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Abstract— In this paper a new linear matrix inequality (LMI)
for peak-to-peak gain minimization is derived. The new LMI
defines a convex upper bound on the non-convex ∗-norm ren-
dering the �1-controller design problem convex and facilitating
its integration in multiobjective design problems. It also allows
the use of projection formulas which simplifies the numerical
implementation of the design algorithm.

I. INTRODUCTION

Linear Matrix Inequalities (LMIs) provide a unified frame-

work for the analysis and design of control systems [?],

[?], [?], [?]. The basic idea is to reduce a control system

design problem to a convex optimization problem with

constraints where the objective function to be minimized

is given by a convex combination of the norms of certain

closed loop transfer functions and the constraints capture

various performance specifications and control objectives.

The constraints are Linear Matrix Inequalities, which are

actually affine in their variables, that allow the designer to

trade-off conflicting objectives.

The �1-norm is used to capture time-domain constraints

like the peak-to-peak gain. It characterizes the effect of

signals about which only very limited information, such as

a bound on their amplitude, is available. An example of

such a situation is the minimization of the absolute value

of a disturbance in time.

The LMI design framework for the �1-control of finite

dimensional discrete time systems was introduced in [?],

[?], [?] using the method of elimination of variables [?].

The method of elimination of variables linearizes the design

problem and hence makes it fit for convex optimization. A

different approach is taken in this paper in order to linearize

the �1-design problem and make it suitable for convex

minimization of multiobjective problems. This approach

relies on the use of projection formulas given in [?]. The

design process optimizes an upper bound on the ∗-norm and

hence the �1-norm, through LMI optimization of a new set

of LMIs. The advantage of this approach is the simplicity of

the implementation of the algorithm for LMI optimization

as compared to the elimination of variables approach. The

cost incurred is some additional conservativeness as an

upper-bound on the ∗-norm is being minimized.

This paper is divided into four sections. Section 2 describes

the general framework for the analysis and design of control

systems based on the LMI approach. Section 3 articulates

results related to the LMIs for �1-control and arrives at a

new additional LMI which renders the objective function

convex. The projection formulas from [?] are listed in

Section 4. The utility of the approach is illustrated through

a simple design example in Section 5 which is followed by

a summary of the design process in Section 6.

II. PROBLEM SETUP

A large class of feedback control problems can be repre-

sented by the standard feedback structure shown in Fig-

ure ??. where the generalized plant G represents the fixed

Fig. 1. Standard Feedback Structure

parts of the system, including a model of the plant, perfor-

mance weights and uncertainty weights and the controller
K is the free parameter to be designed. The signals u, w,

y and z are vector valued signals where u ∈ Rnu is the

control input,w ∈ Rnw is the external input to the system

representing reference and noise signals, y ∈ Rny is the

measured output and z ∈ Rnz the regulated output or error

signal that captures design objectives such as tracking error

and control energy.

All input-output maps are causal, linear time-invariant and

finite dimensional so they can be represented by a rational

transfer matrix functions or state-space equations.

The objective is to design a controller K such that the

closed loop transfer function from w to z satisfies certain

design specifications. In order to apply the LMI approach

to this problem, it is necessary to represent the generalized

plant and controller in state variable form. In this work

only finite dimensional, discrete-time, linear time-invariant

(DLTI) systems will be considered.

The state-space equations for the generalized plant G are
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given by

x (k + 1) = Ax (k) + Bww(k) + Bu(k)
z (k) = Czx (k) + Dzww(k) + Dzu(k) (1)

y(k) = Cx (k) + Dww(k)

and for the controller K

xK(k + 1) = AKx (k) + BKy(k)
u(k) = CKx (k) + DKy(k) (2)

For multiobjective optimization it may be necessary to

penalize different subsets of input and output signals with

different norms. Let T denote the closed loop map from

w to z. Then, the design objectives can be formulated in

terms of

Tj = LjT Rj (3)

where Tj is the transfer function from a particular subset

of inputs w and outputs z. The matrices Lj and Rj select

the appropriate I/O channels (this notation is adopted from

[?]).

Given the generalized plant (1) and controller (2) model,

the state-space equations of the closed-loop system are

xcl(k + 1) = Aclx (k) + Bclw(k)
z (k) = Cclx (k) + Dclw(k) (4)

where

(
Acl Ccl

Bcl Dcl

)
=

⎛
⎝ A+BDKC BCK Bw+BDKDw

BKC AK BKDw

Cz+DzDKC DzCK Dzw+DzDKDw

⎞
⎠

(5)

In order to select specific input and output channels for

capturing different performance objectives the following

variables are defined

Bj � BwRj , Cj � LjCz, Dj � LjDzwRj

Ej � LjDz, Fj � DwRj

Hence Tj(z) = LjT Rj has the following state-space

realization

(
Acl Bj

Cj Dj

)
=

⎛
⎝ A+BDKC BCK Bj+BDKFj

BKC AK BKFj

Cj+EjDKC EjCK Dj+EjDKFj

⎞
⎠ (6)

The control design problem is to find the dynamic control

law (AK ,BK , CK ,DK) that satisfies certain set of specifica-

tions on the general transfer function described by equation

(6). These set of specifications are captured by weighted

system norms. The weighted system norms are minimized

in order to satisfy the specification set.

In the sequel, it is assumed that the pair (A,B) is con-

trollable and the pair (A,C) is detectable. The minimal

realization of a transfer function T (z) = D+C(zI−A)−1B
will be denoted as

(
A B
C D

)

III. LMI CONSTRAINTS FOR �1 CONTROL

Sometimes in practical applications exogenous inputs (dis-

turbances, noise, etc.) are encountered which are persistent

in nature and the only information available about these

signals is their peak amplitude. The �∞ norm provides a

suitable way to characterize the effect of such signals. It

can be used to capture the peak amplitude of certain output

signals in a control system design problem. For instance,

the design specifications might impose a bound on the peak

value of the tracking error. Also, in cases where the plant

has a maximum input rating, the output of the controller has

to be bounded in amplitude in order to avoid saturation of

the plant. Such constraints can be captured by the �∞ norm

of the transfer function from the input to the output signal

of interest. A good description of the importance of the �∞
signal norm is given in [?]. The �∞ norm of a sequence

w(k) is defined as

‖w‖∞ = max
1�j �nw

sup
k

|wj(k)|

For a FDLTI discrete time system with impulse response

H, the output z(k) is given by convolution as follows

z (k) = (Hw)(k) =
t∑

m=0

H(k − m)w(m)

If the input and output to the system are amplitude bounded

signals, e.g., belong to �∞, then the norm induced on the

system is the �1 norm defined as

‖H‖1 = max
1�ı�nz

nw∑
j=1

∞∑
k=0

|Hıj| (7)

Good performance is reflected by a small �1-norm. Since

this norm is difficult to compute it is often not used in direct

minimization. Instead an upper bound on it that is easier

to compute, called the star norm, will be used as shown

below. The peak value of signals can also be captured by

the pointwise Euclidean norm [?], [?]

‖w‖∞,e = sup
k

|wT
j (k)wj(k)|

The norm induced by the peak pointwise Euclidean norm is

denoted by ‖H‖∞,e. For SISO systems this norm is equal

to the �1-norm while for MIMO systems

1√
nw

‖H‖1 ≤ ‖H‖∞,e ≤ √
nz‖H‖1

The LMI approach to �1 norm minimization is based on

minimizing ‖H‖∞,e using the following important result.

Lemma 3.1: [?], [?], [?] For a proper, stable FDLTI system

T (z) = D + C(zI −A)−1B
‖H‖2

∞,e ≤ ‖H‖2
∗ � V(α) = infα∈(0,1){η :� σ > 0} s.t⎛

⎝ασQ−1 0 CT

0 (η − σ)I DT

C D I

⎞
⎠ > 0 for Q > 0 satisfying

(8)

1
1 − α

AQAT −Q + BBT ≤ 0 (9)
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Moreover, V(α) is quasi-convex function for α ∈ (0, 1 −
ρ2(A)), where ρ(A) denotes the spectral radius of A.

Hence the �1- norm can be minimized by minimizing the

∗- norm (read star- norm) subject to conditions (8) and (9)

as the optimal ∗- norm is an upper bound on the optimal

�1- norm.

The next step is to convert these conditions into LMIs. This

is done by first working on condition (8) by performing a

congruence transformation with diag( I√
σ
, I√

σ
,
√

σ)⎛
⎜⎝

I√
σ

0 0
0 I√

σ
0

0 0
√

σ

⎞
⎟⎠

⎛
⎝ασQ−1 0 CT

0 (η − σ)I DT

C D I

⎞
⎠

⎛
⎜⎝

I√
σ

0 0
0 I√

σ
0

0 0
√

σ

⎞
⎟⎠ > 0

⇒

⎛
⎝αQ−1 0 CT

0 (η−σ)
σ DT

C D σ

⎞
⎠ > 0

(10)

Now performing the change of variables

µ =
η

σ
, ν = σ (11)

The original problem in Lemma 3.1 is transformed into the

following problem

‖H‖2
∗ = inf

α∈(0,1),ν>0,µ>0,Q>0
{η = µν} s.t. (12)

⎛
⎝αQ−1 0 CT

0 (µ − 1)I DT

C D ν

⎞
⎠ > 0

1
1 − α

AQAT −Q + BBT ≤ 0 (13)

With Q−1 = P , transforming (9) with a congruence with P
and using Schur’s complement and completion of squares

the ∗-norm minimization problem becomes

‖H‖2
∗ = inf

α∈(0,1),ν>0,µ>0,P>0
{η = µν} s.t. (14)

⎛
⎝αP 0 CT

0 (µ − 1)I DT

C D ν

⎞
⎠ > 0

⎛
⎝ −P PA PB
ATP (α − 1)P 0
BTP 0 −I

⎞
⎠ < 0 (15)

The objective function for the ∗-norm minimization is

still non-convex. This non-convex objective can be upper-

bounded by a convex objective function by noting that

µν ≤ µ2 + ν2 for µ > 0, ν > 0 (16)

Thus, minimizing µ2 + ν2 minimizes µν. Minimizing µ2 +
ν2 is equivalent to minimizing ϕ where

ϕ > µ2 + ν2 (17)

The condition specified by inequality (17) is convex and is

captured by the following LMI⎛
⎝ϕ µ ν

µ 1 0
ν 0 1

⎞
⎠ > 0 (18)

Hence, the new upper bound on the �1 norm is minimized

by solving the following semi-definite optimization problem

inf
α∈(0,1),P>0,ν>0,µ>0,ϕ>0

(ϕ) s.t. (19)

⎛
⎝αP 0 CT

0 (µ − 1)I DT

C D ν

⎞
⎠ > 0 (20)

⎛
⎝ −P PA PB
ATP (α − 1)P 0
BTP 0 −I

⎞
⎠ < 0 (21)

⎛
⎝ϕ µ ν

µ 1 0
ν 0 1

⎞
⎠ > 0 (22)

Note that the matrix inequalities are still nonlinear. This

problem is solved by doing a line search over α ∈ (0, 1).
For a fixed value of α the resulting LMI-optimization is

solved for P .

IV. LINEARIZATION THROUGH PROJECTION INTO A

HIGHER DIMENSIONAL SPACE

The LMIs derived above are called analysis LMIs as they

specify constraints on closed loop matrices. he design

problem however poses additional complications since the

introduction of the controller variables AK , BK , CK and

DK breaks down the linearity of the matrix inequalities as

these variables appear together with the Lyapunov matrix

P in a nonlinear fashion. This problem was solved by a

change of variables described in [?] that transforms the

original problem back into a convex LMI problem. Let n
be the number of states of the plant A and k be the order

of the controller and partition P and P−1 as follows

P =
(

Y N
N T ∗

)
, P−1 =

(
X M
MT ∗

)
(23)

where X and Y, are n × n and symmetric while N and

M, are k ×n where k is the order of the controller. Define

Π1 =
(

X I
MT 0

)
, Π2 =

(
I Y
0 N T

)
(24)

where P Π1 = Π2. The linearizing change of variables is

as follows:

Â � NAKMT + NBKCX + YBCKMT

+ Y(A + BDKC)X

B̂ � NBK + YBDK

Ĉ � CKMT + DKCX
D̂ � DK

(25)

For full row rank M and N and a given set of ma-

trices (Â,B̂,Ĉ,D̂,X and Y) the controller state matrices

(AK ,BK ,CK ,DK) can be recovered from equation (25). If

M and N are square (AK ,BK ,CK ,DK) are unique. Hence,

dynamic feedback design in the present context shall be

restricted to full-order controllers (n=k ) to keep the design

constraints convex.
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It is also possible to synthesize reduced order controllers.

However, the price to be paid is an additional non-convex

rank minimization constraint that is coupled with the design

constraints [?], [?], [?]. Some methods to deal with this

non-convex problem can be found in [?].

The following identities derived from equation (25) and (24)

validate the change of variables described in equation (25)

A(φ) � ΠT
1 (PA)Π1 = ΠT

2 AΠ1

=
(
AX + BĈ A + BD̂C

Â YA + B̂C

)
(26)

B(φ) � ΠT
1 (PBj) = ΠT

2 Bj =
(
Bj + BD̂Fj

YBj + B̂Fj

)
(27)

C(φ) � CjΠ1 =
(
CjX + EjĈ Cj + EjD̂C

)
(28)

P(φ) � ΠT
1 PΠ1 = ΠT

1 Π2 =
(
X I
I Y

)
(29)

φ above refers to the set (Â,B̂,Ĉ,D̂,XY). The identities

listed above are used to derive synthesis LMIs from the

analysis LMIs described in the last section. The analy-

sis LMIs are projected onto the φ space using suitable

congruence transformations involving the projection matrix

Π1 and ΠT
1 . The original LMIs with blocks P , PA,

PBj , Cj and Dj are transformed into LMIs with blocks

ΠT
1 PΠ1, ΠT

1 PAΠ1, ΠT
1 PBj , CjΠ1 and Dj . Using the

above identities new synthesis LMIs in the variables (Â,

B̂, Ĉ, D̂, X, Y ) and some auxiliary variables are obtained.

The congruence transformations for the �1-control LMIs are

given below:

⎛
⎝Q 0 CT

j

0 (µ − 1)I DT
j

Cj Dj ν

⎞
⎠ > 0 ⇐

⎛
⎝Π1 0 0

0 I 0
0 0 I

⎞
⎠

(30)⎛
⎝ −Q QA QBj

ATQ (α − 1)Q 0
BT

j Q 0 −I

⎞
⎠ < 0 ⇐

⎛
⎝Π1 0 0

0 Π1 0
0 0 I

⎞
⎠
(31)

V. EXAMPLE

One of the motivations to introduce this LMI approach

to �1 design comes from the need to develop a prin-

cipled approach to noise-shaping feedback coder design,

where time-frequency constraints appear naturally. A noise-

shaping feedback coder uses a quantizer in a feedback

loop to code information continuous in magnitude in the

form of a digital word. The controller (or noise-shaping

filter) imposes a high pass spectrum on the quantization

noise thereby moving artifacts produced by the digitization

process into high frequencies. Since this coder is followed

by a low-pass filter it provides an effectively was to remove

quantization noise. For simplicity the quantizer will be

modelled as additive white noise as shown in Figure ??.

The objective is to design a noise-shaping filter (i.e., a

controller) to push the quantization noise energy into the

KWr

uWeW

-
r e u

d

z z1 2

P

Fig. 2. Feedback Structure

high frequency spectrum. At the same time saturation of the

quantizer must be prevented. These mixed time-frequency

specifications can be effectively captured within the LMI

framework.

In this example only a pure �1 design will be shown. The

error signals to be minimized are the weighted tracking

error, z1 = e, and the controller output, z2 = u , which

is the input to the quantizer, i.e., the plant. The exogenous

inputs to the generalized plant are the reference signal

into the coder, w1 = r, and the white noise disturbance

(modelling the quantizer) whose effect on the closed loop

response we wish to minimize w2 = d. The sampling

frequency is 1 MHz and the reference input bandwidth 100
KHz. To model the input signal the following shaping filter

was used

Wr(z) =
0.46651z

z − 0.5335

The tracking error was penalize at low frequencies through

the following dynamic weight

We(z) =
0.2696z

z − 0.7304
,

Similarly, the control effort was penalized at high frequen-

cies through the weight

Wu(z) =
0.5217(z − 0.9397)

z − 0.0.001867
.

Combining these weights with the plant dynamics and the

projection formulas listed earlier the following state-space

realization for the generalized was obtained:

A =

⎛
⎝0.5335 0 0

0.2214 0.7304 0
0 0 0.0019

⎞
⎠

Bw =

⎛
⎝0.4989 0

0.2070 −0.4438
0 0

⎞
⎠

Cz =
(

0.1345 0.4438 0
0 0 −0.6995

)

Dzw =
(

0.1258 −0.2696
0 0

)
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B =

⎛
⎝ 0
−0.4438
0.6995

⎞
⎠ C =

(
0.4989 0 0

)

Dz =
(
−0.2696
0.5217

)
Dw =

(
0.4665 −1.0

)

The MATLAB LMI Toolbox [?] was used to implement the

synthesis LMIs.

A pure �1 design involves a sequence of LMI optimizations

for a fixed α and a scalar minimization over α. It was found

that the controller that minimizes the �1-norm from w to z
corresponds to α = 0.46 where the upper bound on the

∗-norm is minimum. The transfer function of the controller

corresponding to this value of α was

K(z) =
0.25669(z + 0.9816)(z − 0.472)(z − 0.001867)

(z − 0.08013)(z − 0.7304)(z − 0.4962)

and the actual �1-norm achieved was 0.64.

The minimization of the ∗-norm objective over α is captured

by Figure 3. This figure compares the non-convex objective

representing the ∗-norm with its convex upper bound as a

function of α. Figure 3 shows the gap between the two ob-

jective functions and thus illustrates the conservative nature

of this new �1-design procedure. However, the simplicity of

the implementation makes it a practical procedure for �1-

control synthesis. Furthermore, the real advantage of this

approach becomes evident when the proposed simplified

�1-norm LMIs are used in conjunction with H∞ and

H2 design constraints thus making the mixed-norm design

process simpler to implement and understand. [?].
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Fig. 3. Objective functions vs. α

VI. CONCLUSION

In this paper a new LMI for the design of controllers subject

to �1-norm constraints has been presented. The advantage

of this LMI is that it simplifies the implementation of the

design algorithm and facilitates its integration in multiobjec-

tive controller design problems where a convex combination

of different norms is optimized. The simplicity comes at

the expense of some additional conservativeness since a

non-convex objective function is approximated by a convex

upper bound.

1792


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


