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Abstract— Nonlinear regression with an intercept is investi-
gated and a new nonlinear regression algorithm is developed.
The application area considered is ballistic trajectory determi-
nation from battlefield radar measurements. Specifically, the
geo-location of an enemy artillery piece is pursued. Careful
modelling of the nonlinear measurement situation at hand
and the inclusion of an intercept parameter in the nonlinear
regression shows a considerable improvement over conven-
tional iterative least squares estimation when nonlinearity is
dominant. Moreover, the estimation performance does not
degrade from standard iterative least squares (ILS) in cases
where the nonlinearity is weak compared to the measurement
noise in the equation error, provided that the data record is
sufficiently long.

I. INTRODUCTION

The benefits and potential applications of batch esti-
mation using linear and/or nonlinear regression with the
inclusion of an intercept are investigated. In [1], batch
parameter estimation is used for the identification in real-
time of the control derivatives of an aircraft with distributed
effectors. In [2], a stochastic framework to rigorously derive
a centralized Differential Global Positioning System estima-
tion algorithm for a formation of air vehicles is developed.
The users cooperatively estimate positions and velocities
using batch nonlinear regression.

The reasons why one should consider batch regression
for nonlinear problems include the need for a sufficiently
large data set in order to obtain a useful parameter estimate.
A physically significant time interval must elapse to capture
the nonlinearity, which is conducive to a batch estimation
approach. Second, in the nonlinear case where the extended
Kalman Filter recursive estimation paradigm is employed,
bad state estimates at the beginning of the recursion will
diverge the filter. When an initial short data window is used,
one fails to obtain proper excitation observability and poor
estimates are produced. At the same time, large data sets
used in batch estimation do not pose a problem. With large
data sets, piecewise batch estimation and recombination al-
gorithms are used, which rely on tractable matrix inversions.
Finally, in our specific application of geolocating an artillery
piece, we are interested in the initial state estimate. Batch
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processing yields the initial state estimates directly, without
the need for smoothing. Hence, we employ batch estimation
and nonlinear regression.

In this paper, the novel idea is advanced of including an
intercept parameter in the nonlinear regression equations
in order to account for linearization induced truncation
errors. This differs from [3], where on-line identification
using linear regression is investigated for reconfigurable
flight control using an intercept parameter that is introduced
to capture offset/change in trim effects caused by failure.
Finally, in previous work [4], two new methods that incor-
porate an intercept to account for unmodelled bias, are used
to estimate the frequency of a sinusoidal waveform and its
DC component. This paper extends the linear estimation
theory developed in [3] and [4] into nonlinear regression.
The current paper is an attack on nonlinearity by including
an intercept parameter in nonlinear regression that accounts
for linearization induced truncation error. It is shown that
the estimation performance is enhanced, particulary when
the nonlinearity is strong. Also, when the nonlinearity is
weak, the results do not degrade from standard ILS.

II. BALLISTIC TRAJECTORY TRACKING

To fix ideas, consider the kinematics of a ballistic trajec-
tory. This application is relevant on today’s battlefield, as
demonstrated by the British armed forces recent acquisition
[5] of the Mobile Artillery Monitoring Battlefield Radar
(MAMBA). MAMBA is deployed to scan for and track
enemy projectiles in order to geo-locate the enemy artillery
position. We apply nonlinear regression to this estimation
problem. The developed theory is also applicable to a
variety of other applications, including satellite trajectory
determination [6].

The ballistic trajectory is modelled using a kinematic
model typically employed in fire control systems:

x(t) = xo + Vxot (1)

y(t) = yo + Vyot

z(t) = zo + Vzot −
1
2
cbgt2

where xo, yo, and zo are the launch point coordinates, V
is the projectile’s muzzle velocity, and cb is the projectile
ballistic coefficient. We do not know where the projectile
is being fired from; hence, the objective of our nonlinear
regression estimation. The unknown parameter vector is:

θ = (xo, yo, zo, Vxo , Vyo , Vzo)
T ∈ R

6 (2)

We carefully model the measurement situation at hand
and use nonlinear regression to estimate the parameter θ
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TABLE I

NONDIMENSIONAL VARIABLES

xo → xo
V T

yo → yo
V T

zo → zo
V T

R → R
V T

vR → vR
V T

σR → σR
V T

Vxo → Vxo
V

Vyo → Vyo
V

Vzo → Vzo
V

∆T → ∆T
T

t → t
T

cb → cb
gT
V

to obtain the launch position. Also, to acquire a fix on
projectile launch position, we assume knowledge of the
delay in initiating the tracking and/or knowledge of launch
point elevation.

Fig. 1. Ballistic Trajectory Tracking Commences at (xo, yo, zo).

Radar measurements are comprised of range R, azimuth
φ, and elevation θ. Without loss of generality, the radar is
located at the origin, as shown in Figure 1. Perfect data
satifies the nonlinear measurement equations

R(t) =
√

x2(t) + y2(t) + z2(t) (3)

tan (φ(t)) =
y(t)
x(t)

R(t) sin (θ(t)) = z(t)

At this point, we nondimensionalize all variables with the
following scaling factors as appropriate: T represents the
total duration of measurement and V represents the muzzle
velocity of the projectile. Table I summarizes the nondi-
mensionalized variables. Nondimensionalization improves
the conditioning of the nonlinear regression process and
estimation performance.

The trajectory is sampled. Considering (1) and (3), this
implies that at a time t = k ∆T :

R(k · ∆T ) =
√

(xo + Vxo k∆T )2 + (yo + Vyo k∆T )2 + (zo + Vzo k∆T − 1
2 cbk2∆T2)2

tan (φ(k · ∆T )) =
yo + Vyok∆T

xo + Vxok∆T

R(k∆T ) · sin (θ(k · ∆T )) = zo + Vzok∆T − 1
2
cbk

2∆T 2

where k = 0, 1, . . . , N−1. The recorded measurements are

Rm(k · ∆T )=R(k · ∆T ) + vR(k)
φm(k · ∆T )=φ(k · ∆T ) + vφ(k)
θm(k · ∆T )=θ(k · ∆T ) + vθ(k)

where the subscript m denotes the measurement variables
and vR, vφ, and vθ are additive Gaussian white noise with
variances σR, σφ, and σθ.

III. NONLINEAR REGRESSION

Consider the general nonlinear regression

Z = h(θ) + W (4)

where h(θ) is the nonlinear observation relation and W
is the equation error. In our application, the measurement
vector is composed as follows:

Z
(R)
N×1�

⎛
⎜⎜⎜⎝

Rm(0)
Rm(∆T )

...
Rm((N − 1)∆T )

⎞
⎟⎟⎟⎠

Z
(φ)
N×1�

⎛
⎜⎜⎜⎝

tan (φm(0))
tan (φm(∆T ))

...
tan (φm((N − 1)∆T ))

⎞
⎟⎟⎟⎠

Z
(R,θ)
N×1 �

⎛
⎜⎝

Rm(0) · sin (θm(0))
Rm(∆T ) · sin (θm(∆T ))

...
Rm((N − 1)∆T ) · sin (θm((N − 1)(∆T ))

⎞
⎟⎠

and finally

Z(3N)×1 �

⎛
⎝ Z(R)

Z(φ)

Z(R,θ)

⎞
⎠

Concerning the equation error, define:

V
(R)
N×1�

⎛
⎜⎜⎜⎝

vR(0)
vR(∆T )

...
vR((N − 1)∆T )

⎞
⎟⎟⎟⎠ (5)

W
(φ)
N×1�

⎛
⎜⎜⎜⎜⎝

1
1+φ2

m(0)vφ(0)
1

1+φ2
m(∆T )vφ(∆T )

...
1

1+φ2
m((N−1)∆T )vφ((N − 1)∆T )

⎞
⎟⎟⎟⎟⎠

W
(R,θ)
N×1 �

⎛
⎜⎝

sin (θm(0)) · vr(0) + Rm(0) cos (θm(0)) · vθ(0)
sin (θm(∆T )) · vr(∆T ) + Rm(∆T ) cos (θm(∆T )) · vθ(∆T )

.

.

.
sin (θm(N − 1)∆T ) · vr((N − 1)∆T ) + · · ·

Rm((N − 1)∆T ) cos (θm(N − 1)(∆T )) · vθ((N − 1)∆T )

⎞
⎟⎠

where vR(k∆T ) is the range measurement error at time
k∆T , vφ(k∆T ) is the azimuth measurement error at time
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k∆T , and vθ(k∆T ) is the elevation measurement error at
time k∆T . This yields the equation error vector

W(3N)×1 �

⎛
⎝ V (R)(θ)

W (φ)(θ)
W (R,θ)(θ)

⎞
⎠

We have obtained the explicit nonlinear regression in the
parameter θ = (xo, yo, zo, Vxo , Vyo , Vzo)

T , which consists
of the 3N equations in (4).

Next, consider the measurement error vector. V
(R)
N×1 is

given in (5). In addition,

V
(φ)
N×1 �

⎛
⎜⎜⎜⎝

vφ(0)
vφ(∆T )

...
vφ((N − 1)∆T )

⎞
⎟⎟⎟⎠

and

V
(θ)
N×1 �

⎛
⎜⎜⎜⎝

vθ(0)
vθ(∆T )

...
vθ((N − 1)∆T )

⎞
⎟⎟⎟⎠

Therefore, we set

V(3N)×1 �

⎛
⎝V (R)

V (φ)

V (θ)

⎞
⎠

Finally, we define the N × N diagonal matrices

D
(φ)
N � Diag

(
1

1 + φ2
m(k∆T )

)(N−1)

k=0

D
(θ)
N � Diag (sin (θmk∆T ))(N−1)

k=0

D
(R,θ)
N � Diag (Rm(k∆T ) · cos (θmk∆T ))(N−1)

k=0

where the subscript m denotes measured variables. We
compose the (3N) × (3N) matrix

Γ(3N)×(3N) �

⎡
⎢⎣ IN 0 0

0 D
(φ)
N 0

D
(θ)
N 0 D

(R,θ)
N

⎤
⎥⎦

and we write the nonlinear regression (4) in the form

Z = h(θ) + ΓV

where the equation error W = ΓV .
In the nonlinear regression (4), the equation error covari-

ance is

R = E(W · WT )

Hence, we calculate

R=E(

(
VR

D
(φ)
N

· V (φ)

D
(θ)
N

· V (R) + D
(R,θ)
N

· V (θ)

)
·

(VR D
(φ)
N

· V (φ) D
(θ)
N

· V (R) + D
(R,θ)
N

· V (θ)) )

=

[
σ2

R · IN 0 σ2
R · D

(θ)
N

0 σ2
φ · D(φ)2 0

σ2
R · D

(θ)
N 0 σ2

R · D
(θ)2

N + σ2
θ · D

(R,θ)2

N

]
(6)

This assumes that range, azimuth, and elevation measure-
ment noises are independent. Also, note that since R is
symmetric, we only need R(1, 1), R(1, 2), R(1, 3), R(2, 2),
R(2, 3), and R(3, 3).

Next, consider the nonlinear observation function h in
(4). The following vectors are defined

h(R)(θ) �⎛
⎜⎜⎜⎝

√
x2

o + y2
o + z2

o√
(xo + Vxo∆T )2 + (yo + Vyo∆T )2 + (zo + Vzo∆T − 1

2 cb∆T2)2

.

.

.√
(xo + Vxo (N − 1)∆T )2 + (yo + Vyo (N − 1)∆T )2 + · · ·

(zo + Vzo (N − 1)∆T − 1
2 cb∆T2(N − 1)2)2

⎞
⎟⎟⎟⎠

h(φ)(θ)�

⎛
⎜⎜⎜⎜⎝

yo

xo
yo+Vyo∆T
xo+Vxo∆T

...
yo+Vyo∆T (N−1)
xo+Vxo∆T (N−1)

⎞
⎟⎟⎟⎟⎠

h(R,θ)(θ)�

⎛
⎜⎝

zo

zo + Vzo∆T − 1
2 cb∆T 2

.

.

.
zo + Vzo∆T (N − 1) − 1

2 cb∆T 2(N − 1)2

⎞
⎟⎠

and

h(θ)(3N)×1 �

⎛
⎝ h(R)(θ)

h(φ)(θ)
h(R,θ)(θ)

⎞
⎠

We now linearize the observation equation for h(θ).
Suppose θ̂(i) is the current parameter estimate at step i.
We linearize about θ̂(i). Let

Hi � ∂h

∂θ
|θ=θ̂(i)

The regressor matrix Hi is composed as follows:

Hi =

⎡
⎢⎢⎣

∂h(R)(θ)
∂θ |θ=θ̂(i)

∂h(φ)(θ)
∂θ |θ=θ̂(i)

∂h(θ)(θ)
∂θ |θ=θ̂(i)

⎤
⎥⎥⎦

where the parameter vector was specified in (2). The com-
ponents for the linearized regressor are explicitly given in
[7].

IV. STANDARD ILS ESTIMATION

Reconsider the general nonlinear regression (4). Expand
the function h(θ) about the current parameter estimate θ̂(k)

as follows:

h(θ) = h(θ̂(k) + θ − θ̂(k))

= h(θ̂(k)) +
∂h

∂θ
|θ=θ̂(k) · (θ − θ̂(k)) + r
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where θ̂(k) is the current parameter estimate and r is the
truncation error.

h(θ) = h(θ̂(k)) +
∂h

∂θ
|θ=θ̂(k) · θ − ∂h

∂θ
|θ=θ̂(k) θ̂

(k) + r

Inserting this expansion into (4) yields

Z = h(θ̂(k)) +
∂h

∂θ
|θ=θ̂(k) · θ − ∂h

∂θ
|θ=θ̂(k) θ̂

(k) + r + V

This implies

Z + Hk · θ̂(k) − h(θ̂(k)) = Hk · θ + r + V

where

Hk � ∂h

∂θ
|θ=θ̂(k)

In the conventional ILS approach, the presence of trun-
cation error r is ignored. One considers

Z + Hk · θ̂(k) − h(θ̂(k)) = Hk · θ + V

and iterates as in [6]:

θ̂(i+1) = (HT
i R−1Hi)−1HT

i R−1[Z + Hiθ̂
(i) − h(θ̂(i))]

Also, note that at step i, Hi is θ̂(i) dependent. At the instant
of convergence, where θ̂(i) → θ̂ as i → ∞, one calculates
the parameter estimation error covariance matrix

P = (HT
∞R−1H∞)−1

Standard ILS performs very well, for example, in GPS.
Note that so far, the development is rather conventional,

with the exception of the way that the measurements are
treated in (3). During the iteration, and upon convergence,
the strength of the nonlinearity in h is reduced using this
formulation.

V. NONLINEAR REGRESSION WITH INTERCEPT

We now augment the parameter vector and include an in-
tercept into the nonlinear regression [4]. After linearization,
the augmented formulation is

Z + Hi · θ̂(i) − h(θ̂(i)) = Hi · θ + e · c + W ′ (7)

=
[
Hi

... e

]
·
⎡
⎣ θ

. . .
c

⎤
⎦ + W ′

= Hiθ + W ′

where the scalar c is an intercept and e is a vector of ones.
The covariance of the equation error was developed in [4]:
R(i) = E

[
W ′ W ′T

]
= R + q(i) · IN , where

R is the equation error covariance matrix and q(i) reflects
the strength of the nonlinearity in the nonlinear observation
relation h. The significant factors that influence the quality
of parameter estimation are T , ∆T , and the geometry of
the projectile trajectory relative to the radar.

The augmented parameter estimate

θ̂
(i+1)

= (HT
i R(i)−1

Hi)
−1HT

i R(i)−1
[Z + Hiθ̂

(i) − h(θ̂(i))] (8)

where i = 0, 1, · · ·; the derivation is given in the Appendix.

As i increases and ‖ θ̂
(k+1) − θ̂

(k) ‖ decreases, the
magnitude of the tuning parameter q(i) is reduced. After
convergence is achieved, one can verify that the intercept
estimate ĉ(i) is small. Also, after convergence is achieved,
one calculates the predicted estimation error covariance
P =

(
HT R−1H

)−1
.

Near the point of convergence, the parameter θ̂ does
not change much. This is in stark contrast to the initial
iterations. Thus, initially, the effects of the nonlinearity
are pronounced (i.e., the truncation error c �= 0). Hence,
to assist convergence for the nonlinear regression with
intercept case, the block diagonal terms of the covariance
R in (6) were doubled for early iterations. As the iteration
continues to 12 iterations, the extra uncertainty weighting
is gradually reduced to one.

Consider the development of (7). If one were to set up a
linear regression based on one measurement equation only,
c would be a scalar and e would consist of a N vector of
ones. Hence, when setting up a nonlinear regression formed
from scalar measurements recorded over time, one can think
of an average truncation error via the intercept c, and some
additional random error:⎡

⎢⎢⎢⎣
c1

c2

...
cN

⎤
⎥⎥⎥⎦

N×1

= c · e + W (9)

One should incorporate a separate intercept for each mea-
surement equation. Thus, for the estimation problem we
are considering, a separate intercept should apply for the
range, azimuth, and elevation in the respective observation
relations, namely the parameter

c =

⎡
⎣cR

cφ

cθ

⎤
⎦

2×1

and e =

⎡
⎣ eR o o

o eφ o
o o eθ

⎤
⎦

3N×3

Disappointing estimation performance resulted while using
two intercepts, one for range and one for elevation. The
intercept for the range measurement equation caused the
iterative estimation process to converge at an erroneous min-
imum when realistic noise is included in the measurements.

However, when one considers a generalized intercept that
addresses elevation error and neglects any error contribu-
tion from range and azimuth, the estimation process for
the nonlinear regression with intercept greatly improves.
Specifically, the vector e then is

e =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
...
0
· · ·
1
...
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2N×1

N×1
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In effect, this includes an intercept to impact the nonlinear
elevation measurement equation only.

VI. ESTIMATION RESULTS

In order to compare the estimation methods, we confine
our simulation experiments to a 2-D scenario (x,z plane).
Hence, for the remainder of the paper, we consider the
reduced parameter vector:

θ = (xo, zo, Vxo
, Vzo

)T ∈ R
4

The truth model and measured data vector is generated.
The noise on the measurements has zero mean and is Gaus-
sian distributed. The measurement errors reflect current near
state-of-the-art hardware accuracy specifications for battle-
field radars. Angle and range measurements are assumed
independent at each sample and are taken every tenth of a
second. At each time increment, the parameter estimate is
derived in batch using all previous measurements. Thus, an
expanding data window is used. The scenario considers an
enemy opposition that is launching unguided artillery shells
from an unknown location. Hence, to start the iteration
process for each successive batch, we derive the initial
parameter guess entirely from measurement observations.

A. Example 1: Radar Overflight

This scenario demonstrates the major benefits of the
novel ILS algorithm augmented with an intercept, compared
to standard ILS. By overflying the radar and landing just
beyond its location, the geometry causes the nonlinearity
in the incoming projectile’s elevation angle measurement
equation to strengthen. (See Figure 2.) The ballistic coef-
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(d
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)

Fig. 2. Typical Ballistic Trajectory. a) Truth model position and mea-
sured position. b) Shows a large excursion in θ, which accentuates the
nonlinearity.

ficient associated with this projectile is relatively large at
cb = 1.35, which further accentuates the nonlinearity in the
θ measurement equation. The projectile is fired from the
same elevation as the radar and target; however, there is
a 0.127 nondimensional time unit delay in initiating radar

measurements. Measurement errors are σθ = 0.3 degrees
and σR = 10 meters, respectively.

As one can see from Figures 3 through 4, standard ILS
diverges when 80 or more data increments are considered,
corresponding to the first 0.506 nondimensional time units
of the data (from .127 to .633 nondimensional time units of
projectile flight). This results directly from neglecting the
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Fig. 3. Result of 20 Monte Carlo runs for strongly nonlinear case. Shows
the position parameter estimate, x̂o± the experimentally determined 1σ
(blue). Shows xtrue = 0.3116 ± 1σ determined from R (black).
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Fig. 4. Result of 20 Monte Carlo runs for strongly nonlinear case. Shows
the velocity parameter estimate, V̂xo± the experimentally determined 1σ
(blue). Shows Vxtrue = −0.4226 ± 1σ determined from R (black).

nonlinearity in the elevation angle measurement equation.
Interestingly, the augmented ILS case with generalized
intercept requires approximately 65 measurements (from
.126 to .538 nondimensional time units of projectile flight)
for convergence to the true position parameter and true
velocity parameter respectively. Increasing the covariance
R causes slower convergence to the true parameter values,
as expected. The bottom line is that a relation exists between
the nonlinearity and the measurement noise level. Engage-
ment geometry may dictate using the more sophisticated
augmented ILS with intercept algorithm, particularly as
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the strength of the nonlinearity increases compared to the
measurement noise level.

At this point, we acknowledge that we are really inter-
ested in the projectile launch point estimate. Up until this
point, we have determined parameter estimates correspond-
ing to the beginning of the batch. One of batch regression’s
main advantages when compared to sequential (i.e. Kalman
Filtering) type estimation is that smoothing is not required
in order to obtain estimates of a parameter set prior to the
first measurement within the batch.

We assume that the launch point elevation is known. We
then use our estimate of ẑ and V̂z , along with our knowledge
of the kinematics, to determine the launch time estimate:

ẑ = zo + (V̂z + Cb · g · t̂) · t̂ − 1
2
· Cb · g · t̂2 (10)

We now show the estimated parameter position x̂L pro-
jected back in time to the launch point using (10), for 20
Monte Carlo simulations. Figure 5 shows the experimentally
determined estimate for each successive batch size. The
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Fig. 5. Result of 20 Monte Carlo Runs. Solid blue lines show the
launch position parameter estimate, x̂L± the experimentally determined
1σ dashed lines. xLtrue is also shown, in black.

plot also shows the experimentally determined standard
deviation of the parameter estimate. If we wanted to show
the equation error covariance, we could increase R to reflect
the uncertainty in the time estimate.

B. Example 2: Stressful Geometry

In this scenario, both the radar and enemy projectile
launch location are on hilltops, 1500 meters apart. A pro-
jectile is fired towards the radar, but falls short into a ravine
separating the two hilltops (Figure 6). Also, there is little
movement in elevation angle for the first 120 measurements.

Figures 7 and 8 show the results of the estimation process.
The estimation problem is not impacted by the nonlinearity,
which is weak compared to the strong measurement noise.
Note that σθ = 0.1 degrees and σR = 10 meters. Standard
ILS obtains the estimate quickly, after incorporating as few
as 10 measurements. All three estimation methods develop
a good estimate by ∼90 data increments.
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Fig. 6. Second Example of Typical Monte Carlo Ballistic Trajectory
Profile. a) Shows the truth model position, as well as the position
measurements. * indicates the artillery position and the radar location.
b) Shows little movement in θ for the first ∼75% of the tracked projectile
flight.
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Fig. 7. Position estimate, as provided by a typical Monte Carlo Run with
near linear changes in elevation. Standard ILS quickly renders a good
estimate (blue line). The augmented ILS with intercept (green line) and
the augmented ILS estimate determined with increased uncertainty in R
(black line) also produce good estimates after ∼90 measurements.
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The delay in the augmented ILS estimation process is
caused by the “lack” of information in the elevation mea-
surement, as the elevation measurement moves little from
0◦ for the first 0.8 nondimensional time units of projectile
flight (Figure 6). Recall that the intercept is allowed to float
unconstrained throughout the iteration process. This causes
the increased estimate convergence time when compared
to Example 1, even though the elevation measurement
noise statistics are greatly enhanced in the latter example.
Most importantly, note that after data is accumulated for
0.444 nondimensional time units, the augmented ILS with
generalized intercept does not hurt the estimate.

Finally, the best x̂ position estimate is obtained when the
block diagonal terms of the covariance matrix R are slightly
increased and one uses ∼140 or more measurements in the
batch. The estimates were generated with the covariance
block diagonal terms at 25% above their typical level. The
estimates are quite invariant compared to their counterparts
when the batch size contains at least 140 data points. The
final ∼40 data points correspond to the last four seconds of
the projectile flight. The geometry in Example 2 accentuates
two effects in the observations, as the elevation angle
begins to change rapidly, corresponding to the projectile
crashing into the ravine. First, the measurement errors can
cause quite erratic “movement” in the ballistic projectile’s
final decent. The added uncertainty to the diagonal terms
deemphasizes this erratic movement in the measurement
data. (See Figure 6a.) Second, this increase in uncertainty
accounts for equation error wnl previously neglected, as
shown in (9). Hence, the additional uncertainty reduces
the impact of the nonlinear dynamics that were linearized
during the estimation process.

C. Discussion

These examples demonstrate the range of possible ge-
ometry scenarios that an estimation algorithm must deal
with. The importance of the relation between the strength
of the nonlinearity and measurement noise is explored.
Augmented ILS with generalized intercept clearly expands
the operational envelope of these batch estimation algo-
rithms. Most importantly, the enhanced augmented estima-
tion method does not adversely impact the estimation ability
in the nearly linear estimation cases, if the batch estimation
algorithm is given enough measurements. Finally, the pa-
rameter estimate may benefit by artificially increasing the
block diagonal terms of the covariance matrix R, a standard
Kalman Filter “tuning” process.

VII. CONCLUSIONS AND EXTENSIONS

A. Conclusions

We are employing batch data processing and nonlinear
regression, augmented with an intercept, and we demon-
strate the novel algorithm in a ballistic trajectory tracking
scenario. We improve on the estimation performance of
standard ILS by incorporating two key features. First, we
recognize that the intercept is a multi-variable parameter.

Each nonlinear measurement equation provides an oppor-
tunity to introduce a scalar intercept. In our case, the
best estimation results are obtained when the intercept is
only applied to the critical angle measurement equation
where the nonlinearity is strongest. Indeed, the method is
extremely effective in cases where the magnitude of the
nonlinearity is large compared with the measurement noise
level. In addition, the method does not adversely impact
the estimation for nearly linear cases, if given enough
measurements within the batch. Second, we recognize that
when one linearizes a nonlinear system, there is increased
uncertainty above and beyond the equation error caused
by measurement noise. Hence, “tuning” by increasing the
diagonal terms of the equation error covariance matrix R
assists estimation convergence, particularly when problem
geometry amplifies the deleterious effects of nonlinearity.

B. Future Work

The impact of the following on the estimation process
is of great interest: signal to noise ratio, geometric dilution
of precision of measurement arrangement, number of data
points available, physical duration of data record, sampling
rate, and the size of the parameter vector θ. Finally, the
benefits relating to estimation performance afforded by
including prior information on the muzzle velocity, require
investigation.
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APPENDIX

NONLINEAR REGRESSION AUGMENTED WITH
AN INTERCEPT

Consider the solution of the augmented linear regression
shown in (8) and restated here.

θ̂
(i+1)

= (HT
i R−1Hi)−1HT

i R−1[Z + Hiθ̂
(i) − h(θ̂(i))]

where the iteration counter is i = 0, 1, · · ·. Expanding the
aforementioned equation, we observe that(

θ̂(i+1)

ĉ(i+1)

)
=

[
HT

i R−1Hi HT
i R−1e

eT
i R−1Hi eT

i R−1e

]−1

·(
HT

i R−1

eT R−1

) [
z + Hiθ̂

(i) − h(θ̂(i))
]

We shall require

Lemma

(
A b
bT α

)−1

=
(

X x
xT ξ

)
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where

X =
(

A − 1
α

bbT

)−1

x =
(
bbT − αA

)−1
b

ξ =
1
α

[
1 − bT

(
bbT − αA

)−1
b
]

This assumes that A is symmetric and invertible and that(
A − 1

αbbT
)

is invertible. Recall that α and ξ are scalars.

Proof

(
A b
bT α

)(
X x
xT ξ

)
=

(
I 0
0 1

)

This implies that

AX + bxT = I (11)

Ax + ξb = 0 (12)

bT X + αxT = 0
bT x + αξ = 1 (13)

(13) implies that

ξ =
1 − bT x

α
(14)

Using (12) and (14), we learn that

x = (bbT − αA)−1b (15)

Next, consider (14) and (15)

ξ =
1
α

[
1 − bT

(
bbT − αA

)−1
b
]

Finally, consider (11) and (15)

AX = I − bbT
(
bbT − αAT

)−1

= I − bbT
(
bbT − αA

)−1

= I − αA
(
bbT − αA

)−1
+ αA

(
bbT − αA

)−1

−bbT
(
bbT − αA

)−1

= I − αA
(

bbT − αA
)−1

+ (αA − bbT )
(

bbT − αA
)−1

= I − αA
(

bbT − αA
)−1 − (bbT − αA)

(
bbT − αA

)−1

= I − αA
(
bbT − αA

)−1 − I

=−αA
(
bbT − αA

)−1

= A

(
A − 1

α
bbT

)−1

Hence,

X =
(

A − 1
α

bbT

)−1

�

Using the substitutions: A = HT
i R−1Hi,

b = HT
i R−1 e, and α = eT R−1e, the Lemma

yields[
HT

i R−1Hi HT
i R−1e

eT
i R−1Hi eT

i R−1e

]−1

=
[

ULHS URHS
LLHS LRHS

]

where

ULHS =
[
HT

i R−1
(
R − 1

eT R−1e
eeT

)
R−1Hi

]−1

URHS =−
[
HT

i R−1
(

R

eT R−1e
− eeT

)
R−1Hi

]−1
HT

i R−1e

LLHS =−eT R−1Hi

[
HT

i R−1
(

R

eT R−1e
− eeT

)
R−1Hi

]−1

LRHS = 1
eT R−1e

+
(

1
eT R−1e

)2
eT R−1Hi ·[

HT
i R−1

(
R − 1

eT R−1e
− eeT

)
R−1Hi

]−1
HT

i R−1e

Finally, this yields the closed form estimation algorithm

θ̂(i+1)=(
[
HT

i R−1
(
R − 1

eT R−1e
eeT

)
R−1Hi

]−1
HT

i

− [
HT

i R−1
(

1
eT R−1e

R − eeT
)
R−1Hi

]−1 ·
HT

i R−1eeT )R−1
[
Z + Hiθ̂

(i) − h(θ̂(i))
]

ĉ(i+1)=eT R−1(I[ 1
eT R−1e

+
(

1
eT R−1e

)2
eT R−1Hi·[

HT
i R−1

(
R − 1

eT R−1e
eeT

)
R−1Hi

]−1
HT

i R−1e]

−Hi

[
HT

i R−1
(

1
eT R−1e

R − eeT
)
R−1Hi

]−1
)

·
[
Z + Hiθ̂

(i) − h(θ̂(i))
]

where i = 0, 1, . . ..
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