
Abstract— This paper proposes a new validation index for 
fuzzy clustering in order to eliminate the monotonically 
decreasing tendency as the number of clusters approaches to the 
number of data points and avoid the numerical instability of 
validation index when fuzzy weighting exponent increases. Limit 
analyses of Xie-Beni index, Kwon index and the proposed index 
are also considered for the convenience of contrast. Lastly, two 
numerical examples are presented to show the effectiveness of 
the proposed validation index. 

I. INTRODUCTION

LUSTER analysis is an important mathematical tool for 
identifying structure presented in data set. Based on the 

similarity between data points, often defined by a distance 
measure, a number of clusters are partitioned to represent the 
characteristics of original data set. Fuzzy clustering, regarded 
as a popular method in cluster analysis, has been used 
extensively in pattern recognition [1], [2], image processing 
[3], medical diagnosis [4], fuzzy model analysis [5] etc.. As 
one of the best known fuzzy clustering methods the fuzzy 
C-means (FCM) [6] algorithm has received much attention, 
but some cluster validity criterions have to be required to 
evaluate the quality of clustering algorithm because FCM is a 
sort of unsupervised clustering algorithm. In order to give 
more accurate partitions of data, many researchers have 
studied this validity problem. Until now, the validation 
functions can be divided into two main classes according to 
whether the separation index is involved. One is  compact 
index within the clusters, such as partition coefficient [7], 
partition entropy [8], proportion exponent [9], and the other is 
combined index (including fuzzy partitions and cluster 
centers), such as Fukuyama and Sugeno index [10], 
compactness and separation index [11] and Xie-Beni index 
[12]. 

 The paper focuses on the Xie-Beni index. Although it can 
provide more reliable response over a wide range of choice 
for the number of clusters and fuzzy weighting exponent, 
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Xie-Beni index has two intrinsic drawbacks: 1) validation 
index monotonically decreases when the number of 
clusters gets very large and close to data points [12], 2) 
there exists a very strong and unpredictable interaction 
between the number of clusters and fuzzy weighting 
exponent (numerical instability) due to its limit behavior 
when fuzzy weight exponent approaches to infinity. The 
first problem was considered by Kwon [13], who 
imposed an ad hoc punishing function to eliminate the 
decreasing tendency. Here, we propose an improved 
validation index for the FCM algorithm to overcome the 
above two problems with the same idea.  

II. CLUSTER VALIDATION INDICES

Since the FCM is a popular clustering algorithm, 
readers interested in it may refer to [6]. Therefore, the 
computing formulas for alternative optimization are 
ignored and only cluster validation indices are considered 
in this paper. 

Let 1 2{ , , , }nX x x x  be a set of n  data points in p -
dimensional space. The p n  data matrix X has the 
cluster center matrix 1[ , , ]cV v v  ( (1, )c n is the 
number of clusters) and the membership matrix 

[ ]ij c nU , where ij  is the membership value of jx

belonging to iv . m  represents the fuzzy weighting 
exponent. 

A. Xie-Beni index 
Xie-Beni index [12] to be studied is defined as 
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For the first problem Xie and Beni gave a method of 
plotting the optimal value of , ;XBV U V X  for 2c  to 

1n , then selecting the starting point of monotonically 
decreasing tendency as the maximum c  to be considered. 
In addition, they recommended to use a punishing 
function imposing on the validation index, but this 
function was not discussed deeply. To investigate the 
limiting behavior of Xie-Beni index, we take two limits of 
the validation index when c n  and m .
Additional limits can be founded in [14]. Since  
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we obtain 
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On the other hand, 
lim 1ijm
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where v  is the fixed point of the FCM algorithm for 1m ,
and the total scatter matrix of X
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then we have  
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 From (3) and (7), we can see that the Xie-Beni index loses 
its ability to evaluate the quality of FCM as c n , and 
becomes unstable or unpredictable as m .

B. Kwon index 
In the sense of maximizing intra-class similarity and 

inter-class differences, Kwon [13] developed another 
validation index with an ad hoc punishing function to 
eliminate the monotonically decreasing tendency as the 
number of clusters increases. Kwon index is defined as 
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With the second term in the numerator in (8) the first problem 
can be effectively solved, however, the second problem can 
not be avoided because of its limit behavior, i.e. 
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Obviously, validation index , ;KV U V X  is also of 

numerical instability as fuzzy weighting exponent approaches 
infinity. 

C. The proposed validation index 
With the same idea of punishing function an improved 

validation index is defined as (1 c n )
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The second term in the numerator in (11) is an ad hoc
punishing function (average distance between cluster 
centers) applied to eliminate the decreasing tendency as 
c n , moreover, the second term in denominator in (11) 
is also a punishing function used to strengthen the 
numerical stability as m . Then it can be obtained 
that 
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When m , we have 
lim 0i km

v v                                   (13) 

Without the punishing function in the denominator in 
(11), the proposed index will go to infinity due to (5) and 
(13). To avoid this, based on (4) we select the punishing 
function as 1 c  such that the limit of (11) converges to an 
inherent metric of X , i.e. (6). And then, we obtain 
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From the above two limits we can conclude that the 

proposed validation index can keep the ability to 
discriminate between various values of clusters as c n ,
and also assure the numerical stability of validation index 
as m . That is to say, the proposed validation index 
can provide better response over a wide range of choices 
for the number of clusters and fuzzy weighting exponent 
than Xie-Beni index and Kwon index. 

Remark 1: Based on the above comparisons, some 
facts should be emphasized: 

1) All the three indices have considered the 
compactness and separation of fuzzy partition. 

2) Xie-Beni index has no punishing functions, Kwon 
index has an ad hoc punishing function in its numerator, 
and the proposed index has an ad hoc punishing function 
in its numerator and denominator respectively. With these 
modifications the limit behavior of the indices can be 
improved effectively. More importantly, the limits of the 
proposed index depend on the inherent characteristics of 
the given data set X , such as n , XC .

III. NUMERICAL EXAMPLE

To compare the performance of the proposed 
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validation index with Xie-Beni index and Kwon index, an 
evaluation study is carried out. This study involves two 
numerical examples. For sake of showing the differences in 
the three validation index some common parameters of FCM 
are fixed: terminating criterion 0.001 ,  is the 
Euclidean norm, and the initial centroids are randomly chosen 
as distinct points in data set for different number of clusters. 
For a particular c  the initial values are the same. In particular, 
numerical instability should be emphasized because it could 
lead to many different results with different initial values. 
Lots of experiments have been done with different 
initializations which are not reported here, and those with 
smaller exponent are very similar to the ones given in the 
following tables. Minimizing the three indices may give 
different optimal values. In the tables the bold values 
correspond to the optimal values of c  chosen by each index 
and the italic values denote the unstable or unpredictable 
values of each index. 

Example 1: In this example the famous butterfly data set [6] 
is employed, which has * 2c as the number of preferred 
clusters. Table 1, 2 and 3 report the index values for Xie-Beni 
index, Kwon index and the index proposed in this paper, 

respectively.
From table 1 we can see that Xie-Beni index loses its 

ability to validate ( , )U V pairs from FCM as c n  and 
is numerically unstable as m increases. Kwon index in 
table 2 is also numerically unstable due to its limit 
behavior, such as the point ( 14, 13)m c and the 
point ( 16, 10)m c . The proposed index shown in 
table 3 gives correct clusters in a wider range of c  and 
keeps strong numerical stability when m  increases. 

Example 2: In this example the well-known IRIS data 
set [15] is considered. Although coming from three 
physical clusters each with 50 points, IRIS has two 
well-separated geometrical structure. Since clusters are 
represented by mathematical properties of the data set, we 
regard * 2c as the optimal number of the cluster centers 
for IRIS. Table 4, 5 and 6 are the index values for 
Xie-Beni index, Kwon index and the proposed index, 
respectively.

TABLE I XIE-BENI INDEX FOR BUTTERFLY DATA SET
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TABLE II KWON INDEX FOR BUTTERFLY DATA SET

TABLE III    THE PROPOSED INDEX FOR BUTTERFLY DATA SET

In the above three tables only the values for 
2,10,11,12,13m  are enumerated due to the limitation of 

space, and the numerical characteristics are similar when 
m increases. It is very clear from table 4, 5 and 6 that many 
values for Xie-Beni index and Kwon index are unpredictable 
for large values of m , however, the proposed validation 
index shows better performance than the two indices for its 
preferable limit behavior. 

Remark 2: As an important parameter fuzzy weighting 
exponent can affect fuzzy memberships and cluster 
centers, which can be seen from (4) and (5). Readers 
interested in how to select a proper m  may refer to [16]. 
Here, our numerical results reveal that even without 
optimal value for m  the proposed index can give a 
reliable fuzzy partition over a wide range of choice for the 
number of clusters and fuzzy weighting exponent. 
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TABLE IV    XIE-BENI INDEX FOR IRIS DATA SET

TABLE V    KWON INDEX FOR IRIS DATA SET

TABLE VI    THE PROPOSED INDEX FOR IRIS DATA SET

IV. CONCLUSION

In this paper, an improved validation index based on 
Xie-Beni index is proposed in order to eliminate the 
monotonically decreasing tendency as the number of clusters 
approaches to the number of data points and avoid the 
numerical instability of cluster validation index when fuzzy 
weighting exponent increases. Moreover, limit analysis of the 
three indices are carried out because it is not always possible 
to regard the number of clusters and the value of fuzzy 
exponent as a prior knowledge. In the light of limit behavior 
we may check other validation indices or construct better 
indices for fuzzy clustering. 
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