
TRACKING OF MULTIPLE MANEUVERING TARGETS IN CLUTTER WITH
POSSIBLY UNRESOLVED MEASUREMENTS USING IMM AND JPDAM COUPLED

FILTERING

Soonho Jeong and Jitendra K. Tugnait

Dept. of Electrical & Computer Engineering, Auburn University, Auburn, Alabama 36849, USA.
Tel: (334)844-1846, Fax: (334)844-1809, Email: jeongso, tugnajk@eng.auburn.edu

ABSTRACT

We present a (suboptimal) filtering algorithm for tracking multi-
ple highly maneuvering targets in a cluttered environment using
multiple sensors. We concentrate on the case of two targets which
may temporarily move in close formation, giving rise to a single
detection due to the resolution limitations of the sensor. The
proposed filtering algorithm is developed by applying the basic
interacting multiple model (IMM) approach and the joint prob-
abilistic data association with merged measurements (JPDAM)
technique and coupled target state estimation to a Markovian
switching system. The algorithm is illustrated via a simulation
example.

1. INTRODUCTION

When two targets are “closely” spaced, they may give rise to
a single detection due to the resolution limitations of the sen-
sor. For instance, in radar ranging, returns from multiple tar-
gets could fall in the same range cell, resulting in one unresolved
detection only [7],[8]. Standard tracking algorithms that ignore
such a phenomenon, can lead to poor performance in multiple
target tracking [7],[8]. Despite its importance, prior work on
tracking with unresolved measurements in general and model-
ing of resolution capability of a sensor in particular, is sparse.
Prior work includes [7] and [8] and references therein. In [7]
the resolution phenomena related to tracking have been treated
on the basis of a grid of resolution cells “frozen” in space. In
[8] the resolution capability of a sensor is described in terms of
a conditional probability of the event that two targets are un-
resolved, conditioned on the relative distance between the two
targets in terms of the measured variables (range, azimuth etc.).
A simple Gaussian shape is assumed which captures the sensor
behavior in a mathematically tractable way. While [7] consid-
ers JPDA for data association, [8] exploits multiple hypothesis
tracking (MHT).

In this paper we propose to use sensor resolution modeling of
[8] in conjunction with JPDA coupled filtering and interacting
multiple model (IMM) approach (see e.g. [5] for tracking with
resolved measurements). In general, IMM/PDA filter is superior
to IMM/MHT filter when the associated computational cost and
performance are considered. Therefore, our emphasis will be on
IMM/JPDA techniques. Neither [7] nor [8] consider multiple
switching kinematic models for maneuvering targets; rather they
are limited to single (nonswitching) kinematic model per target.

2. PROBLEM FORMULATION

Assume that there are total two targets with the target set de-
noted as T2. Assume that the target dynamics can be modeled
by one of n hypothesized models. The model set is denoted as
Mn := {1, · · · , n} and there are total q sensors. For target r
(r ∈ T2), the event that model j is in effect during the sampling

period (tk−1, tk] will be denoted by Mj
k
(r).

2.1. Target Dynamics
For the j-th hypothesized model (mode), the state dynamics of
target r (r ∈ T2), are modeled as

xk(r) = F j
k−1

(r)xk−1(r) + Gj
k−1

(r)vj
k−1

(r) (1)

where xk(r) is the system state of target r at tk and of dimension

nx (assuming all targets share a common state space), F j
k−1

(r)
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and Gj
k−1

(r) are the system matrices when model j is in effect

over the sampling period (tk−1, tk] for target r. The process noise

vj
k−1

(r) is a zero-mean white Gaussian process with covariance

matrix Qj
k−1

(same for all targets). At the initial time t0, the ini-

tial conditions for the system state of target r under each model
j are assumed to be Gaussian random variables with the known

mean x̄j
0(r) and the known covariance P j

0 (r). The probability of

model j at t0, µj
0(r) = P [Mj

0 (r)], is also assumed to be known.

The switching from model M i
k−1(r) to model Mj

k
(r) is governed

by a finite-state stationary Markov chain (same for all targets)

with known transition probabilities pij = P [Mj
k
(r)|M i

k−1(r)].

Henceforth, time tk will be denoted by k.
In coupled state estimation the states of two targets are esti-

mated jointly [4]. To this end define the “global coupled” state

xk := col{xk(1), xk(2)} (2)

and J := col{j1, j2} where jr ∈ Mn is model j

for target r, F J
k := block − diag{F j1

k
(1), F j2

k
(2)}, GJ

k :=

block − diag{Gj1
k

(1), Gj2
k

(2)}, vJ
k := col{vj1

k
(1), vj2

k
(2)}. Then

we have the state equation for two targets as

xk = F J
k−1xk−1 + GJ

k−1vJ
k−1 (3)

where E{vJ
k vJ

k
′} = QJ

k := block − diag{Qj1
k

, Qj2
k
}. Define the

global mode

MJ
k := {Mj1

k
(1), Mj2

k
(2)}. (4)

The two targets are assumed to evolve independently of each
other. Therefore, the transition probability for the global modes
are given by

pIJ := P{Mj1
k

(1), Mj2
k

(2)|M i1
k−1

(1), M i2
k−1

(2)} =

2∏
r=1

pirjr .

(5)

Similarly we have µJ
0 := P{Mj1

0 (1), Mj2
0 (2)} =

2∏
r=1

µjr
0 (r).

2.2. Measurements
For the j-th hypothesized model (mode), measurements of target
r (r ∈ T2), are modeled, when resolved, as

zl
k(r) = hl(xk(r)) + wl

k(r) for l = 1, · · · , q (6)

where zl
k(r) is the (true) measurement vector (i.e., due to tar-

get r) from sensor l at tk and of dimension nzl, and hl is the
nonlinear transformation of xk(r) to zl

k(r) (l = 1, · · · , q). The

measurement noise wl
k(r) is a zero-mean white Gaussian process

with covariance matrix R̃l
k (same for all targets) and is mutually

uncorrelated with the process noise vj
k−1

(r). Similarly define the

global measurement vector at sensor l as

zl
k := col{zl

k(1), zl
k(2)} (7)

and related vectors hl(xk) = col{hl(xk(1)), hl(xk(2))}, wl =
col{wl(1), wl(2)} where

E{wl
kwl

k
′} = Rl

k := block − diag{R̃l
k, R̃l

k}. (8)
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Then the measurement equation for two targets at sensor l (as-
suming no clutter and perfect detections) is given by

zl
k = hl(xk) + wl

k for l = 1, · · · , q. (9)

Note that, in general, at any time k, some measurements may
be due to clutter and some due to the target(s). The measure-
ment set (not yet validated) generated by sensor l at time k is de-

noted as Zl
k := {zl(1)

k
, z

l(2)
k

, · · · , zl(ml)
k

} where ml is the number

of measurements generated by sensor l at time k. Variable z
l(i)
k

(i = 1, · · · , ml) is the ith measurement within the set. The vali-
dated set of measurements of sensor l at time k will be denoted
by Y l

k := {yl(1)
k

, y
l(2)
k

, · · · , yl(m̄l)
k

} where m̄l is total number of

validated measurement for sensor l at time k. And y
l(i)
k

:= z
l(li)
k

where 1 ≤ l1 < l2 < · · · < lm̄l ≤ ml when m̄l �=0. The cu-
mulative set of validated measurements from sensor l up to time
k is denoted as Zk(l) := {Y l

1 , Y l
2 , · · · , Y l

k}. The cumulative set
of validated measurements from all sensors up to time k is de-
noted as Zk := {Zk(1), Zk(2), · · · , Zk(q)} where q is the number
of sensors.

Our goal is to find the state estimate x̂k|k := E{xk|Zk} and

its error covariance matrix Pk|k := E{[xk − x̂k|k][xk − x̂k|k]′|Zk}
where x′

k denotes the transpose of xk.

3. MODELING FOR THE MERGED
MEASUREMENTS

3.1. Modeling Assumptions
Prior work on modeling of merged measurements includes Trunk
[2, 3] and Chang and Bar-Shalom [7]. Here we will follow Koch
[8]. Based upon these earlier works, we assume the following:
Only two targets were considered. The merged measurements
arise when two targets are so close that the noisy measurements
(rather than the predicted measurement) fall in the same reso-
lution cell due to a lack of resolution of the sensor. The relative
strength βk (see (11)) of the signal is assumed to be Gaussian
with mean 0.5 and a small variance (0 < βk < 1); however, in our
simulation examples, we set βk=0.5 for all k. False detections
(clutter) not related to the targets are uniformly distributed in
the surveillance region and their number is assumed to be Pois-
son distributed. The detection probabilities for resolved targets
PD and unresolved targets P a

D are the same.

3.2. Measurement Model
Due to a lack of resolution at the sensor, a detection may cor-
respond to both targets. Let sl

k(i) denote the signal power of
target i at sensor l and time k. Following [7], for unresolved tar-
gets at time k, the measurement equation for the two targets at
sensor l (assuming no clutter and perfect detections with merged
measurements of targets r1 and r2, (r1, r2 ∈ T2)), are modeled
as (l = 1, · · · , q)

zl,a
k

= βkzl
k(1) + (1 − βk)zl

k(2) = hl,a(xk) + wl,a
k

(10)

where βk = sl
k(1)/[sl

k(1) + sl
k(2)], (11)

hl,a(xk) = βkhl(xk(1)) + (1 − βk)hl(xk(2)), (12)

wl,a
k

= βkwl
k(1) + (1 − βk)wl

k(2), (13)

E{wl,a
k

wl,a
k

′} = Rl,a
k

. (14)

3.3. Sensor Resolution Model
Let A denote the event that both targets are unresolved. Follow-
ing [8], for sensor l, we introduce a related conditional probability
P l

a as

P l
a := P (A|xk) =

∣∣2πRl,d
∣∣1/2N

(
0; hl,d(xk), Rl,d

)
(15)

where
hl,d(xk) = hl(xk(1)) − hl(xk(2)), (16)

N (x; y, P ) := |2πP |−1/2 exp

[
−1

2
(x − y)′ P−1 (x − y)

]
. (17)

The positive definite nzl ×nzl matrix Rl,d is determined by cor-
responding sensor resolution (measurement accuracy). Later we
illustrate our model by a 2-D radar measuring range and azimuth
as well as an infrared sensor measuring azimuth and elevation an-
gle. In this case, the range resolution is essentially determined
by the length of the emitted pulse and the angular resolution is
limited by the beam width. Following [8] we assume that the
different measurement resolutions are independent of each other
so that Rl,d is diagonal.

4. IMM/JPDAM COUPLED FILTERING
ALGORITHM

We now modify the IMM/JPDA coupled filtering algorithm of
[5] to apply to the coupled system (1)-(9); it will be called
IMM/JPDAMCF (CF stands for coupled filter). We will only
briefly outline the basic steps in “one cycle” (i.e., process-
ing needed to update for a new set of measurements) of the
IMM/JPDAM coupled filter.
Assumed available: Given the state estimate x̂J

k−1|k−1
:=

E{xk−1|MJ
k−1, Zk−1}, the associated covariance P J

k−1|k−1
, and

the conditional mode probability µJ
k−1 := P [MJ

k−1|Zk−1] at time

k − 1 for each mode J ∈ M̄n := Mn ×Mn.
Step 1. Interaction - mixing of the estimate from the
previous time (∀J ∈ M̄n): predicted mode probability:

µJ−
k

:= P [MJ
k |Zk−1] =

∑
I

pIJµI
k−1. (18)

mixing probability:

µI|J := P [MI
k−1|MJ

k , Zk−1] = pIJµI
k−1/µJ−

k
. (19)

mixed estimate:

x̂0J
k−1|k−1 := E{xk−1|MJ

k , Zk−1} =
∑

I

x̂I
k−1|k−1µI|J . (20)

covariance of the mixed estimate:

P 0J
k−1|k−1 := E{[xk−1−x̂0J

k−1|k−1][xk−1−x̂0J
k−1|k−1]′|MJ

k , Zk−1}

=
∑

I

{P I
k−1|k−1+[x̂I

k−1|k−1−x̂0J
k−1|k−1][x̂I

k−1|k−1−x̂0J
k−1|k−1]′}µI|J .

(21)
Step 2. Predicted state and measurements for sensor 1
(∀J ∈ M̄n): state prediction:

x̂J
k|k−1 := E{xk|MJ

k , Zk−1} = F J
k−1x̂0J

k−1|k−1. (22)

state prediction error covariance:

P J
k|k−1 := E{[xk − x̂J

k|k−1][xk − x̂J
k|k−1]′|MJ

k , Zk−1}

= F J
k−1P 0J

k−1|k−1F J′
k−1 + GJ

k−1QJ
k−1GJ′

k−1. (23)

For two resolved targets: Using (6) and (22), the global mode-
conditioned predicted measurement for sensor 1 is

ẑJ,1
k

:= h1(x̂J
k|k−1). (24)

Using the linearized (9), the covariance of the mode-conditioned

residual ν
J,1(I)
k

:= z
1(I)
k

− ẑJ,1
k

where z
1(I)
k

:= col{z1(i1)
k

, z
1(i2)
k

},
is given by

SJ,1
k

:= E{νJ,1(I)
k

ν
J,1(I)′
k

|MJ
k , Zk−1} = HJ,1

k
P J

k|k−1HJ,1′
k

+RJ,1
k

,

(25)

Sj,1
k

:= E{νj,1(I)
k

ν
j,1(I)′
k

|MJ
k , Zk−1}

= Hj,1
k

P J
k|k−1Hj,1′

k
+ Rj,1

k
, (j = j1 or j2) (26)
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where HJ,1
k

:= block − diag{Hj1,1
k

, Hj2,1
k

} is the Jacobian ma-

trix of hJ,1(.) evaluated at the state prediction x̂J
k|k−1

.

For unresolved targets: Using (10) and (22), the global mode-
conditioned predicted measurement for sensor 1 is

ẑJ,1,a
k

:= h1,a(x̂J
k|k−1). (27)

Introduce a pseudo-measurement (as in [8]; l = 1, 2 and I is an
identity matrix)

zl,d
k

:= zl
k(1) − zl

k(2) and define ẑJ,1,d
k

:= [I − I]ẑJ,1
k

. (28)

Using linearization around x̂J
k|k−1

, the covariance of the mode-

conditioned residual (zl,d
k

set to zero [8])

νJ,1,a
k

:=

[
z1,a
k
0

]
−

[
ẑJ,1,a
k

ẑJ,1,d
k

]
(29)

is given by

SJ,1,a
k

:= E

{
νJ,1,a

k
νJ,1,a′

k
|MJ

k , Zk−1
}

=

[
HJ,1,a

k

HJ,1,d
k

]
P J

k|k−1

[
HJ,1,a′

k
HJ,1,d′

k

]
+

[
R1,a

k
0

0 R1,d

]
(30)

where HJ,1,a
k

= [βkHj1,1 (1 − βk)Hj2,1] and HJ,1,d
k

=

[Hj1,1
k

−Hj2,1
k

] . In (29) the measurement residual νJ,1,a
k

is the
formulation of both, the mean position and the distance of the
targets. Therefore, an assumed resolution conflict results in a

fictitious measurement of z1,d
k

with value 0 and error covariance

R1,d [8].
Step 3. Measurement validation for sensor 1 (∀J ∈ M̄n):
We first perform measurement validation for each target r (r ∈
T2) separately. For target r, the validation region is taken to be
the same for all models, i.e., as the largest of them.
For two resolved targets: Just follow Step 3.3 in [5].

For unresolved targets: For unresolved targets at time k, SJ,1,a
k

is a nzl ×nzl matrix and is based on the information relevant to

the merged targets. Let ẑJ,1,a
k

denote the nzl×1 column matrix.

That is, ẑJ,1,a
k

is the mode-conditioned predicted measurement of

the merged targets for sensor 1. Let J̄a := arg{ max
J∈M̄n

∣∣SJ,1,a
k

∣∣}.
Then measurement for unresolved targets z

1(i)
k

(i=1,2,· · ·,ml) is
validated if and only if

[z
1(i)
k

− ẑJ̄a,1,a
k

]′[SJ̄a,1,a
k

]
−1

[z
1(i)
k

− ẑJ̄a,1,a
k

] < γ (31)

where γ is an appropriate threshold. The volume of
the validation region with the threshold γ is V 1

k (a) :=

cnzlγ
nzl/2|SJ̄a,1,a

k
|
1/2

. The volume of validation region for the

whole target set is V 1
k = V 1

k (a).
Step 4. State estimation with validated measure-
ment from sensor 1 (∀J ∈ M̄n): From among all the
raw measurements from sensor 1 at time k, i.e., Z1

k :=

{z1(1)
k

, z
1(2)
k

, · · · , z1(m1)
k

}, define the set of validated measure-

ment for sensor 1 at time k as Y 1
k := {y1(1)

k
, y

1(2)
k

, · · · , y1(m̄1)
k

}
where m̄1 is the total number of validated measurement for sen-
sor 1 at time k and

y
1(i)
k

:= z
1(li)
k

(32)

with 1 ≤ l1 < l2 < · · · < lm̄1 ≤ m1 when m̄1 �=0. We now
consider joint probabilistic data association across targets with
possibly unresolved measurements following [4], [5]. A marginal
association event θir is said to be effective at time k when the

validated measurement y
1(i)
k

is associated with (i.e. originates

from) target r (r = 0, 1, 2 where r = 0 means that the measure-
ment is caused by clutter). Assuming that two targets can be

possibly unresolved and detected as a single target, a joint asso-
ciation event Θ is effective when a set of marginal events {θir}
holds true simultaneously. That is, Θ =

⋂m̄1
i=1

θiri where ri is

the index of the target to which measurement y
1(i)
k

is associated
in the event under consideration. Define the validation matrix
(as in [4])

Ω = [ωir] i = 1, · · · , m̄1, for r = 0, 1, 2 (33)

where ωir = 1 if the measurement i lies in the validation gate of
target r, else it is zero. A joint association event Θ is represented
by the event matrix

Ω̂(Θ) = [ω̂ir(Θ)] i = 1, · · · , m̄1, for r = 0, 1, 2 (34)

where ω̂ir = 1 if ωir ⊂ Θ, and ω̂ir = 0 otherwise. A feasible
association event is one where a measurement can have either
only one source Σ2

r=0ω̂ir(Θ) = 1 or two sources (e.g. two tar-

gets) Σ2
r=0ω̂ir(Θ) = 2, and where at most one measurement can

originate from a target

δr(Θ) = Σm̄1
i=1ω̂ir(Θ) ≤ 1 for r = 1, 2. (35)

The feasible association joint events Θ are mutually exclusive
and exhaustive.

Following the definitions in [4], define the binary measurement
association indicator

τi(Θ) = Σ2
r=1ω̂ir(Θ) ≤ 2 for i = 1, · · · , m̄1 (36)

to indicate whether the validated measurement y
1(i)
k

is associ-

ated with target(s) in event Θ. Further, the number of false
(unassociated) measurements in event Θ is

φ(Θ) = Σm̄1
i=1[1 − min(1, τi(Θ))]. (37)

A resolution indicator, ρ(Θ), is defined to be one when τi(Θ) ≤
1 ∀i and zero otherwise. We will limit our discussion to non-
parametric JPDA [4]. The likelihood function for the global

mode J can be evaluated as ΛJ,1
k

:= p
[
Y 1

k |MJ
k , Zk−1

]
=

∑
Θ

p
[
Y 1

k |Θ, MJ
k , Zk−1

]
P{Θ|MJ

k , Zk−1}

(38)
When the targets are merged, the second term (apriori joint
association probabilities) in the last line of (38) can be evaluated
as [8]

P{Θ|MJ
k , Zk−1} :=

∫
P{Θ|xk, MJ

k , Zk−1}p[xk|MJ
k , Zk−1]dxk

= D(Θ)

∫
P (A|xk)N (xk; x̂J

k|k−1, P J
k|k−1)dxk = D(Θ)P J,1,a

k

(39)
where

D(Θ) =
φ(Θ)!ε

m̄1!

2∏
r=1

(PD)δr(Θ)(1 − PD)1−δr(Θ), (40)

PD is the detection probability at sensor 1 (assumed to be the
same for all targets), ε > 0 is a “diffuse” prior (for nonparametric

modeling of clutter) whose exact value is irrelevant and P J,1,a
k

=
∣∣2πR1,d

∣∣1/2 N
(

0; HJ,1,d
k

xJ
k|k−1, HJ,1,d

k
P J,1

k|k−1
HJ,1,d′

k
+ R1,d

)
.

(41)
It then follows that

P{Θ|MJ
k , Zk−1} =

{
D(Θ)(1 − P J,1,a

k
) for resolved target(s)

D(Θ)P J,1,a
k

for merged targets.

(42)
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The first term in (38) is

p
[
Y 1

k |Θ, MJ
k , Zk−1

]
= V

−φ(Θ)
1 p

[
Ỹ 1

k (Θ)|MJ
k , Zk−1

]
(43)

where Ỹ 1
k (Θ) ⊂ Y 1

k is a subset of the validated measurements Y 1
k ,

consisting of the measurements associated with the targets as
specified by Θ. The number of measurements in Ỹ 1

k (Θ) is equal
m̄1 − φ(Θ) where φ(Θ) is the number of false alarms. Define a

m̄1 × [m̄1 −φ(Θ)] matrix Ω̂(Θ) as a submatrix of Ω̂(Θ) obtained

by deleting the first column and all null columns of Ω̂(Θ). Then

for a given Θ, we have a measurement vector Ỹ 1
k (Θ) of dimension

(Σm̄1
i=1min[1, τi(Θ)])nz1 given by

Ỹ 1
k (Θ) = (Inz1 ⊗ Ω̂′(Θ))col{y1(i)

k
, i = 1, 2, · · · , m̄1} (44)

where we stack up all target-associated validated measurements
in Θ in ascending order of targets, In is the n × n identity ma-
trix, and the symbol ⊗ denotes the Kronecker product. Define a

[(m̄1 −φ(Θ))zz1]× [2nx] matrix HJ,1
k

(Θ) as a submatrix of HJ,1
k

obtained by deleting all i-th block rows (nz1×.) of HJ,1
k

for which

δi(Θ) = 0. That is, we have modified HJ,1
k

to keep only the block
elements associated with target-associated measurements in Θ.

To further simplify the equation for Ỹ 1
k (Θ), one has to consider

all the possible joint association events Θ. Define a related set
of mutually exclusive and exhaustive data interpretations Ψ as
follows (here we follow [8])

• Ψ11: Both targets were resolved and detected (φ(Θ) = m̄1−
2),

• Ψ10: Both targets were resolved and only target 1 was de-
tected (φ(Θ) = m̄1 − 1, δ1(Θ) = 1, δ2(Θ) = 0),

• Ψ01: Both targets were resolved and only target 2 was de-
tected (φ(Θ) = m̄1 − 1, δ1(Θ) = 0, δ2(Θ) = 1),

• Ψ1: Both targets were detected but merged as a single mea-
surement (φ(Θ) = m̄1 − 1, δ1(Θ) = 1, δ2(Θ) = 1),

• Ψ0: No target was detected (φ(Θ) = m̄1).

It then follows that the linearized measurement equation for
Ỹ 1

k (Θ) is given by

Ỹ 1
k (Θ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

HJ,1
k

(Θ)xk + wJ,1
k

, for Θ ∈ Ψ11

Hj1,1
k

(Θ)xk + wj1,1
k

(1), for Θ ∈ Ψ10

Hj2,1
k

(Θ)xk + wj2,1
k

(2), for Θ ∈ Ψ01[
HJ,1,a

k
(Θ)

HJ,1,d
k

(Θ)

]
xk +

[
wJ,1,a

k

wJ,1,d
k

]
, for Θ ∈ Ψ1.

(45)
Conditioned on the joint association event Θ and mode J , the
“coupled” innovation is given by

νJ,1
k

(Θ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

νJ,1
k

(Θ) = Ỹ 1
k (Θ) − ẑJ,1

k
(Θ), for Θ ∈ Ψ11

νj1,1
k

(Θ) = Ỹ 1
k (Θ) − ẑj1,1

k
(Θ), for Θ ∈ Ψ10

νj2,1
k

(Θ) = Ỹ 1
k (Θ) − ẑj2,1

k
(Θ), for Θ ∈ Ψ01

νJ,1,a
k

(Θ) = Ỹ 1
k (Θ) −

[
ẑJ,1,a
k

(Θ)

ẑJ,1,d
k

(Θ)

]
, for Θ ∈ Ψ1,

0, for Θ ∈ Ψ0

(46)

where ẑJ,1
k

(Θ) (ẑJ,1,a
k

(Θ), ẑJ,1,d
k

(Θ)) are subvector(s) of ẑJ,1
k

(ẑJ,1,a
k

, ẑJ,1,d
k

) obtained by deleting all i-th block rows (nz1 × 1)

of ẑJ,1
k

(ẑJ,1,a
k

, ẑJ,1,d
k

) for which δi(Θ) = 0. The covariance of

mode-conditioned residual conditioned on the joint association
event Θ is given by

SJ,1
k

(Θ) = HJ,1
k

(Θ)P J
k|k−1

HJ,1
k

′
(Θ) + RJ,1

k
, for Θ ∈ Ψ11

Sj1,1
k

(Θ) = Hj1,1
k

(Θ)P j1
k|k−1

(1)Hj1,1
k

′
(Θ) + Rj1,1

k
, for Θ ∈ Ψ10

Sj2,1
k

(Θ) = Hj2,1
k

(Θ)P j2
k|k−1

(2)Hj2,1
k

′
(Θ) + Rj2,1

k
, for Θ ∈ Ψ01

SJ,1,a
k

(Θ) is given by (30) for Θ ∈ Ψ1

(47)

where P j1
k|k−1

(1) and P j2
k|k−1

(2) are diagonal submatrices of

P J
k|k−1

.

There are a total of (m̄1 + 1) × (m̄1 + 1) possible association
hypotheses, each of which has an association probability. Then
we have

p
[
Y 1

k |Θ, MJ
k , Zk−1

]
=⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

V 2−m̄1
1 p[Ỹ 1

k (Θ)|MJ
k , Zk−1], for Θ ∈ Ψ11

V 1−m̄1
1 p[Ỹ 1

k (Θ)|MJ
k , Zk−1], for Θ ∈ Ψ10

V 1−m̄1
1 p[Ỹ 1

k (Θ)|MJ
k , Zk−1], for Θ ∈ Ψ01

V 1−m̄1
1 p[Ỹ 1

k (Θ)|MJ
k , Zk−1], for Θ ∈ Ψ1

V −m̄1
1 , for Θ ∈ Ψ0

(48)

where the conditional pdf (probability density function) of the

validated measurements Ỹ 1
k (Θ) given their origins (specified by

Θ) and the global mode J , is given by

p
[
Ỹ 1

k (Θ)|MJ
k , Zk−1

]
=⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

N (Ỹ 1
k (Θ); ẑJ,1

k
(Θ), SJ,1

k
(Θ)), for Θ ∈ Ψ11

N (Ỹ 1
k (Θ); ẑj1,1

k
(Θ), Sj1,1

k
(Θ)), for Θ ∈ Ψ10

N (Ỹ 1
k (Θ); ẑj2,1

k
(Θ), Sj2,1

k
(Θ)), for Θ ∈ Ψ01

N
(

Ỹ 1
k (Θ);

[
ẑJ,1,a
k

(Θ)

ẑJ,1,d
k

(Θ)

]
, SJ,1,a

k
(Θ)

)
, for Θ ∈ Ψ1

.

(49)
The probability of the joint association event Θ given that global

mode J is effective from time k-1 through k is βJ,1
k

(Θ)

:= P{Θ|MJ
k , Zk−1, Y 1

k } =
1

c
p[Y 1

k |Θ, MJ
k , Zk−1]P{Θ|MJ

k , Zk−1}
(50)

where the first term can be calculated from (43)-(47), the second
term from (40)-(42), and c is a normalization constant such that
ΣΘP{Θ|MJ

k , Zk−1, Y 1
k } = 1.

Using x̂J
k|k−1

(from 22) and its covariance P J
k|k−1

(from 23),

one computes the partial update x̂J
k|k and its covariance P J

k|k
following the standard PDAF [4], except that the global state is
conditioned on Θ, not the marginal events θir; details follow.
Kalman gain:

W J
k (Θ) = P J

k|k−1
HJ,1

k
(Θ)′[SJ,1

k
(Θ)]−1, for Θ ∈ Ψ11

W j1
k

(Θ) = P j1
k|k−1

(1)Hj1,1
k

(Θ)′[Sj1,1
k

(Θ)]−1, for Θ ∈ Ψ10

W j2
k

(Θ) = P j2
k|k−1

(2)Hj1,2
k

(Θ)′[Sj2,1
k

(Θ)]−1, for Θ ∈ Ψ01

W J,a
k

(Θ) = P J
k|k−1

[
HJ,1,a

k
(Θ)

HJ,1,d
k

(Θ)

]′
[SJ,1,a

k
(Θ)]−1, for Θ ∈ Ψ1.

(51)
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Partial update of the state estimate:

x̂J,1
k|k(Θ) := E

{
xk|Θ, MJ

k , Zk−1, Y 1
k

}

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂J
k|k−1

+ W J
k (Θ)νJ,1

k
(Θ), for Θ ∈ Ψ11

x̂J
k|k−1

+

[
W j1

k
(Θ)νj1,1

k
(Θ)

0nx×1

]
, for Θ ∈ Ψ10

x̂J
k|k−1

+

[
0nx×1

W j2
k

(Θ)νj2,1
k

(Θ)

]
, for Θ ∈ Ψ01

x̂J
k|k−1

+ W J,a
k

(Θ)νJ,1,a
k

(Θ), for Θ ∈ Ψ1

x̂J
k|k−1

, for Θ ∈ Ψ0.

(52)

Mode-conditioned update of the state estimate:

x̂J,1
k|k := E

{
xk|MJ

k , Zk−1, Y 1
k

}
=

∑
Θ

βJ,1
k

(Θ)x̂J,1
k|k(Θ). (53)

Covariance of x̂J
k|k,

P J,1
k|k := E

{
(xk − x̂J,1

k|k)(xk − x̂J,1
k|k)′|Y 1

k , Zk−1, MJ
k

}
, can be de-

rived following [5] and [4, (3.4.2-10)]; details are omitted for lack
of space.
Step 5. The mode-conditioned predicted measurements
for sensor 2 (∀J ∈ M̄n):
For two resolved targets: Follow Step 3.5 of [5] (see also Step 2
earlier).
For unresolved targets: The “predicted” measurement for sen-

sor 2 is given by ẑJ,2,a
k

:= h2,a(x̂J,1
k|k). Define ẑJ,2,d

k
:= [I −

I]h2(x̂J,1
k|k). Using linearization around x̂J,1

k|k, the covariance of

the mode-conditioned residual

νJ,2,a
k

:=

[
z2,a
k
0

]
−

[
ẑJ,2,a
k

ẑJ,2,d
k

]
(54)

is given by

SJ,2,a
k

:= E

{
νJ,2,a

k
νJ,2,a′

k
|MJ

k , Zk−1, Y 1
k

}

=

[
HJ,2,a

k

HJ,2,d
k

]
P J,1

k|k
[

HJ,2,a′
k

HJ,2,d′
k

]
+

[
R2,a

k
0

0 R2,d

]
(55)

where HJ,2,a
k

= [βkHj1,2 (1 − βk)Hj2,2] and HJ,2,d
k

=

[Hj1,2
k

− Hj2,2
k

].
Step 6. Measurement validation measurements for sen-
sor 2 (∀J ∈ M̄n): This is similar to Step 3 where we replace

SJ,1
k

with SJ,2
k

, z
1(i)
k

with z
2(i)
k

, m1 with m2, V 1
k (r) with V 2

k (r),

and V 1
k with V 2

k . Details are similar to that in Step 3, hence
omitted.
Step 7. Update with validated measurements for sensor
2 (∀J ∈ M̄n): This is similar to Step 3.4. Using the validated

measurements obtained from Step 3.6 and starting from x̂J,1
k|k

and P J,1
k|k , one computes the final updates x̂J

k|k and P J
k|k, and

the likelihood

ΛJ,2
k

:= p
[
Y 2

k , |MJ
k , Zk−1, Y 1

k

]
=

∑
Θ

p
[
Y 2

k |Θ, MJ
k , Zk−1, Y 1

k

]
P{Θ|MJ

k , Zk−1, Y 1
k }. (56)

Details are similar to that in Step 3.4, hence omitted.
Step 8. Update of mode probabilities (∀j ∈ Mn, ∀r ∈ T2):

µJ
k := P [MJ

k |Zk] =
1

c
µJ−

k
ΛJ,1

k
ΛJ,2

k
(57)
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Figure 1. The true trajectories of the maneuvering targets:
position in xy plane.

where c is a normalization constant such that ΣJµJ
k = 1. For

individual targets we have

µj1
k

(1) := P [Mj1
k

(1)|Zk] =

n∑
j2=1

µj1,j2
k

, µj2
k

(2) =

n∑
j1=1

µj1,j2
k

(58)
with J = (j1, j2) in (57).
Step 9. Combination of the mode-conditioned estimates
(∀r ∈ T2): The final global state estimate update at time k is
given by

x̂k|k := E{xk|Zk} =
∑

J
x̂J

k|kµJ
k (59)

and its covariance is given by

Pk|k =
∑

J

{
P J

k|k +
[
x̂J

k|k − x̂k|k
] [

x̂J
k|k − x̂k|k

]′}
µJ

k . (60)

The state estimate x̂k|k(r) for target r is the nx-subvector of

x̂k|k consisting of elements (r − 1)nx + m, m = 1, 2.

5. SIMULATION EXAMPLE

The following example of tracking two highly maneuvering tar-
gets in clutter is patterned after [5].

The True Trajectory: We consider a scenario similar to that
in [5]. Target 1 starts at location [21689+dx 10840+dy 40] with
dx=-3040m and dy=5500m in Cartesian coordinates in meters.
The initial velocity (in m/s) is [-8.3 -399.9 0] and the target
stays at constant altitude with a constant speed of 400 m/s. Its
trajectory is: a straight line with constant velocity between 0 and
27s, a coordinated turn (0.15 rad/s) with constant acceleration
of 60 m/s2 between 27 and 42s, a straight line with constant
velocity between 42 and 47s, a coordinated turn (0.1 rad/s) with
constant acceleration of 40 m/s2 between 47 and 65s, and a
straight line with constant velocity between 65 and 87s. Target
2 starts at location [30000 -3040 40] in Cartesian coordinates in
meters. The initial velocity (in m/s) is [-382 157 0] and the target
stays at constant altitude with a constant speed of 413 m/s. Its
trajectory is: a straight line with constant velocity between 0 and
44s, a coordinated turn (0.075 rad/s) with constant acceleration
of 30 m/s2 between 44 and 59s, and a straight line with constant
velocity between 59 and 87s.

The Target Motion Models: There are 3 models exactly
as in [5]. In each mode the target dynamics are modeled in
Cartesian coordinates as xk(r) = F (r)xk−1(r) + G(r)vk−1(r)
where the state of the target is position, velocity, and acceleration
in each of the 3 Cartesian coordinates (x, y, and z). The details
regarding these models may be found in [6]. The initial model
probabilities for two targets are identical: µ1

0 = 0.8, µ2
0 = 0.1

and µ3
0 = 0.1. The mode switching probability matrix for two

targets is also identical and is as in [6].
The Sensors: Two sensors (we assume collocation, and

time synchronization of observations, etc.) are used to ob-
tain the measurements. The measurements from sensor l are

1261



IMM/JPDAMCF IMM/JPDACF
No. of (proposed) ([5])

lost tracks 44/1000 94/1000
swapped tracks 3/1000 4/1000
successful tracks 953/1000 902/1000

Table 1. Simulation results summary based on 1000 runs.

zl
k = hl(xk) + wl

k, l = 1, 2, reflecting range and azimuth an-
gle for sensor 1 (radar) and azimuth and elevation angles for
sensor 2 (infrared). The range, azimuth, and elevation an-

gle transformations would be given by r = (x2 + y2 + z2)
1/2

,

a=tan−1[y/x], e = tan−1[z/(x2 + y2)
1/2

], respectively. The
measurement noise wl

k for sensor l is assumed to be zero-mean

white Gaussian with known covariances R1 = diag[qr, qa1] =
diag[400m2, 49mrad2] with qr and qa1 denoting the variances for
the radar range and azimuth measurement noises, respectively,
and R2 = diag[qa2, qe] = diag[4mrad2, 4mrad2] with qa2 and qe
denoting the variances for the infrared sensor azimuth and el-
evation measurement noises, respectively. Resolutions of both
sensors are selected after from [8] (twice of the standard devia-
tions for the corresponding sensor measurement noise): a range
resolution of sensor 1 (αR)=2×√

qr=40m, a angular resolution

of sensor 1 (αφ1 )=2×√
qa1=14×10−3rad, a angular resolution

of sensor 2 (αφ2 )=2×√
qa2=4 × 10−3rad and a elevation angle

resolution of sensor 2 (αθ)=2×√
qe=4 × 10−3rad. The noise for

merged measurements wl,a
k

for sensor l is assumed to be the same

with resolved measurement noise wl
k for sensor l. The measure-

ment distance noise wl,d
k

for sensor l is assumed to be zero-mean

white Gaussian with known covariances R1,d = diag[αR, αφ1 ],
and R2,d = diag[αφ2 , αθ]. To generate the true target trajecto-
ries, following (15), given the measurements of the two targets
at a given sensor, the targets are unresolved with the conditional

probability P l,a
k

and they are merged into one by the linear com-

bination model (10) with the signal strength ratio βk=0.5 for all
time k. (The tracking algorithm does not have this knowledge

of how P l,a
k

is used to generate data.) Both sensors are assumed
to be located at the coordinate system origin. The sampling
interval was T=1s and it was assumed that the probability of
detection PD=0.997 for both sensors.
The Clutter : For generating false measurements in simulations,
the clutter was assumed to be Poisson distributed with ex-
pected number of λ1 = 20 × 10−6/m-mrad for sensor 1 and
λ2 = 2 × 10−4/mrad2 for sensor 2. These statistics were used
for generating the clutter in all simulations. However, a non-
parametric clutter model was used for implementing all the al-
gorithms for target tracking.
Other Parameters: The gates for setting up the validation
regions for both the sensors were based on the threshold γ=16
corresponding to a gate probability PG=0.9997.

Simulation Results: The results were obtained from 1000
Monte Carlo runs. Fig. 1 shows the true trajectory of the two
targets as a function of time. The two targets start out far
apart, move close to each other from 38 to 42 sec., cross at 52
sec. and then move apart again. Fig. 2(a) shows the results
of proposed IMM/JPDAMCF based on 953 successful runs (tar-
get swap occurred in 3 runs with 44 track failures). Fig. 2(b)
shows the standard IMM/JPDACF (the merged target case is
not accounted for in this approach) based on 902 successful runs
(target swap occurred in 4 runs with 94 track failures) in terms
of the RMSE in position. Table 1 shows the number of suc-
cessful runs (including target swappings) for the two approaches
IMM/JPDAMCF and IMM/JPDACF. It is seen from Table 1
and Figs. 1 and 2 that the proposed IMM/JPDAMCF has bet-
ter performance than IMM/JPDACF especially in terms of the
track estimation accuracy and the loss of tracks.
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