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Position Control of a Two-Bar Linkage with Acceleration-Based
Identification and Feedback
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I. INTRODUCTION

Kinematically complex mechanisms such as linkages
with rigid members have been widely studied for cen-
turies [1], and have numerous applications in areas such
as robotics [2]. The dynamics of these systems are ap-
proximately linear for small amplitudes, but are strongly
nonlinear for large motions [3].

The control of linkages encompasses the field of
robotics [4, 5] and includes methods for controlling linkages
that arise in specialized applications [6]. For large motions,
the control of linkages represents a nonlinear control prob-
lem that has been addressed by a variety of techniques
including PID control [7], feedback linearization [8,9],
and sliding mode methods [10]. These joint-space control
methods tend to be computationally intensive since they
require the solution of forward or inverse kinematics in real
time. Alternatively, there exist task-space control techniques
that do not require knowledge of the inverse kinematics [11,
12], although they require knowledge of the jacobian of the
linkage. In addition, both methods generally assume that
measurements of the displacement variables are available
in real time.

For mechanisms whose kinematics or dynamics are
uncertain, adaptive control methods have been used to
account for uncertainty in physical parameters of the link-
ages and friction at the joints. These techniques assume
a known structure for the dynamics and they combine
estimation of the physical parameters of the linkage with
feedback linearization techniques [13, 14]. Adaptive task-
space control methods that account for uncertainty in the
mass and lengths of the links, and the jacobian matrix have
also been developed [15]. These methods also generally
assume that measurements of the displacement variables of
the critical members are available for feedback.

In many applications, however, measurements of the
linkage displacements are not available. For example, for
a Stewart platform it is generally difficult to determine
the attitude of the platform from measurements of the
joint angles due to uncertainty in the linkage geometry.
Consequently, vision-based methods are proposed in [16]
to determine the orientation of the platform.

In the present paper we propose the use of inertial
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Fig. 1. Two-Mass System

sensors in combination with system identification methods
to develop a model of the compliance transfer function that
can be used for position-following control of a linkage. The
inertial sensors are used off-line to develop the compliance
model and on-line as signals for feedback. The advantage of
this approach is that inertial sensors such as accelerometers
and gyros are less expensive than position sensors. However,
the method is limited to small amplitude motion with
control accuracy limited by the fidelity of the identified
transfer functions.

Although only accelerometer and gyro measurements
are assumed to be available, a state observer can be
constructed to estimate position as long as the system
has asymptotically stable dynamics and a model of the
system is available. Asymptotically stable dynamics can be
attained by using a preliminary PID control loop. To obtain
a compliance model of the system, we use the available
measurements in conjunction with subspace identification
methods [17].

The goal of this paper is to present the procedure and
demonstrate conceptually that position-following control
based on inertial measurements is feasible. Experimental
application to a 6-DOF Stewart manipulator will be given
in a future paper.

II. TWO-MASS SYSTEM

Consider the two-mass system shown in Figure 1 with
force inputs u, ue and two acceleration sensors (accelerom-
eters) measuring 2, and Zo. The equations of motion are

mi&1 + (c1 + c2)@1 + (k1 + k2)x1

— oy — kaxa = —uy, @1
Moia + coda + kota — cod1 — kax1 = u1 + ua. 2.2)
The state space representation of (2.1) and (2.2) is
& = Acpx + Beyu, (2.3)
where 2 € R* and u € R? are defined by
2w @y & d | ul[w ow ], (24
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and A., € R*** and B, € R**? are defined by

0 0 1 0 0 0 T
a 0 0 0 1 R 0
Acg 2| _kitky kp _c1tes e | (B = | __1L .(2.5)
my my my mi my
ko _ k3 g cg L
mo mo mo mo m2 m2

Define the acceleration y,c. and the position ¥p.s of the two
. . 1T T
masses by Yace £ [ Ty T2 ] » Ypos £ [ T T2 ]

, SO
that
Yace = C’accm + Daccuv Ypos = UposT, (26)
where
_ kytko ko _citen co
ma ma my ma 2.7

mo mo

1
“my 0 1 0 0 O
Daccé|: 11 1 :|7Cposé|: 0 1 0 0:|

The systems with outputs ypes and yacc are the compliance
and inertance, respectively.

The equivalent zero-order-hold discrete-time state
space representation of (2.1) and (2.6) with sampling time
ts is

z(k + 1) = Az(k) + Bu(k),
Yace(k) = Cace®(k) + Daccu(k),
Ypos (k) = Cposz(k).
Hence, the discrete-time inertance Gipn,t(z) and discrete-
time compliance Gcomp(2z) have realizations

2.8)

A B
Cpos | 0

A B

Geomp(z) ~ |: Cloe Do :| . (29)

:| ;Ginrt(z) ~ |:

III. ACCELERATION-BASED POSITION CONTROL

The control objective is to have the positions z; and
x9 of the two masses follow a position reference command
using only acceleration measurements y,... Define the
position-error performance variable Z by Z £ y,os — T
and the plant output y by y = [ yl. rT ]T, where
r € R? is the position command to be followed. To facilitate
LQG design, the position command r is represented as
the output of a linear filter W, (z) excited by a white
noise signal w,. Let W;(z) have the minimal realization

Wy (z) ~ [C;%} with state . To include the control

effort in the performance variable we define z by z £
[ 27 (Ru)T ]T, where the weighting R € R**2 on
the control input u is positive definite. We define w by

A T .
w= [ wl wl wi ] , where w; is zero-mean process

noise on the state « and ws is zero-mean sensor noise that
corrupts measurements y. It then follows from (2.8) that

RiE
Yy u
where G has the realization
(3.2)
with state & = [ 2T 2l }T and
as[ 4 2] s2[3] m=]5 B0 @3
a2 % 0] es[R] (G4
ce| Geg | me [T e[ 0 2] 69

Since A, is stable and (A, B) is controllable it follows from
(3.3) that (A, B) is stabilizable. Furthermore, (A, Cycc) and
(A;, C;) are observable, and hence it follows from (3.5) that
(A,C) is also observable. To solve the estimator Riccati
equation, we introduce €/ in (3.5), where ¢ > 0 is small,
so that Dy DY is nonsingular.

The discrete-time LQG controller GG, can be obtained
from the standard problem (3.2) by solving two discrete-
time Riccati equations [18, 19]. Note that knowledge of the
matrices A, B, Cacc, Dace, and Chpos is required for LQG
synthesis.

IV. ACCELERATION-BASED IDENTIFICATION OF THE
COMPLIANCE

We now assume that a model of the system is not
available, although acceleration measurements can be used
for system identification to obtain a model of the inertance.
For system identification the force inputs u; and us are
chosen to be uncorrelated white noise signals, and the
outputs are the acceleration measurement y,.. given by
(2.8). A subspace identification algorithm [17] is used to
obtain discrete-time system matrices Aiq, Biq, Cacc,id, and
Dyce,ia for the 4th-order linear time-invariant discrete-time
state space inertance model

2(k + 1) = Ajaz(k) + Biau(k),

Yace (k) = Cace,ia (k) + Dacc,iau(k).
For LQG synthesis for position command following control,
it is necessary to weight the position error. However, as
a consequence of subspace identification, the components
of #(k) do not have a physical interpretation. The state
space models (2.8) and (4.1) represent the dynamics of the
same system and hence the states x and & are related by a
similarity transformation z(k) = S#(k) where S € R**4
is nonsingular. Hence, it follows from (2.8) that y,os(k) =
C’posafr(k), where C'pos £ CposS. However, S is unknown,
and thus C’pos cannot be determined analytically. Moreover,
the position signal y;,,s cannot be obtained by integrating
the acceleration signal y,.. twice since a bias may be

4.1
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present in ¥,.c, and the initial position may be unknown.
To overcome these difficulties, we construct a compliance
model based on the inertance.

Let Gyt (z) be the identified inertance transfer function
with realization

A Aia Biga
Ginrt(z) ~ |: | :| .

4.2)

Clace,id | Dace,id
Next, considerzthe 2 x 2 discrete-time transfer function
Gint(2) = (Zf—sl)zlg. Then, the compliance transfer func-

tion Geomp(2) is defined by Geomp(z) 2 G ing (2) Ginst (2).
Let Gaint(z) have the 4th-order minimal realization

Adin Bai
Gdint (2) ~ Cd'!: Om } s “4.3)

vyith state Tqine € R?. It follows from (4.3) and (4.2) that
Goomp(z) has the 8th-order realization

Geomp (@) ~ 2‘“ |2 com } , (4.4)
with state Zeomp = [ 27 2, ]T, where
e 2 [ gy Ecin o] B ® [ Bl - 49
Ceomp 2 0 Caims |- (4.6)
It then follows from (4.1) that
Yace(k)=[ Cacciid 0 ] Zeomp (k) + Dacciau(k). (4.7)

Note that all of the matrices in (4.5), (4.6), and (4.7) are
known. However, the states x4int Oof the double integrator
are not observable through the acceleration measurement
Yace, that is, (flcomp,[ Caccia 0 D is not observable.
Since the eigenvalues of Ag,; are not observable, the
realization écomp(z) is not convenient for LQG synthesis.

Instead, we determine an output matrix CA’pOSJd so that
Gomp(z) has the minimal realization

A A B;
Gcomp(l) ~ [ épo(si,id 0d } (4.8)
and the position ¥, 1S given by
ypos(k) = époS,idﬁ?(k). (49)

In particular, CA’pOS’id is identified by comparing the Markov
parameters of Geomp(2) in (4.4) and (4.8). It follows from
(4.4) and (4.8) that, for all ¢ > 1,

« - R pil A
Cpos,idAild Bid = OcompAZ:omchompv (410)

and hence I’ = CA'posﬂdG, where
F é { CAvcomchomp CAvcompla(s;)ompBcomp ] ’ (4 11)

G2 Bia A% Biq .

The least squares fit is given by CA'posyid = (GTF)T.

V. ACCELERATION-BASED POSITION CONTROL USING
THE IDENTIFIED MODEL

In this section we apply discrete-time LQG synthesis
with the identified compliance and inertance models. Using
(4.1) and (4.9), we consider (3.1)-(3.5) with A, B, Cacc,

Two-Mass
System

G. u

LQG controller

Fig. 3. Control architecture for discrete-time LQG position control of the
two-mass system using acceleration feedback and identified inertance and
compliance.

timeins

Fig. 4. Position command following for the LQG controller. The reference
position command and the actual position of the two masses are shown
by the dashed and bold lines, respectively.

Dacc’ and C’pos replaced by Aida Bid’ Cacc,id, Dacc,id’ and

Clpos,id, respectively. The standard problem for LQG synthe-
sis is given by (3.2) with & defined by z = [ 2T« ]T.
The implementation of the controller is shown in Figure 3.

To analyze the closed-loop dynamics, define z. by
g 2 [ 2T }T, where z, € R™ is the state of
the controller G. and z is defined in (2.4). Let e £
Ypos — T be the error between the position command and the
actual position of the two masses. The closed-loop system
dynamics are then given by

zei(k + 1) = AaZ(k) + Bar(k),

e(k) = Cui(k) + Dar(k), SR
where
A A BC. A 0
A = [ Be12Cace A +Bc12Dmcc] B = [ Besa ] - (52
Ca®[ Cpox 0], Da=—1I (5.3)

and B. = | Bcz Bess |, where Bep € R™*2 and
Bc34 S RnCXQ-

Let Gsens(z) be the sensitivity transfer function with
the position command r as input, and the error e between
the position command and actual position as the output. It
then follows from (5.1)-(5.3) that Ggens(2) is realized by

Ac Bei
Gt [ 2] 6
with SISO entries
_ G:;ens ( ) Gsens ( )
Giens(z) = { Gl ) Gooml2 ) } : (5-3)
To illustrate  position-following  control  with

acceleration-based identification and feedback, the
two-mass system is simulated, and the inertance and
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Fig. 5. Two-bar linkage with tip-mounted accelerometers

compliance transfer functions are identified as described
in Section 4. The LQG controller is designed using the
identified model. The position command and the actual
positions of the two masses for the discrete-time LQG
controller are shown in Figure 4.

VI. THE TWO-BAR LINKAGE

Consider the two-bar linkage shown in Figure 5. As-
sume the masses of the links are concentrated at their ends
and the joints are frictionless. Let ©; be the angle between
the horizontal and the first link, and let ©®5 be the angle
between the first and the second link. Furthermore, assume
that all angles measured in the counterclockwise direction
are positive. Let 7 and 75 be the torque applied at the first
and second joints, respectively. The equations of motion
obtained from Lagrangian dynamics are then given by

€]

where M (01,0,) € R2*2,  V(01,0,,0,,0,) € R?,
G(01,0,) € R? are defined in [4] and T £ [ 71 ™ }T
and a; and ay are the lengths of the first and second links,
respectively, and m; and ms are the masses of the two links.
Note that, if (©1,02) ¢ {(5,0),(—%,0),(5,7), (=5, 7)}
then (©1,02) is not an equilibrium configuration.
However, since measurements of the joint angles ©; and
O, are available, we use two PID controllers to stabilize
the two-bar linkage at a specified equilibrium position
(O1,eq,O2.eq). To avoid a singular configuration, we
assume that ©3 o, # 0. The control architecture is shown
in Figure 6.

Define © € R* and O, € R* by

@é[®1 92 O @2}T7 ®eqé[@1,eq O2,eq 0 0}T7

M(@1,62) |:@;] +V(@1,927®1792) +G(@1,92) =T, (61)

)

(6.2)

and define 6 € R* by@é@—@eq. Let v = [ V1 V2 ]T
denote the output of the PID controller and let u =
[ UL Usg ]T be an external torque signal so that, for
1 = 1,2, the total torque 7; provided by the motor at joint
i is given by 7; = v; + u;. Next, let n = [ g1 72 ]T
be the integrator states and let Kp, K7, Kp € R?>*? be the
proportional, integrator, and derivative gains of the two PID

up U2

O1,eq O e V1 1 ©;
- Two Arm
Manipulator
(‘“)2 ,eq @2

v
‘T.PID 2002

Stabilization of the two-bar linkage using PID controllers

Fig. 6.

controllers. We assume that Kp, Kj, and Kp are diagonal
and in that case the dynamics of the PID controller are given
by

n=[I. 0z ]6,

v=—-Km+[ —Kp (6.3)

—-Kp | 6.
To analyze the augmented system consisting of the two-
bar linkage and the two PID controllers, define 8, € RS
by Oaug = [ n 0 ]T. Substituting (6.2) into (6.1) and
linearizing the resulting equation and (6.3) about 0,,, = 0
yields the linear state space equation

éaug = Ajteaug + Bjtu7
where Aj; € R6%6 and B, € R6*2.

To design a position-following controller, we express
the system dynamics in terms of Cartesian coordinates.
Let (X, X2) denote the position of the end effector with
respect to the first joint O;. Since the two-bar linkage op-
erates in a small neighborhood of the equilibrium position,
the relation between (X1, X5) and (01, ©5) is unique and
determined by the forward kinematics (see [4]) given by

X1

(6.4)

|3 | e, (6.5)
where h : R? — R? is defined by
merven = | gt ey . 66

Linearizing (6.6) about © = O, and substituting (6.2) into
the resulting equation yields
{ P } :h(el,eq,ez‘eqw(}o[ o } : (6.7)
where the jacobian Jy € R2X2 of h at (0,,0;) =
(©1,6q, O2,6q) 1s nonsingular and given by
oh

70 = 581,83 (01,00.02.00 ©68)
Next, define the relative position (x1,x2) by
|: i; :| 2 |: i((; i| - h(®17eq>®2,eq) (69)

and define z € R* by x = [ T4 X9 1 X9 ] Defining
Tang € RO by aug 2 [ |, it follows from (6.7)-
(6.9) that oy = T0nug, where T' € R%%6 is defined by

AL 0 o0
T= { 0 Jo O } (6.10)
0 0 Jo
Hence it follows from (6.4) that
iaug = Actzaug + By, (6.11)
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Fig. 7. Standard Problem for Mixed Weighted Sensitivity Minimization
LQG design.

where A and By are defined by Ao, = TA T, By &
TBji. Next, define Cacc, Dace, and Chos so that the
acceleration ¥acc £ [ T, X9 ] and the position Ypos £
[ 1 a2 | can be expressed as

ace = CaccTaug + Dacc,
Y Faug “ (6.12)

Ypos = CposTaug-

Next, let the zero-order-hold discrete-time equivalent
of (6.11) and (6.12) be given by
Taug(k + 1) = Azaug (k) + Bu(k),

Yace (k) = CaceTaug (k) + Daccu(k),

Ypos (k) = CposTaug (k).
The control objective is to have the position ypos of the
end effector follow a position command using acceleration
measurements. However, the accelerometers attached to the
end effector provide measurements of the tangential and
normal components Y,ccn and ¥acc ¢ Of the acceleration and
not of the cartesian accelerations ¥,... Assuming the two
links are straight, it follows from the geometry of the two-
bar linkage that

(6.13)

Yacc =

Yacc,n COS(@l + @2) — Yace,t Sin(el + 62) (6 14)
Yacc,n Sin(®1 + 92) + Yacc,t COS(@l + 92) : :

Since measurements of the angles ©; and O are available,
Yace can be evaluated online using (6.14).

The dynamics of the two-bar linkage involve the masses
and lengths of the two links, which are unknown. Moreover,
the nonlinear equations of motion (6.1) must be known in
order to determine the matrices A, B, Cycc, and D,... To
account for modeling limitations, torque and acceleration
data are used to identify the discrete-time system matrices
Aid, Bid, Cacc,id» and D,cc iq. Substituting the identified
matrices Aig, Bid, Cacc,id> Dacc,ia into (4.5)-(4.11) yields
C’pos}id. The identified inertance and compliance models are
used to synthesize the position-following controller G, by
following the procedure described in Section 5. Note that
knowledge of h in (6.6) and J; in (6.8) is not necessary.

VII. MIXED WEIGHTED SENSITIVITY MINIMIZATION

Since the two-bar linkage is a nonlinear system, the
frequency response of the inertance model obtained using
a subspace identification algorithm is an approximation of
the linearized inertance. To account for modeling error, the

robustness and tracking performance of the controller are
improved by solving a mixed weighted sensitivity problem
(see Figure 7).

Let Aint(z) denote the additive uncertainty in the
system dynamics, that is, Gin(z) = Gim (z) + Ajnrt (2).
where Giy,(z) denotes the frequency response of the actual
inertance of the system, and éinrt (z) denotes the frequency
response of the identified inertance model. To account
for the frequency-dependent uncertainty, we introduce the
model error weighting function Wes(z) such that, for all
z € C with |z| = 1, |Aint(2z)] < [Wes(z)|. To improve
the tracking performance over the desired bandwidth, we
reduce the sensitivity function by introducing a sensitivity
weighting function W;(z) that has high gain over this
bandwidth. Let W(z) and W;(z) have the realizations

Acs Bes } a1

CCS DCS
with states x.s and xg, respectively. Next, define the per-
. T
formance variable z by z £ | 20 2L (Ru)" ] . where

A B,

Wes ~
es(®) C. D,

, Ws(z) ~

S cs
the weighting R € R?*2 on the control input u is positive
definite, and z5 and z.s are outputs of the transfer functions
Ws(z) and Wes(z), respectively, such that
@s(k + 1) = Asws(k) + Bs (Ypos (k) — r(k)),
2s(k) = Cszs(k) + Ds (Ypos(k) — r(k)) (72)
and
Tes(k + 1) = Acsmcs(k) + Bcsyacc(k)v
2es (k) = CosTes (k) + DosYace (k). (7.3)
Next, define w £ [ w} w{ w3 |, where w; and
wo are fictitious noise signals that facilitate the solution of
the estimator Riccati equation for discrete-time LQG syn-
thesis. The plant can then be represented by (3.1)-(3.5), and
the state space equations of the standard problem are given
by (3.2), with # defined by & 2 [ 4T 2T oT aF "
and

Aig ) 0 Big
2| BsCposja As 0 —BCr a 0
A BeCaena 0 Aw 0 BT [BCSDM,M - (74)
0 0 0 A 0
0 D 0
A —BsD, 0 0 N 0 0 Do
Dl_{ 0 0 01’732—[ D, 0 el } (7.5)
B, 0 0
0 Cs 0 0 Dy
210 0 Ce 0 |,E2| De (7.6)
0 0 0 0 R
a| Caccia 0 0 O 2 | Dace,id
ce[ G 0 & ] o2 P ] (1.7)

The discrete-time LQG problem can now be solved and the
controller G obtained using the procedure discussed in [18]

VIII. CONTROL OF A TWO-BAR LINKAGE

The two-bar linkage is stabilized at ©1 ¢q = —% rad

and Oz, = —F rad using two PID controllers. The
physical parameters of the two-bar linkage are m; = 1
kg, mo = 2 kg, a1 = 1 m, and a; = 0.5 m. The
control objective is to have the end effector follow position
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Fig. 8. Magnitude plots of Gsensy; (2) and Gsens,, () before and after
mixed weighted sensitivity minimization

commands that are sinusoidal with a spectral bandwidth
between 0.01 Hz and 50 Hz. In accordance with this
specification, the transfer function W;(z) is chosen to be
Wy(z) = m.& so that Wy (z) has high gain
in the required bandwidth. The controller G, is obtained
by the procedure outlined in Section 6. The closed-loop
dynamics are analyzed using (5.2)-(5.5) and the magnitude
plots of Gsensy; (z) and Ggens,,(z) defined in (5.4) and
(5.5) are shown in Figure 8 by the dashed lines. To reduce
the sensitivity over the required bandwidth, the sensitivity
weighting Wy (z) is chosen to be W, (z). To account for
the relatively high model uncertainty at high frequencies,
the model error weighting function Ws(z) is chosen to
be Wes(z 0-2(z2 009%3)9) The identified compliance
and 1nertance moéels are used along with the weighting
functions Wy.(z), Ws(z), and Wes(z) to design the LQG
controller as described in Section 7. The magnitudes of the
diagonal entries of the sensitivity transfer function obtained
from mixed weighted sensitivity minimization are shown in
Figure 8 by the solid lines.

The nonlinear model of the two-bar linkage is simulated
in closed loop with the discrete-time LQG controller using
a fourth order Runge-Kutta solver with the sampling time

< = 10~*s. Furthermore, we assume that no process noise
acts on the two-bar linkage and that the measurements are
not corrupted by noise.The horizontal and vertical position
commands for the end effector are sinusoids with ampli-
tudes 0.001 m and 0.002 m and frequencies 6.36 Hz and
3.18 Hz, respectively. Figure 9 shows the position command
and actual path traced by the end effector in the XY plane.

IX. CONCLUSIONS

In this paper we developed a position-command fol-
lowing controller for a two-bar linkage using acceleration
measurements for both system identification and feedback.
The method outlined here is applicable to mechanical link-
ages that have stable or stabilized dynamics. Since a system
identification procedure is used to obtain the inertance and
compliance models, no modeling information is required.

X, inmeters

o
X, inmeters

Fig. 9. Position command (dashed lines) and actual path (bold lines)
traced by the end effector in the XY plane

This method is easy to implement because displacement
measurements, which are usually difficult to obtain, are not
required and a linear controller is used.
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