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Abstract—For discrete-time linear systems with inputs con-
straints, we characterize the the generalized stability region
and give an algorithm to £nd the facet of this region. we
show that there exists a £nite horizon such that the in£nite
horizon constrained LQR problem can turns to a £nite horizon
constrained LQR problem and give an upper bound of this
horizon for any given initial state, we also given an upper
bound of this £nite horizon for all initial states inside the
stability region.

I. INTRODUCTION

Nowadays, the discrete-time linear systems with con-
straints are probably the most important class of systems in
practice due to the fast development of computer and the its
application in control area. It’s known that global stability
is not guaranteed in the presence constrained input. There
has been a lot of effort to characterize the null controllable
reigon since Desoer and Wing [2], most of this literature
[4], [7], [9] focus on linear programming and projection
algorithms. A simple result is given in this paper which is
similar to the algorithm given by Anes Jamak [6].

Model predictive control (MPC) are popularly used to
study the constrained multivariable control problems [5],
[1], [11], [12]. Finite moving horizon policies were used
in these literatures. But the stability of MPC is very com-
plicated and not easy to investigate. On the other hand, if
the £nite horizon tends to infnite horizon, the stability can
be ensured but solving such an infnite constrained problem
is generally impracticable. Fortunately, it has been shown
that for a given initial state,theinfnite horizon constrained
LQR problem can equal to a £nite horizon constrained LQR
problem. We will given an upper bound of this £nite horizon
for a given initial state and compute an upper bound for
every state in the given null controllable region.

II. CONTROLLABLE REGION

Consider the linear system
x(k+1) = Az(k) + Bu(k) ()

where x(k) € R™ is the state vector and u(k) € R™ is
the control input which is constrained by [jul| < 1. We
assume that (A, B) is controllable. A control signal u is
said to be admissible if it satisfes the above constraints.

De£nition 1 A state x is said to be K-step null-controllable
if there exists an admissible control such that the time
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response z of (1) with initial condition x(0) = z( satisfes
x(K) = 0. The set of all K-step null-controllable states is
called the K-step null-controllable region and is denoted by
Ck (A, B).

Def£nition 2 A state xo is said to be null-controllable
if there exists an admissible control such that the time
response x of (1) with initial condition z(0) = =z
satisfes lim x(k) = 0. The set of all null-controllable states

is callegﬁtﬁ% null-controllable region and is denoted by
C(A, B).
In more general case, denote a neighborhood of the origin
by

Ops ={x:2'Px <d}.

Defnition 3 A state x( is said to be K-step Op;-
controllable if there exists an admissible control such that
the time response x of (1) with initial condition z(0) =
xo satisfes x(K) € Opgs. The set of all K-step Ops-
controllable states is called the K-step Op s-controllable
region and is denoted by Cx (A, B,Op).

Proposition 1 The K-step null-controllable region is
given by

K—-1
Cr(A,B) = {— > AT Bu(i) : Ju(i)| < 1} (3)
=0

the null-controllable region is given by

C(A,B) = {— ZA’i’lBu(i) u@)] < 1}
1=0
C C

and C1(A4,B) C C3(A,B) C ---
C(A, B).

By carrying out a similarity transformation if necessary,
we may assume that A and B are of the form

B Ay O (n1+n2)x(n1+n2)
A - |: O A2 :| € R

. Bl (n1+nz)xm
B = [ By } eER

with A; having all eigenvalues outside the unit circle,
As having all eigenvalues on or inside the unit circle.
It’s known that the null-controllable region is given by
C(A,B) =C(Ay,B1) ®R™ and C(A;, By) is a bounded
convex subset in R™!. Therefore we will only focus on
the anti-stable part and assume that A has all eigenvalues
outside the unit circle.
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Denote Ops(K) =
OR(;(K) = AiKORg.
Proposition 2 The K-step Opgs-controllable region is
given by

Ck(A,B,0ps) = Ops(K) +Cr(A,B).

{z:a/(A)KPARz < §}. Then

and
Klim CK(A,B,OR(;) = C(A,B)

Proof: Let g € Cx (A, B,Op;). Then there exists z(K) €
Op,s such that
K-1
2(K) = ARzo+ > AT Bu(i)
i=0

for some |u(i)| < 1. It is equivalent to
K-1
wg = A"Ka(K) = > A7 Bufi).
=0

Hence

Ck(A,B,Ops) = A XOps+Ck(A B)
— Ops(K) +Cx(A,B).

Also note that limg_,.o A~¥ =0, so we have
Klim CK(A, B, OPJS)
= lim A ®O0ps+ lim Cx(A,B)
K—oo

K—o0

= C(A,B).

Since A has all its eigenvalues outside the unit
circle, Ck (A, B) exponentially converges to C(A, B),
and for practical application, there always has a ’large
enough’ K such that C'x (A, B) is a good approximation
of C(A,B) and in general, K will between 10 and
30. From proposition 2, Ck (A, B) acts the important
role in characterizing Cx(A,B,Ops) and it is also a
good approximation of Cx (A, B, Op) for ’large enough’
K. So, we will mainly focus on how to describe Cx (A, B).

From (3),we get that
Ck(A,B) ={TkVk} =TgVxc

Where
Ty = [, 4B YK AiB AKpB ]
= [t t2 tmk |
Au(0) vy
Au(l) )
VK = . = ,|’Ui‘ § 1.
Au(K —1) UmK

It’s easy to see that Vi is an m K -dimensional polytope.
Ck (A, B) can be represented as a projection of Vg and
Ck (A, B) is a n—polytope in R".

A. Vertex Representation of Null-Controllable region

Proposition 2 Every polytope is the convex hull of its
vertices: P = conv(vert(P)), every polytope is the inter-
section of its facet-defning half-spaces: P = P(F,z) =
{xER”:FISZ}WithF:[fl fo fk]TE
RExn 2 = [ 21 2 2k ]T € RF and each
inequality represents one facet of P.

For any vector f € R™, defne v;(f) = sign(f7t;) for
all i =1,...,mK and X(f) = X7 ty0,(f) = T Vi (f).

Theorem 2.1: (Vertex Representation) The K-step null-
controllable region satis£es

Ck(A,B) =conv{X(f): feR" | fll, =1}.
Proof : For any normal vector f € R", H = {x € R" :
fT2 = a} is a hyperplane in R™. Let

M =max{fTz:z €Ck(A, B)},

then F = {x € Cx(A,B) : ffa = M} is a face of
Ck (A, B). Let dim(F) = k then F is a vertex for k = 0,
an edge for k = 1 and a facet for k =n — 1.

For each point © € Cx (A, B), we have © = Tk Vi for
some appropriate choice of Vi so we can get

M = max{fTr:2¢€Ck(A B)} = n‘l/axfTTKVK
K

mK
= max Y (f7t;)v;.
Vst
The maximum is achieved by letting v; = sign(f7't;) for all
i =1,...,mK. Then X(f) = Z:’;If t;v; satisfes X(f) €
Cx(A,B) and fTX(f) = M, so X(f) € F. In fact, X(f)
is a vertex of Cx (A, B) almost for all normal vector f
except that f is orthogonal to some face of Cx (A, B), in
this case X (f) is one point on that face and f satisfes:
fTt; =0 for some i € [1,...,mK].
By proposition 3,

Cr (A, B) = comv{X(f): f €R"[[fll, =1}.

Algorithm to £nd all vertices :
Theorem 2.1 gives us a way to £nd all the vertices of
Ck (A, B). Let Vp = vert(Cx (A, B)) be the collection of
all vertices of Cx (A, B), we will give the set P in the
following algorithm using pseudo code.
Pseudo code function: Vp = vert(Tk)

1. Set Vp = 0.

2. for all normal vector f
If fTt; A0 foralli=1,..,mK
Let v; = sign(fTt;)
Let X (f) = S/ tivg;

If X(f) ¢ Vp then
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add X(f) to Vp;
End if;

End for.

B. Facial Representation of Null-Controllable region

Although we can get the vertex presentation of Cx (4, B),
it is a very hard task to calculate for all normal vectors
especially in high dimensional space and not very easy to
test whether a given x( belongs to Cx (A, B) or not. On
the other hand, by proposition 3, if we can get the facial
presentation Cx (A, B) = P(F,z) = {&x € R" : Fa < z},
it is very simple to characterize Cx (A, B) by inequalities.

Note that for any facet F of Cx (A, B) with outer normal
f,let M = max{fTx: 2 € Cx(A, B)}, it satisfes

F={xeCx(A,B): fTo =M}, dim(F)=n—1.
De£ne

1, thi >0
v; = —1, thi <0
i, Vg <1, fTt; =0
and let n, be the number of ¢; such that f7¢; = 0, then
mK
M = Zthﬂ)i
i=1
mK—-n_
SRR TS SRS 3

Since dim(F) = n — 1, the outer normal f is orthogonal
to at lest n — 1 vectors from Tk and n;, > n — 1. This
gives us a way to £rst £nd all candidate outer normal and
then to check which candidate vector is really an outer
normal of some facet of Cx (A, B). A similar algorithm is
given by Anes Jamak in his master thesis, which is a little
bit complex and mainly focus on single input case.

Algorithm to £nd facet :

Let F = F(F,z) = {z € R® : Fxz < z} be the collection
of all facets of Cx (A, B), we will give the matrix pair
(F, z) in the following algorithm using pseudo code.

Pseudo code function: (F, z) =
l.Set F=[];z=1]
2. Generate all combinations of n — 1 vectors from the
set Tk, note that there are Cﬁ;{l combinations.
Denote these combinations as

W=t tio
3.Fori=1to C"}}
If rank(W;) =n — 1 then

Find a vector f which is orthogonal to W; and
normalize f;

Let M =" szgn(thi)thi;

facet(Tk )

n—1
,Crxe

If f is not already included as a row in the

matrix I’ then F
z
SetF_|:fT:|’Z_|:M:|7

End If;
End If;
End For.

wsare] B ]ee]]

III. CONSTRAINED LQR CONTROLLER DESIGN

For any initial point 2o € Cx (A, B), we want to £nd
a control sequence u which solves the constrained linear
quadratic regulation (CLQR)problem

Voo(zo) = min {Z[@"T@Qx(i) + uT<z')Ru(z')]} :
A oy
.T(O) = Zo,
z(i+1) = Az(i) + Bu(i),
lu(i)] < 1.

The weighting matrices (), R are symmetric with R >
0,Q > 0. It’s well known that the unconstrained linear
quadratic regulation problem has solution K = Krq with

Kio=—(R+B"PB)"'BTPA

P=ATPA+Q - (ATPB)(R+ BTPB)"Y(BTPA)

and the minimum cost is given by xJ Px. But in general,
the in£nite horizon CLQR problem is not directly solvable.
Note that

Voo(zg) = min i[mT(z)Qx(z)qLuT(z)Ru(z)}
u(0),...

i=0

u(0),...

N-1
= min {Z[xT(i)Qx(i) +u' (i) Ru(i)]
=0

+ > 2" ()Qx() + uT(i)Ru(i)]}

i=N

By the optimal principle, if we can guarantee that the input
do not violate the constraints for all u(k),k > N, then the
controller is

u(i) = Kpox(i),i > N

and
Vool(z(N)) = H(ljlvn){i[x (1)Q(i) ()Ru(i)]}
= xT(N)lI;w(N)y
N
Vaolo0) =) Pi0 1){20
+  u'(i)Ru(i)] + 2" (N)Pz(N)} .

If this is the case, then the in£nite horizon CLQR problem
turns to a £nite horizon CLQR problem which is solvable.
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In fact, for every given xg € Ck(A, B), there exits a
£nite number N such that the above equation holds. This
result was proved by Chmielewski and Manousiouthakis
(1996),Scokaert and Rawlings(1998). But they only gave
a regrussive algorithm to £nd such number by computing
the £nite horizon value function for increasing values of
N until it satisfes certain conditions.

We want to £nd an upper bound of the number N
for any given initial state 2y and £nd an upper bound on
N for the null-controllable region Cx (A, B).

In order to satisfy the constraints under the controller
u(i) = Kpowx(i) for ¢ > N, we must have |u(i)] =
|Kroz(i)] <1,i> N.

Let X = {z € R": |Kpqz| <1} be the set of states
such that the unconstrained LQ gain K is feasible. It’s
obvious that X is a polytope defned by a set of linear
inequalities of the form K,z < §;,i=1,...,n.

In order to guarantee that the input do not violate the
constraints for all w(4),4 > N under the unconstrained LQ
controller u(i) = Krgz(i),i > N, we need to £nd an
invariant subset of X'.

Recall that Op s = {z € R" : 27 Pz < 6}, let
Omaz =max{6: Ops C X},

then Ops, . is the largest invariant subset of X, 0,;,4, can
be determined analytically as

Omaz = min ﬁ (12)
ma =17 szilKZT

Lemma 1 Let v = {2'Qz : 2’ Pz = 4, } then the mini-

mum value of v is given by Yimin = dmaz0(Q, P), where

o(Q, P) is the minimal generalized eigenvalue of () with

respect to P.

Proof: Let

s
TYmin = NINT QLU
T

st. 2’Pr = dmae-

By Kuhn-Tucker Theorem, at the optimal point z,, we have

d@'Qz)| ) d(a' Px)

e =0.

Zo

Zo r

Which gives
Qx, — APz, = 0.

So, A and z,, are the generalized eigenvalue and correspond-
ing eigenvector of (Q, P).

Let o(Q, P) denote the minimum generalized eigenvalue of
(Q, P), note that @ > 0, P > 0, so does o(Q, P).

Then, we can get the minimum value of ~y as:

Ymin = m;on = Q(Qa P)l’;PiBO = 5ma$g(Q7P)

For any given initial state g € Cx (A, B), we £rst solve
the constrained £nite horizon problem

Vi (xo) =
=0
+  u'(i)Ru(i)] + 2" (K)Pz(K)} .

K-—1
u(O),Tir(lK_l) { Z [z (1) Qux(4)

Note that we can control x( to the origin in K steps, this
problem is always meaningful and Vo, (zo) < Vi (x0).

Theorem 3.1: For a given xg, the upper bound of N such

that Vo (z9) = Vi (x0) is given by

-V

N < K (20) '

Tmin

Proof: Assume we already get the optimal solution of
the constrained in£nite horizon problem and let the optimal
state trajectory be { z,(1) x,(2) z,(3) .. }.
Denote the step that the optimal trajectory £rst come into
Ops by N, then we have

Vi (w0) = Voo (20) < Vi (20).

max

Note that

2.<‘j

(o)

P (23 (1) Qo (i) + 1, () Ruo(i)] + x5 (N) Pro(N)

Zwﬂ
|
<

> xf(z)Qazo(z) > NYmin.

i

I
o

So, we can get

NYmin < Vi(20)
or N < Vi (o) .
Ymin

Note that for different given zo € Cx (A, B), there exists
different £nite number N such that the infnite horizon
CLQR problem turns to a £nite horizon CLQR problem
which is solvable. We next give an algorithm to compute
an upper-bound N for every point 7y € Cx (A, B). Assume
we already know all vertices (say N,) of Cx (A, B).

Algorithm to compute the upper-bound N
step 1. For each vertex z; € P
1.1 Solve CLQR problem (16) and get Vi (z;).
1.2 Set N; = Yz,
end for. .
step 2. Let N = max{N;,i=1,...,N,} be the upper-
bound.

Theorem 3.2: N given by the above algorithm is an
upper-bound for every z¢ € Cx (A, B) such that the infnite
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horizon CLQR problem (9) turns to a £nite horizon CLQR
problem (11) which is solvable.

Proof : Let x be a point on some facet F of Cx (A, B) and
Z1,%2,...,%Tn, are the vertices of the facet F, then

nr

xr = E ;5
i=1

for some 0 < ; <1,i=1,...,nz and Y .7 a; = 1. By
the above algorithm, for each z;, there exists /V; and feasible
control sequence u;(0),u;(1),...,u;(N; — 1) which solve
CLQR problem (11) and x;(N; ) ez

Ymaz*

Let NF = max {N;,i =1,...,nz}, set
ugy(k) = nzfaiui(k)
i=1
I's easy to see that z;(Ng) € Z, = and

{us(k),k=0,...,Nrp—1} is also a feasible control
sequence. Apply this control sequence to x, we can get
z(Nr)
_ N‘F_l _
= ANV Tlp g Y ANTTET By (k)
k=0
Nr—1
— ANF- 1204 z; + Z ANF—k— lBZalul
Ny—1
= Zal ANF— Lo, + Z ANF—k= ! Bu, (k)
i=1 k=0
nr _
= Zaixz(Nf
i=1
€ 2y

So, Ny = max {N;,i=1,...,nx} is an upper-bound of
all x on the facet F. Note that for any z¢ € Cx (A, B),
there exists some p with 0 < p < 1 such that p~ 'z is on
some facet F of Cx (A, B) and p~tzg = > 17, ayw;. Set

N = max{N;i=1,...,N,}
nry
PZ aiu; (k)
i=1
where u;(k) is defned in (18). We can get
zo(N)

Uy, (k) = 0<k<N,

N-1
Yoo + Z AN By, (k)
k=0

— AN-

N-— nr
= AN 1 p 1x0 Z N k—lBZaiui(k))
k=0 =
nr

py_ airi(N)
i=1

€ pZ

Ymaz *

So, N = max{N;,i=1,...,N,} is an upper-bound for
every xg € Cx (A, B) such that the infnite horizon CLQR
problem (9) turns to a £nite horizon CLQR problem (11)
which is solvable. W

IV. EXAMPLE

In this section, we consider the antistable second order
system

m%+U:[? gkwmwog}]mm
[ 35

0.1 0.05 10
Q:[Q% 01}R=[01}7
we can get

Ko~ |

The controllable region Cs, C1g, Cao,Cso are given in Fig
1, it can be seen that Cyy is a good approximation of

C(A, B).

with 2o = 1.3 17, |lull,, < 1. Set

1.08
-0.97

4.80

2.95 —8.21

—1.26 —8.21
|-P=[ 55 6o |

Null Controllable Region of C,.C, .C,.C,,

2 T T T T T

05

Fig. 1. Null Controllable Region of Cs,C10,C20,C30

The saturated region under the unconstrained LQR con-
troller K7, and the maximum invariant set are given in Fig
2. The states trajectory and control signals are given in Fig
3.

V. CONCLUSION

For discrete-time linear systems with inputs amplitude
constraints, we characterize the the generalized stability
region and give an algorithm to £nd the facet of this region.
we show that there exists a £nite horizon such that the
infnite horizon constrained LQR problem can turns to the
£nite horizon constrained LQR problem and give an upper
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Saturated Region under Ka

4
2 T T T 4l
[5]
15F 1
1+ . [6]
o, 7]
05 4
8
oL K <1 | [8]
[9]
-05F 4
[10]
b 4
[11]
-15F -
[12]
-2 L L L L L L L L L
-5 -4 -3 -2 -1 0 1 2 3 4 5
Fig. 2. Saturated Region under K7, and the maximum invariant set
Time Response of Example under CLQR Controller
4 15
3
1
X2 <
05
1
0 0
0 5 10 15 20 0 5 10 15 20
time time
0 0
-02 -02
-0.4 -0.4
- «
-06 -06
-08 -08
-1 -1
0 5 10 15 0 5 10 15
time time
Fig. 3. The states trajectory and control signals

bound of this horizon for any given initial state, we also
given an upper bound of this £nite horizon for all initial

state

[1]

[2]
[3]

s inside the stability region.
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