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Abstract— For discrete-time linear systems with inputs con-
straints, we characterize the the generalized stability region
and give an algorithm to £nd the facet of this region. we
show that there exists a £nite horizon such that the in£nite
horizon constrained LQR problem can turns to a £nite horizon
constrained LQR problem and give an upper bound of this
horizon for any given initial state, we also given an upper
bound of this £nite horizon for all initial states inside the
stability region.

I. INTRODUCTION

Nowadays, the discrete-time linear systems with con-
straints are probably the most important class of systems in
practice due to the fast development of computer and the its
application in control area. It’s known that global stability
is not guaranteed in the presence constrained input. There
has been a lot of effort to characterize the null controllable
reigon since Desoer and Wing [2], most of this literature
[4], [7], [9] focus on linear programming and projection
algorithms. A simple result is given in this paper which is
similar to the algorithm given by Anes Jamak [6].

Model predictive control (MPC) are popularly used to
study the constrained multivariable control problems [5],
[1], [11], [12]. Finite moving horizon policies were used
in these literatures. But the stability of MPC is very com-
plicated and not easy to investigate. On the other hand, if
the £nite horizon tends to in£nite horizon, the stability can
be ensured but solving such an in£nite constrained problem
is generally impracticable. Fortunately, it has been shown
that for a given initial state,thein£nite horizon constrained
LQR problem can equal to a £nite horizon constrained LQR
problem. We will given an upper bound of this £nite horizon
for a given initial state and compute an upper bound for
every state in the given null controllable region.

II. CONTROLLABLE REGION

Consider the linear system

x(k + 1) = Ax(k) + Bu(k) (1)

where x(k) ∈ R
n is the state vector and u(k) ∈ R

m is
the control input which is constrained by ‖u‖∞ ≤ 1. We
assume that (A,B) is controllable. A control signal u is
said to be admissible if it satis£es the above constraints.
De£nition 1 A state x0 is said to be K-step null-controllable
if there exists an admissible control such that the time
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response x of (1) with initial condition x(0) = x0 satis£es
x(K) = 0. The set of all K-step null-controllable states is
called the K-step null-controllable region and is denoted by
CK(A,B).
De£nition 2 A state x0 is said to be null-controllable
if there exists an admissible control such that the time
response x of (1) with initial condition x(0) = x0

satis£es lim
k→∞

x(k) = 0. The set of all null-controllable states

is called the null-controllable region and is denoted by
C(A,B).
In more general case, denote a neighborhood of the origin
by

OP,δ = {x : x′Px ≤ δ} .

De£nition 3 A state x0 is said to be K-step OP,δ-
controllable if there exists an admissible control such that
the time response x of (1) with initial condition x(0) =
x0 satis£es x(K) ∈ OP,δ . The set of all K-step OP,δ-
controllable states is called the K-step OP,δ-controllable
region and is denoted by CK(A,B,OP,δ).

Proposition 1 The K-step null-controllable region is
given by

CK(A,B) =

{
−

K−1∑
i=0

A−i−1Bu(i) : |u(i)| ≤ 1

}
(3)

the null-controllable region is given by

C(A,B) =

{
−

∞∑
i=0

A−i−1Bu(i) : |u(i)| ≤ 1

}

and C1(A,B) ⊆ C2(A,B) ⊆ · · · ⊆ CK(A,B) ⊆ · · · ⊆
C(A,B).

By carrying out a similarity transformation if necessary,
we may assume that A and B are of the form

A =
[

A1 0
0 A2

]
∈ R

(n1+n2)×(n1+n2)

B =
[

B1

B2

]
∈ R

(n1+n2)×m

with A1 having all eigenvalues outside the unit circle,
A2 having all eigenvalues on or inside the unit circle.
It’s known that the null-controllable region is given by
C(A,B) = C(A1, B1) ⊕ R

n2 , and C(A1, B1) is a bounded
convex subset in R

n1 . Therefore we will only focus on
the anti-stable part and assume that A has all eigenvalues
outside the unit circle.
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Denote OP,δ(K) =
{
x : x′(A′)KPAKx ≤ δ

}
. Then

OP,δ(K) = A−KOP,δ .
Proposition 2 The K-step OP,δ-controllable region is
given by

CK(A,B,OP,δ) = OP,δ(K) + CK(A,B).

and
lim

K→∞
CK(A,B,OP,δ) = C(A,B).

Proof: Let x0 ∈ CK(A,B,OP,δ). Then there exists x(K) ∈
OP,δ such that

x(K) = AKx0 +
K−1∑
i=0

AK−i−1Bu(i)

for some |u(i)| ≤ 1. It is equivalent to

x0 = A−Kx(K) −
K−1∑
i=0

A−i−1Bu(i).

Hence

CK(A,B,OP,δ) = A−KOP,δ + CK(A,B)
= OP,δ(K) + CK(A,B).

Also note that limK→∞ A−K = 0, so we have

lim
K→∞

CK(A,B,OP,δ)

= lim
K→∞

A−KOP,δ + lim
K→∞

CK(A,B)

= C(A,B).

Since A has all its eigenvalues outside the unit
circle, CK(A,B) exponentially converges to C(A,B),
and for practical application, there always has a ’large
enough’ K such that CK(A,B) is a good approximation
of C(A,B) and in general, K will between 10 and
30. From proposition 2, CK(A,B) acts the important
role in characterizing CK(A,B,OP,δ) and it is also a
good approximation of CK(A,B,OP,δ) for ’large enough’
K. So, we will mainly focus on how to describe CK(A,B).

From (3),we get that

CK(A,B) = {TKVK} = TKVK

Where

TK = −[
∑K

i=1 A−iB
∑K

i=2 A−iB · · · A−KB ]

= [ t1 t2 · · · tmK ]

VK =

⎡
⎢⎢⎢⎣

�u(0)
�u(1)

...
�u(K − 1)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

v1

v2

...
vmK

⎤
⎥⎥⎥⎦ , |vi| ≤ 1.

It’s easy to see that VK is an mK-dimensional polytope.
CK(A,B) can be represented as a projection of VK and
CK(A,B) is a n−polytope in R

n.

A. Vertex Representation of Null-Controllable region

Proposition 2 Every polytope is the convex hull of its
vertices: P = conv(vert(P)), every polytope is the inter-
section of its facet-de£ning half-spaces: P = P(F, z) =
{x ∈ R

n : Fx ≤ z} with F =
[

f1 f2 · · · fk

]T ∈
R

k×n , z =
[

z1 z2 · · · zk

]T ∈ R
k and each

inequality represents one facet of P .
For any vector f ∈ R

n, de£ne vi(f) = sign(fT ti) for
all i = 1, ...,mK and X(f) =

∑mK
i=1 tivi(f) .= TKVK(f).

Theorem 2.1: (Vertex Representation) The K-step null-
controllable region satis£es

CK(A,B) = conv {X(f) : f ∈ R
n, ‖f‖2 = 1} .

Proof : For any normal vector f ∈ R
n, H = {x ∈ R

n :
fT x = a} is a hyperplane in R

n. Let

M = max{fT x : x ∈ CK(A,B)},
then F = {x ∈ CK(A,B) : fT x = M} is a face of
CK(A,B). Let dim(F) = k then F is a vertex for k = 0,
an edge for k = 1 and a facet for k = n − 1.

For each point x ∈ CK(A,B), we have x = TKVK for
some appropriate choice of VK so we can get

M = max{fT x : x ∈ CK(A,B)} = max
VK

fT TKVK

= max
vi

mK∑
i=1

(fT ti)vi.

The maximum is achieved by letting vi = sign(fT ti) for all
i = 1, ...,mK. Then X(f) =

∑mK
i=1 tivi satis£es X(f) ∈

CK(A,B) and fT X(f) = M , so X(f) ∈ F . In fact, X(f)
is a vertex of CK(A,B) almost for all normal vector f
except that f is orthogonal to some face of CK(A,B), in
this case X(f) is one point on that face and f satis£es:
fT ti = 0 for some i ∈ [1, ...,mK].

By proposition 3,

CK(A,B) = conv {X(f) : f ∈ R
n, ‖f‖2 = 1} .

Algorithm to £nd all vertices :
Theorem 2.1 gives us a way to £nd all the vertices of
CK(A,B). Let VP = vert(CK(A,B)) be the collection of
all vertices of CK(A,B), we will give the set P in the
following algorithm using pseudo code.
Pseudo code function: VP = vert(TK)

1. Set VP = ∅.

2. for all normal vector f

If fT ti �= 0 for all i = 1, ...,mK

Let vi = sign(fT ti)

Let X(f) =
∑mK

i=1 tivi;

If X(f) /∈ VP then
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add X(f) to VP ;

End if;

End for.

B. Facial Representation of Null-Controllable region

Although we can get the vertex presentation of CK(A,B),
it is a very hard task to calculate for all normal vectors
especially in high dimensional space and not very easy to
test whether a given x0 belongs to CK(A,B) or not. On
the other hand, by proposition 3, if we can get the facial
presentation CK(A,B) = P(F, z) = {x ∈ R

n : Fx ≤ z},
it is very simple to characterize CK(A,B) by inequalities.

Note that for any facet F of CK(A,B) with outer normal
f , let M = max{fT x : x ∈ CK(A,B)}, it satis£es

F = {x ∈ CK(A,B) : fT x = M},dim(F) = n − 1.

De£ne

vi =

⎧⎨
⎩

1, fT ti > 0
−1, fT ti < 0
αi, ∀|αi| ≤ 1, fT ti = 0

and let n⊥ be the number of ti such that fT ti = 0, then

M =
mK∑
i=1

fT tivi

F =

⎧⎨
⎩x :

mK−n⊥∑
i=0

tivi +
n⊥∑
j=1

αjtj

⎫⎬
⎭

Since dim(F) = n − 1, the outer normal f is orthogonal
to at lest n − 1 vectors from TK and n⊥ ≥ n − 1. This
gives us a way to £rst £nd all candidate outer normal and
then to check which candidate vector is really an outer
normal of some facet of CK(A,B). A similar algorithm is
given by Anes Jamak in his master thesis, which is a little
bit complex and mainly focus on single input case.

Algorithm to £nd facet :
Let F = F(F, z) = {x ∈ R

n : Fx ≤ z} be the collection
of all facets of CK(A,B), we will give the matrix pair
(F, z) in the following algorithm using pseudo code.

Pseudo code function: (F, z) = facet(TK )
1. Set F = [ ]; z = [ ].
2. Generate all combinations of n − 1 vectors from the

set TK , note that there are Cn−1
mK combinations.

Denote these combinations as

Wi =
[

ti1 ti2 · · · tin
]
, i = 1, 2, · · · , Cn−1

mK .

3. For i = 1 to Cn−1
mK

If rank(Wi) = n − 1 then
Find a vector f which is orthogonal to Wi and

normalize f ;
Let M =

∑mK
i=0 sign(fT ti)fT ti;

If f is not already included as a row in the
matrix F then

Set F =
[

F
fT

]
, z =

[
z
M

]
;

End If;
End If;

End For.

4. Set F =
[

F
−F

]
, z =

[
z
z

]

III. CONSTRAINED LQR CONTROLLER DESIGN

For any initial point x0 ∈ CK(A,B), we want to £nd
a control sequence u which solves the constrained linear
quadratic regulation (CLQR)problem

V∞(x0) = min
u(0),...

{ ∞∑
i=0

[xT (i)Qx(i) + uT (i)Ru(i)]

}
,

x(0) = x0,

x(i + 1) = Ax(i) + Bu(i),
|u(i)| ≤ 1.

The weighting matrices Q,R are symmetric with R >
0, Q ≥ 0. It’s well known that the unconstrained linear
quadratic regulation problem has solution K = KLQ with

KLQ = −(R + BT PB)−1BT PA

P = AT PA + Q − (AT PB)(R + BT PB)−1(BT PA)

and the minimum cost is given by xT
0 Px0. But in general,

the in£nite horizon CLQR problem is not directly solvable.
Note that

V∞(x0) = min
u(0),...

{ ∞∑
i=0

[xT (i)Qx(i) + uT (i)Ru(i)]

}

= min
u(0),...

{
N−1∑
i=0

[xT (i)Qx(i) + uT (i)Ru(i)]

+
∞∑

i=N

[xT (i)Qx(i) + uT (i)Ru(i)]

}

By the optimal principle, if we can guarantee that the input
do not violate the constraints for all u(k), k ≥ N , then the
controller is

u(i) = KLQx(i), i ≥ N

and

V∞(x(N)) = min
u(N)

{ ∞∑
i=N

[xT (i)Qx(i) + uT (i)Ru(i)]

}

= xT (N)Px(N),

V∞(x0) = min
u(0),...,u(N−1)

{
N−1∑
i=0

[xT (i)Qx(i)

+ uT (i)Ru(i)] + xT (N)Px(N)
}

.

If this is the case, then the in£nite horizon CLQR problem
turns to a £nite horizon CLQR problem which is solvable.
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In fact, for every given x0 ∈ CK(A,B), there exits a
£nite number N such that the above equation holds. This
result was proved by Chmielewski and Manousiouthakis
(1996),Scokaert and Rawlings(1998). But they only gave
a regrussive algorithm to £nd such number by computing
the £nite horizon value function for increasing values of
N until it satis£es certain conditions.

We want to £nd an upper bound of the number N
for any given initial state x0 and £nd an upper bound on
N for the null-controllable region CK(A,B).

In order to satisfy the constraints under the controller
u(i) = KLQx(i) for i ≥ N , we must have |u(i)| =
|KLQx(i)| ≤ 1, i ≥ N .

Let X = {x ∈ R
n : |KLQx| ≤ 1} be the set of states

such that the unconstrained LQ gain KLQ is feasible. It’s
obvious that X is a polytope de£ned by a set of linear
inequalities of the form Kix ≤ βi, i = 1, . . . , n̄.

In order to guarantee that the input do not violate the
constraints for all u(i), i ≥ N under the unconstrained LQ
controller u(i) = KLQx(i), i ≥ N , we need to £nd an
invariant subset of X .

Recall that OP,δ =
{
x ∈ R

n : xT Px ≤ δ
}

, let

δmax = max {δ : OP,δ ⊂ X} ,

then OP,δmax
is the largest invariant subset of X , δmax can

be determined analytically as

δmax = min
i=1,...,n̄

|βi|2
KiP−1KT

i

. (12)

Lemma 1 Let γ = {x′Qx : x′Px = δmax} then the mini-
mum value of γ is given by γmin = δmaxσ(Q,P ), where
σ(Q,P ) is the minimal generalized eigenvalue of Q with
respect to P .
Proof: Let

γmin = min
x

x′Qx

s.t. x′Px = δmax.

By Kuhn-Tucker Theorem, at the optimal point xo, we have

d(x′Qx)
dx

∣∣∣∣
xo

− λ
d(x′Px)

x

∣∣∣∣
xo

= 0.

Which gives
Qxo − λPxo = 0.

So, λ and xo are the generalized eigenvalue and correspond-
ing eigenvector of (Q,P ).
Let σ(Q,P ) denote the minimum generalized eigenvalue of
(Q,P ), note that Q > 0, P > 0, so does σ(Q,P ).
Then, we can get the minimum value of γ as:

γmin = x′
oQxo = σ(Q,P )x′

oPxo = δmaxσ(Q,P )

For any given initial state x0 ∈ CK(A,B), we £rst solve
the constrained £nite horizon problem

VK(x0) = min
u(0),...,u(K−1)

{
K−1∑
i=0

[xT (i)Qx(i)

+ uT (i)Ru(i)] + xT (K)Px(K)
}

.

Note that we can control x0 to the origin in K steps, this
problem is always meaningful and V∞(x0) ≤ VK(x0).

Theorem 3.1: For a given x0, the upper bound of N such
that V∞(x0) = VN (x0) is given by

N̄ <
VK(x0)
γmin

.

Proof: Assume we already get the optimal solution of
the constrained in£nite horizon problem and let the optimal
state trajectory be

{
xo(1) xo(2) xo(3) ...

}
.

Denote the step that the optimal trajectory £rst come into
OP,δmax

by N , then we have

VN̄ (x0) = V∞(x0) ≤ VK(x0).

Note that

VN̄ (x0)

=
N̄−1∑
i=0

[xT
o (i)Qxo(i) + uT

o (i)Ruo(i)] + xT
o (N̄)Pxo(N̄)

>

N̄−1∑
i=0

xT
o (i)Qxo(i) > N̄γmin.

So, we can get

N̄γmin < VK(x0)

or N̄ <
VK(x0)
γmin

.

Note that for different given x0 ∈ CK(A,B), there exists
different £nite number N such that the in£nite horizon
CLQR problem turns to a £nite horizon CLQR problem
which is solvable. We next give an algorithm to compute
an upper-bound N̄ for every point x0 ∈ CK(A,B). Assume
we already know all vertices (say Nv) of CK(A,B).

Algorithm to compute the upper-bound N̄
step 1. For each vertex xi ∈ P

1.1 Solve CLQR problem (16) and get VK(xi).
1.2 Set N̄i = VK(xi)

γmin
.

end for.
step 2. Let N̄ = max

{
N̄i, i = 1, . . . , Nv

}
be the upper-

bound.

Theorem 3.2: N̄ given by the above algorithm is an
upper-bound for every x0 ∈ CK(A,B) such that the in£nite
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horizon CLQR problem (9) turns to a £nite horizon CLQR
problem (11) which is solvable.
Proof : Let x be a point on some facet F of CK(A,B) and
x1, x2, . . . , xnF are the vertices of the facet F , then

x =
nF∑
i=1

αixi

for some 0 ≤ αi ≤ 1, i = 1, . . . , nF and
∑nF

i=1 αi = 1. By
the above algorithm, for each xi, there exists Ni and feasible
control sequence ui(0), ui(1), . . . , ui(Ni − 1) which solve
CLQR problem (11) and xi(Ni) ∈ Zγmax

.
Let N̄F = max {Ni, i = 1, . . . , nF}, set

ui(k) =
{

ui(k), 0 ≤ k < Ni

KLQxi(k), k ≥ Ni
(18)

ux(k) =
nF∑
i=1

αiui(k).

It’s easy to see that xi(N̄F ) ∈ Zγmax
and{

ux(k), k = 0, . . . , N̄F − 1
}

is also a feasible control
sequence. Apply this control sequence to x, we can get

x(N̄F )

= AN̄F−1x +
N̄F−1∑
k=0

AN̄F−k−1Bux(k)

= AN̄F−1
nF∑
i=1

αixi +
N̄F−1∑
k=0

AN̄F−k−1B

nF∑
i=1

αiui(k)

=
nF∑
i=1

αi

⎧⎨
⎩AN̄F−1xi +

N̄F−1∑
k=0

AN̄F−k−1Bui(k)

⎫⎬
⎭

=
nF∑
i=1

αixi(N̄F )

∈ Zγmax
.

So, N̄F = max {Ni, i = 1, . . . , nF} is an upper-bound of
all x on the facet F . Note that for any x0 ∈ CK(A,B),
there exists some ρ with 0 ≤ ρ ≤ 1 such that ρ−1x0 is on
some facet F of CK(A,B) and ρ−1x0 =

∑nF
i=1 αixi. Set

N̄ = max {Ni, i = 1, . . . , Nv}

ux0(k) = ρ

nF∑
i=1

αiui(k), 0 ≤ k < N̄,

where ui(k) is de£ned in (18). We can get

x0(N̄)

= AN̄−1x0 +
N̄−1∑
k=0

AN̄−k−1Bux0(k)

= ρ

⎧⎨
⎩AN̄−1(ρ−1x0) +

N̄−1∑
k=0

AN̄−k−1B

nF∑
i=1

αiui(k))

⎫⎬
⎭

= ρ

nF∑
i=1

αixi(N̄)

∈ ρZγmax
.

So, N̄ = max {Ni, i = 1, . . . , Nv} is an upper-bound for
every x0 ∈ CK(A,B) such that the in£nite horizon CLQR
problem (9) turns to a £nite horizon CLQR problem (11)
which is solvable. �

IV. EXAMPLE

In this section, we consider the antistable second order
system

x(k + 1) =
[

1.5 0
0 2

]
x(k) +

[
1 1

0.5 1

]
u(k).

with x0 = [ 3.5 1.3 ]T , ‖u‖∞ ≤ 1. Set

Q =
[

0.1 0.05
0.05 0.1

]
, R =

[
1 0
0 1

]
,

we can get

KLQ =
[

1.08 −1.26
−0.97 2.95

]
, P =

[
4.80 −8.21
−8.21 16.96

]
The controllable region C5, C10, C20, C30 are given in Fig

1, it can be seen that C20 is a good approximation of
C(A,B).

−5 −4 −3 −2 −1 0 1 2 3 4 5
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Null Controllable Region of C
5
,C

10
,C

20
,C

30

Fig. 1. Null Controllable Region of C5, C10, C20, C30

The saturated region under the unconstrained LQR con-
troller KLQ and the maximum invariant set are given in Fig
2. The states trajectory and control signals are given in Fig
3.

V. CONCLUSION

For discrete-time linear systems with inputs amplitude
constraints, we characterize the the generalized stability
region and give an algorithm to £nd the facet of this region.
we show that there exists a £nite horizon such that the
in£nite horizon constrained LQR problem can turns to the
£nite horizon constrained LQR problem and give an upper
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Fig. 2. Saturated Region under KLQ and the maximum invariant set
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−0.4

−0.2

0

time

u
1

0 5 10 15
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−0.8

−0.6
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0

time

u
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Time Response of Example under CLQR Controller

Fig. 3. The states trajectory and control signals

bound of this horizon for any given initial state, we also
given an upper bound of this £nite horizon for all initial
states inside the stability region.
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