with zero mean and 

02.0  standard deviation. The unknown time-varying 
parameters )(0 ta  and )(1 ta  are defined in the simulations 

ttt

ttta

ttt

ttta

20sin2.0)7.2(1)8.1(1
)3(13.0)5.1(12.02.0)(

10sin1.0)5.3(1)5.2(1
)4(12.0)2(12.01.0)(

1

0

   (34) 

The simulations were performed using Euler method with a 
step size 510 . Traditional SMC-based parameter observer 
is designed in (21) and (23) with control  

2,1)(10 isignu ii    (35)  
The LPF dynamics is taken in a transfer function format 

)1004.0/(1 s .
The results of the simulations that demonstrate )(0 ta  and 

)(1 ta  estimations via the parameter observer (21)-(23) and 
(35) are shown in Figures 1 and 2. High accuracy robust to 
noise estimation with zone convergence is confirmed. High 
frequency control switching is significantly attenuated by 
the LPF. SOSM-based parameter observer is designed in 
(25)-(29) with control  

2,1)(

10)(40 2/1

isignv

vsignu

ii

iiii    (36)  

Fig. 1. Estimation of 0a  via the SMC parameter observer 
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Fig. 2. Estimation of 1a  via the SMC parameter observer 
The results of the simulations that demonstrate 0a  and 1a
estimations via the parameter observer (25)-(29) and (36) 
are similar to the ones obtained by the SMC observer. 

B. Constant Matrix A  Observation Algorithm 
The DC-motor dynamics is given by 

2211 ,
1
0

//
//

a

a
aaaab

m

a

iyy

V
iLRLk

JkJb

idt
d

where  is an angular velocity )/( srad , ai  is an armature 

current ( A ); aV  is an armature voltage (V ); 22 mkgJ  is 
a moment of inertia; HLa 1  is an armature inductance; 

abm Rkkb ,,,  are viscous friction, motor torque and back 
electromotive force coefficients and an armature resistance 
respectively, which are to be estimated; st 5.01 ,

st 0.42 . The measurement noises are Gaussian with zero 
means and 02.0  standard deviations. The unknown 
parameters are defined for the simulations 

1,1.0,10,5.0,,, abm Rkkb    (37) 
The simulations were performed using Euler method with a 
step size 510 via SMC-based (6)-(8) and SOSM-based 
(12)-(14) parameter estimations algorithms. The LPF 
dynamics is taken in a transfer function format 

)1004.0/(1 s , which is used in both observers. The results 
of parameter estimations are presented in Table 1. 

Table 1 
b̂ mk̂ bk̂ aR̂

SMC parameter
observer

0.4804 9.7202 0.0972 1.0228 

SOSM parameter
observer

0.4968 9.9128 0.1021 0.9683 

Based on Figures 1-4 and Table 1 one can conclude that 
the both algorithms provide robust to noise parameter 
estimation. The accuracy of the parameter estimation 
achieved by SOSM-based estimator is higher then the one 
achieved via traditional SMC-based observer. 

VII. CONCLUSIONS

 Parameter identification of affine time–varying systems 
is addressed using sliding mode control. A toolbox that 
consist of traditional SMC-based and SOSM-based 
parameter observers is developed for the plants with 
constant unknown parameter matrix and the plants given 
by thn  order LTV differential equation with unknown 
time-varying coefficients. Effect of measurement noise to 
the parameter estimation algorithms is revealed as a small-
size zone convergence, which is proportional to the upper 
bound of the measurement noise and to the time constant 
of LPF for the traditional SMC-based parameter estimation 
algorithms, and to the square of the upper bound of the 
measurement noise for the SOSM-based algorithm.  

APPENDIX

Proof of Theorem 1. The existence of the sliding mode in 
the observer (8) is to be proved. For the sliding variable 
dynamics obtained from (1) and (8) 

utxtxA ),(),(    (38) 
the control function (8) makes the inequality  

VV 2    (39) 
valid, where 

TV
2
1    (40) 

is a Lyapunov function for (38). It means that the origin of 
(38) is globally asymptotically stable with a reaching time 

)0()0(2V
tr    (41) 

So, the sliding mode exists in the observer (8) rtt  and 
equivalent control )(tueq  that satisfies 0  [4-6] obeys 
the following equation: 

),(),( txtxAueq    (42) 
The validity of (6) is demonstrated. Indeed, after 

computing )(tueq , ),( tx  and ),( tx  in the time instances 

ntt ...1  with rttt 01 , eq. (42) is rewritten as  
),...,(),...,(),...,( 111 nnneq ttttAttU    (43) 

and yields (6).      

Proof of Theorem 2. The existence of the second order 
sliding mode in the observer (14)-(16) is to be proved. 
Indeed, it is well known that a solution 1)( Rtz  and its 
derivative )(tz  of the differential equation 

)()()(2/1 tdzsignzsignzz    (44) 

converges to zero in a finite time if C5.0  and C4
with Ct)(  [9,10]. The i  dynamics are obtained  

iiii utxtxA ),(),(    (45) 
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where iA  stands for the ith row of the matrix A  and 
),( txi  is the ith coordinate of the vector ),( tx . The 

control function (14) being substituted into (45) yields 
),()()(2/1 txAdtsignsign iiiiiii     (46) 

By comparing (44) and (46) one can conclude that eq. (46) 
converges to second order sliding mode 0ii  in a 
finite reaching time rit  for i  and i  selected from (15). 
In the second order sliding mode eq. (45) becomes  

0),(),( utxtxA    (47) 
The validity of (12) is to be demonstrated. Indeed, after 
computing )(tu , ),( tx  and ),( tx  in the time instances 

ntt ...1  with ri
ni

r tttt
,1

01 max , eq. (47) is rewritten 

as
0),...,(),...,(),...,( 111 nnn ttUttttA    (48) 

and yields (18).      

Proof of Theorem 5. Control in (22) is taken in a format  

)()( SIGNyMu    (49)  
where )(yM  is a scalar positive function 

yAy

yyyM

n

iini
ni

}

,{max)(

10

11
1,1    (50) 

with T
nsignsignsignSIGN )(),...,(),()( 21 , 0 .

Introducing 2ˆ)( xxV  and taking into account (49) 
and (50) one can obtain 

)ˆ()ˆ)((2

ˆ2))(()ˆ(2

xxSIGNxxyM

yAxxuxtAxxV
T

T

   (51) 

Applying the inequality that is derived in [13]

nzzSIGNz
n

i
i

T 2)(
1

    (52) 

to (51) we obtain

nyMyMyAxx

nxxyMyAxxV

)(4ˆ2

2ˆ)(2ˆ2
   (53) 

Substituting (50) into (53) implies 

yAn

VyAnxxV

y

y

sup4:

2sup4ˆ2

 (54)  

Using Lemma 2 from the Appendix in [13], one can 
conclude that V converges to the domain  

2

2
:,: Vx    (55)  

in a finite time ft , that is 01
V

 as time increases.  

So, the following equation holds within the domain (55) 

)(OuAy

AuAyuAx

eq

eqeq
   (56) 

Due to estimation of eqû  by means of LPF in (23) 

)()()(ˆ Otutu eqeq , and (28) becomes 

)()(ˆ OOuAy eq    (57) 

Eq. (57) yields (31).     

Proof of Theorem 6. Theorem 4 conditions implies the fact 
that super-twisting control in (26)-(29) gives an exact 
estimate of ix  in the plant (1), (18) and (20) with zero 
measurement noise. It is proved in [9] that if ix  is measured 

with noise i , then the following inequality holds ni ,1

)()()( 2/1Otxtu ii    (58) 

Equality (58) can be rewritten as follows: 

)()()( 2/1Otxtu    (59) 
which, taking into account (32), yields (33).   
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