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Abstract—This paper gives a constructive algorithm to
obtain the entire set of stabilizing first order controllers for a
given single-input single-output linear time invariant system.
Unlike earlier results, a mathematical model such as the
transfer function or a state space model is not required.
Instead, only the frequency response (Nyquist-Bode data) and
knowledge of the number of RHP poles of the plant are utilized
to solve the problem. The method is of practical importance
especially when mathematical models are not available or
identification is not desirable. We also show that the method
can be extended to include various performance requirements
such as guaranteed gain and phase margins, and guaranteed
H∞ margin. An example is given for illustration.

I. INTRODUCTION

In control system design, a plant to be controlled can

be described analytically and/or non-analytically. Analytical

descriptions include transfer functions and state space mod-

els. A typical non-analytical description is the frequency

response of the plant. A certain set of rules that describes the

behaviour of the system is also viewed as a non-analytical

description of the plant.

In classical control design, a single controller such as

PID or phase lead/lag is designed by loop shaping, from

the frequency domain data (free of analytical model) or

transfer function of the plant to be controlled. In modern and

post modern control approaches, an optimal controller of

high order is designed with respect to certain performance

measures such as H∞, H2, and �1 based on analytical plant
model. On the other hand, fuzzy-neural control provides

model free approaches to design a controller, but they lack

any guarantee of stability or performance [1].

There has been recent interest in the design of low

order and fixed structure controllers [2], [3], [4], [5], a

problem area generally ignored in the post 1960 control

literature. Recently, a technique to characterize the entire

set of first order stabilizing controllers for a given LTI

plant has been developed [6]. Subsequently, the result was

extended to solve the problem of determining the first

order stabilizing controller set that satisfies given H∞
performance requirements [7]. The results are based on

the plant transfer function provided. However, in practice,

there are many situations where such precise information is

unavailable or is difficult to obtain. On the other hand, it

is often the case that the frequency response of the plant
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can easily be measured experimentally. In fact, frequency

response measurements of the plant is an essential part of

controller design in classical control design such as the

classical methods of designing PID controllers and their

tuning rules (see [8], [9], [10]).

The present paper solves the problem of characterizing

the entire set of first order stabilizing controllers for a

given plant. Unlike the solution obtained in [6], our primary

assumption is that there is no mathematical or analytical

model available. The only information about the plant that

is required to establish the solution proposed here are: (1) a

reasonable range of the frequency response data (Nyquist-

Bode data) representing the plant and (2) the number of

RHP poles of the plant. From these, we give here a construc-

tive algorithm to solve the problem. Once the stabilizing

first order controller set is obtained, we also show how a

subset can be found that satisfies additional performance

requirements such as guaranteed gain and phase margins,

and guaranteed H∞ margin. Our solution avoids identifying
the plant transfer function or state space model and this

has implications for robustness which will be explored

elsewhere.

II. PRELIMINARIES

Consider the feedback configuration with an LTI plant

and a first order controller as shown in Fig. 1.

+−
C(s) P (s)

Fig. 1. A unity feedback system

Let the plant and the controller be

P (s) =
N(s)
D(s)

and C(s) =
x1s + x2

s + x3
(1)

We make the following standing assumptions throughout

the paper.

Assumption 1
1. The plant is stabilizable, that is, the polynomials N(s)
and D(s) are coprime.
2. The plant has no jω poles.
3. We assume that the only information available to the
designer is:

a. Knowledge of the frequency response magnitude and

phase, i.e.,

P (jω) = Pr(ω) + jPi(ω), for ω ∈ [0,∞). (2)
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b. Knowledge of the number of plant RHP poles, pr.

III. DETERMINATION OF ROOT INVARIANT

REGIONS

The root invariant regions in the parameter space

(x1, x2, x3) can be determined using the following result.

Theorem 1 (Characterization of Root Invariant Region)
Given the frequency domain data P (jω) of the plant, the
following two straight lines and one curve given below in
the x1 − x2 plane, for each fixed x3 completely partitions
the first order controller parameter space (x1, x2, x3) such
that each and every open region bounded by them consists
of parameters that correspond to closed-loop systems with
an invariant number of open LHP poles.

x3 + x2P (0) = 0 (3){
x1(ω) = 1

|P (jω)|2
(

Pi(ω)
ω x3 − Pr(ω)

)
x2(ω) = − 1

|P (jω)|2 (Pr(ω)x3 + ωPi(ω))
(4)

1 + P (∞)x2 = 0. (5)

Proof: Consider the characteristic polynomial

Π(s) = (s + x3)D(s) + (x1s + x2)N(s) (6)

and

Π(jω) = (jω + x3)
(
De(−ω2) + jωDo(−ω2)

]
+(jωx1 + x2)

[
Ne(−ω2) + jωNo(−ω2)

]
= R(ω) + jωI(ω) (7)

where

R(ω) = −ω2x1No(−ω2) + x2Ne(−ω2)
+x3De(−ω2) − ω2Do(−ω2) (8)

I(ω) = x1Ne(−ω2) + x2No(−ω2)
+x3Do(−ω2) + De(−ω2) (9)

Using the Boundary Crossing Theorem [11], we have

following three conditions.

(A) Real root crossing condition:

Π(0) = x3D(0) + x2N(0) = 0 (10)

and since D(0) �= 0 from Assumption 1, equivalently,

x3 + x2P (0) = 0. (11)

(B) Complex root crossing condition: By setting (8) and (9)

to be zero, we have[−ω2No(−ω2) Ne(−ω2)
Ne(−ω2) No(−ω2)

] [
x1

x2

]

=
[−x3De(−ω2) + ω2Do(−ω2)

−x3Do(−ω2) − De(−ω2)

]
. (12)

We now consider the case when |A(ω)| �= 0 for all ω > 0.
The case when |A(ω)| = 0 will be discussed later. Then

|A(ω)| = ω2N2
o (−ω2) + N2

e (−ω2) > 0, (13)

for all ω > 0. Simplifying the notations, we write[
x1

x2

]
=

1
|A(ω)|

[
No −Ne

−Ne −ω2No

] [−x3De + ω2Do

−x3Do − De

]
. (14)

Note that

|P (jω)| =
|Ne + jωNo|
|De + jωDo|

|P (jω)|2 =
N2

e + ω2N2
o

D2
e + ω2D2

o

=
|A(ω)|

D2
e + ω2D2

o

and

P (jω) =
NeDe + ω2NoDo

D2
e + ω2D2

o

+ j
ω(NoDe − NeDo)

D2
e + ω2D2

o

= Pr(ω) + jPi(ω).

Then we have

x1(ω) =
1

|A(ω)|[
(NoDe − NeDo)x3 − (NeDe + ω2NoDo)

]

=
1

|P (jω)|2
(

NoDe − NeDo

D2
e + ω2D2

o

x3

−NeDe + ω2NoDo

D2
e + ω2D2

o

)

=
1

|P (jω)|2
(

Pi(ω)
ω

x3 − Pr(ω)
)

(15)

and

x2(ω) =
1

|A(ω)|[
−(NeDe + ω2NoDo)x3 − ω2(NoDe − NeDo)

]

=
1

|P (jω)|2
(
−NeDe + ω2NoDo

D2
e + ω2D2

o

x3

−ω2(NoDe − NeDo

D2
e + ω2D2

o

)

= − 1
|P (jω)|2

(
Pr(ω)x3 + ωPi(ω)

)
. (16)

(C) Degree dropping condition: Let the deg[D(s)] = n and
deg[N(s)] ≤ n. Let us also denote the nth order coefficient

of D(s) and N(s) to be dn and nn if nonzero. Then the

degree dropping condition is given by

dn + x2nn = 0, (17)

equivalently,

1 +
nn

dn
x2 = 1 + P (∞)x2 = 0. (18)

Finally, consider the case when |A(ω)| = 0 for some ω �= 0.
Let

|A(ω)| = ω2N2
o (−ω2) + N2

e (−ω2) = 0 (19)
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for some ω �= 0. Since N2
o (−ω2), N2

e (−ω2) ≥ 0, (19) holds
if and only if

No(−ω2) = Ne(−ω2) = 0. (20)

¿From (12), it follows that

−x3De(−ω2) + ω2Do(−ω2) = 0
−x3Do(−ω2) − De(−ω2) = 0

and equivalently,

ω2D2
o(−ω2) + D2

e(−ω2) = 0. (21)

Since D2
o(−ω2),D2

e(−ω2) ≥ 0, (21) holds if and only if

Do(−ω2) − De(−ω2) = 0. (22)

¿From (20) and (22), it follows that (19) has a solution for

ω �= 0 if and only if D(s) and N(s) have a common factor
s2 + ω2 and this is ruled out by Assumption 1.

Once the first-order controller parameter space is parti-

tioned into root invariant regions, it is necessary to select

a point from each region and test the stability of the

corresponding closed-loop system. The stability test can

easily be done by plotting the Nyquist plot and from the

knowledge of the number of RHP poles of the plant.

Example 1 For illustration, we have collected the fre-
quency domain (Nyquist-Bode) data of the stable plant used

in [6] and refer to

P(jω) = {P (jω) : ω ∈ (0, 10) sampled every 0.01}.
The Nyquist plot of the plant obtained is shown in Figs. 2

and 3.
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Fig. 2. Nyquist plot of P (jω)

From the data P(jω), we have P (0) = 13.333 and
P (∞) = 0. Then it is easy to see that the straight line
(5) is not applicable. After fixing x3 = 0.2, the data points
representing the straight line in (3) and the curve in (4) are

depicted in Fig. 4. By testing a point for each root invariant

region, we obtained the stabilizing regions shown in Fig. 4

which are identical to those in the example in [6].
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Fig. 3. Nyquist plot of P (jω) (Area magnified)
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Fig. 4. Stabilizing regions for x3 = 0.2

IV. STABILITY SUBSETS ACHIEVING

PERFORMANCE SPECIFICATIONS

In control system design, additional requirements be-

yond closed-loop stability are imposed. These additional

requirements include guaranteed gain and phase margin,

and acceptable bounds on the H∞ norm of one or more
closed loop transfer function. Such a problem is equivalent

to the simultaneous stabilization problem of the original

plant P (s) and one or more of the family of real or complex
systems with transfer function Pc(s) whose “frequency
responses” are defined as follows.

Guaranteed Gain Margin Problem:

Pc(jω) := {KP (jω) : K ∈ [1,K∗]} (23)

where K∗ ≥ 1 is the required gain margins. If conditional
gain margin is required, it can be treated similarly.

Guaranteed Phase Margin Problem:

Pc(jω) :=
{
ejθP (jω) : θ ∈ [0, θ∗]

}
(24)
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where θ∗ ≥ 0 is the required phase margins.

Guaranteed H∞ Margin Problem: For the case of the
sensitivity function S(s), that is,

‖W (s)S(s)‖∞ < γ,

Pc(jω) :=

{
P (jω)

[
1

1 + 1
γ ejθW (jω)

]
: θ ∈ [0, 2π]

}
.

(25)

For the case of the complementary sensitivity function T (s),
that is,

‖W (s)T (s)‖∞ < γ,

Pc(jω) :=
{

P (jω)
[
1 +

1
γ

ejθW (jω)
]

: θ ∈ [0, 2π]
}

.

(26)

As seen above, the family Pc(s) is in general a complex
family. Therefore, for Pc(s, θ) with a fixed θ, the conditions
in (3) and (5) become respectively

x3 + x2P
c
r (0) = 0, x3 + x2P

c
i (0) = 0 (27)

and

1 + x2P
c
r (∞) = 0, 1 + x2P

c
i (∞) = 0 (28)

where

Pc(jω) := P c
r (ω) + jP c

i (ω), ω ∈ [−∞, ∗∞].

Example 2 To verify the technique, we consider the ex-
ample used in [7]. We collect

P(jω) = {P (jω) : ω ∈ (−10, 10) sampled every 0.01}.
We also have the knowledge that the plant has one RHP

pole. We first find the stabilizing region in the controller

parameter space. As we did in the previous example, we let

x3 = 2.5. This is shown in Fig. 5.

−4 −3 −2 −1 0 1 2
−3

−2.5

−2

−1.5

−1

−0.5

0

x
1

x 2

Fig. 5. Stabilizing regions for x3 = 2.5

We now consider the problem of determining the entire

set of first order stabilizing controllers satisfying the re-

quired closed-loop performance described by the require-

ment on the H∞ norm of the weighted complementary

sensitivity function:

‖W (jω)T (jω)‖∞ < γ, for all ω

As shown above, this is equivalent to the problem of

simultaneously stabilizing the complex family in (26) as

well as the original plant P (s). In this problem, we let
γ = 1. On the top of the stabilizing region shown in Fig. 5,
stabilizing sets for the complex plant families Pc(jω, θ) for
θ = 0, π

3 , 2π
3 , π, 4π

3 , 5π
3 , 2π are plotted in Fig. 6.
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Fig. 6. First order controllers satisfying H∞ performance

To verify, a number of points inside the performance

region, construct the corresponding controllers, and Nyquist

plots of W (s)T (s) have been plotted as shown in Fig. 7.
These points are shown as “*” in Fig. 6. We observe from

the Nyquist plots in Fig. 7, every test set satisfies the H∞
performance requirement.

V. CONCLUDING REMARKS

A new method of completely characterizing the entire

stabilizing first order controller set for a given system

is developed. As in [6], the complete set was obtained

in (x1, x2) parameter space by analytically determining
boundaries, for each fixed x3. The difference from [6] is

that we have developed the expression of the boundaries

directly in terms of frequency response data P (jω) of
the plant rather than from parameters of the plant model

(transfer function or state space). Thus, the procedure does

not require identification or knowledge of the mathematical

model of the plant. Instead, the frequency response of the

plant and the knowledge of the number of RHP poles

of the plant are the only information required for the
design. This is the kind of design information used in
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Fig. 7. Nyquist plots of W (s)T (s) with selected controllers

classical control. However our results are distinct from

classical approaches in that the complete set of solutions

is found from this data, It is in that spirit that we have

achieved synthesis rather than mere design. This allows the

quasi-analytical determination of complete sets of solutions

achieving multiple specifications [12] with a first order

controller. These topics and the extension to more general

fixed order structures are areas of research worth pursuing.

The significant fact that synthesis can be done without

model buildup or identification would generally appeal to

industrial control designers. The implications on robustness

and deviations from the assumptions are important topics

of research.
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[9] K. Åstróm and T. Hägglund, PID Controllers: Theory, Design, and
Tuning (2nd Edition), Instrument Society of America, 1995.

[10] M. Chidambaram, Applied Process Control, Allied Publishers, New
Delhi, India, 1998.

[11] S.P. Bhattacharyya, H. Chapellat and L.H. Keel, Robust Control: The
Parametric Approach, Prentice Hall PTR, Upper Saddle River, NJ,
1995.

[12] P. Dorato, “Quantified multivariable polynomial inequalities: The
mathematics of (almost) all practical design problems,” Proceedings
of the Sixth IEEE Mediterranean Conference on Control and Systems,
Alghero, Italy, June 9 - 11, 1998.

1196


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


