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Abstract— This paper provides global asymptotic stability
conditions for continuous-time varying polytopic systems,
using a parameter dependent Lyapunov function. The time
varying parameter uncertainty as well as its time derivative
are modelled as belonging to polytopic convex sets and their
dependence is made explicit to get less conservative results. A
particular case, characterized by the parameter uncertainty
satisfying a linear differential equation is analyzed and a
simpler version of the aforementioned stability conditions
is presented. The results are expressed in terms of linear
matrix inequalities being thus numerically solvable with no
big difficulty. The theory is illustrated by the determination
of the asymptotic stability region of a Mathieu’s type equation
with an uncertain time varying parameter.

I. INTRODUCTION

In this paper, asymptotic stability of continuous time
varying polytopic linear systems is addressed. For a given
set of real matrices {A1, · · · , AN} of compatible dimen-
sions, this class of systems obeys the following differential
equation

ẋ(t) = A(σ(t))x(t) , x(0) = x0 , ∀t ≥ 0 (1)

where x(t) ∈ Rn is the state vector, x0 is the initial
condition and σ(t) ∈ RN , defined for all t ≥ 0 with
components σi(·), i = 1, · · · , N represents time varying
unknown parametric perturbations such that

A(σ(t)) ∈ co{A1, · · · , AN} (2)

where co{·} denotes the convex hull, [8]. The main goal
is to determine conditions assuring that the equilibrium
solution of (1) is globally asymptotically stable for all σ(t)
such that (2) holds. One of the first result on this problem
for time invariant polytopic systems was presented in [6]
and generalized in [7] where new stability conditions based
on a parameter dependent Lyapunov function have been
introduced. For continuous time varying systems, in the
literature to date, there are several papers dealing either with
this or with similar problems, [1], [5], [9], [10]. The main
difference with the present work is that either they consider
affine systems or the proposed Lyapunov function does not
explicitly depend on the unknown parameters. Among them
the result of [9] seems to be the more general since the
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proposed quadratic Lyapunov function contains the affine
ones as special cases.

In this paper we follow the same route of [7]. The
proposed Lyapunov function is parameter dependent and
σ̇(t) is modelled by means of a norm bounded differential
inclusion. The stability conditions apply to any number of
extreme matrices {A1, · · · , AN} and may be considerably
simplified to cope with parameters being given by the
solution of linear differential equations with arbitrary initial
conditions. This case is of importance whenever it applies
since only a set of precise trajectories of interest can be
taken into account. As in [7], the present stability conditions
for time-varying systems are also expressed in terms of
linear matrix inequalities (LMI), being thus solvable by the
numeric machinery available in the literature to date. The
reader is requested to see [2] where this topic is exhaustively
treated.

The notation used throughout is standard. Capital letters
denote matrices, small letters denote vectors and small
Greek letters denote scalars. For matrices or vectors (′)
indicates transpose. For symmetric matrices, X > 0 (≥ 0)
indicates that X is positive definite (nonnegative definite).
The set of real numbers are denoted by R. For h ∈ RN ,
‖h‖∞ = max{|h1|, · · · , |hN |}. The L2 squared norm of
x(t) ∈ Rn defined for all t ≥ 0 equals ‖x(t)‖2

2 =∫ ∞
0

x(t)′x(t)dt, see [3].

II. MODELLING AND PROBLEM FORMULATION

First of all, any system of the form (1)-(2), can be
expressed in the more convenient form

A(σ(t)) =
N∑

i=1

σi(t)Ai , σ(t) ∈ ΛN (3)

where ΛN is the simplex

ΛN :=

{
λ ∈ RN :

N∑
i=1

λi = 1, λi ≥ 0

}
(4)

Our purpose in this paper, is to state conditions to assure
that the equilibrium solution of (1) is globally asymptoti-
cally stable, which implies that ‖x(t)‖2 is bounded for all
t ≥ 0 and goes to zero as t goes to infinity for all bounded
initial condition x(0) = x0 and all σ(t) ∈ ΛN . Several
authors addressed stability problems for continuous time-
varying systems, see for instance [9] and the references
therein. The main difference between these works stems
from the model used to define the feasible perturbation
vector σ(t) and its time derivative σ̇(t). In this paper, we
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further consider that σ̇(t) exits and it satisfies the differential
inclusion σ̇(t) ∈ ΩM for all t ≥ 0, where ΩM is the
following polyhedral convex set,

ΩM ∈ co{h1, · · · , hM} (5)

where hj ∈ RN for all j = 1, · · · ,M are given vectors.
Once again, it is immediately seen that for each t ≥ 0, there
exists µ(t) ∈ RM such that

σ̇(t) =
M∑

j=1

µj(t)hj , µ(t) ∈ ΛM (6)

When dealing with polytopic continuous time-varying sys-
tems, it is important to keep in mind that the vectors used to
define ΩM can not be chosen arbitrarily. In fact, assuming
that we want to restrict the magnitude of the time derivative
as, for instance, ‖σ̇(t)‖∞ ≤ r for all t ≥ 0, it is essential to
take into account that any σ(t) ∈ ΛN satisfies the constraint
c′σ(t) = 1 for c′ = [1 · · · 1] and all t ≥ 0. As a
consequence, the vectors h1, · · · , hM should be determined
in such a way that

co{h1, · · · , hM} = {h ∈ RN : ‖h‖∞ ≤ r, c′h = 0} (7)

Since the set on the right hand side of (7) is convex
and polyhedral, it is always possible to determine a finite
number of vectors h1, · · · , hM satisfying this condition. In
fact, they are precisely the set of all basic solutions of the
polyhedral convex set appearing on the right hand side of
(7). Notice however that, generally, the minimum number
of vectors M needed to keep (7) true is greater than N as
we can easily see since for N = 2, only two vectors suffice
but for N = 3 the minimum number of vectors is four.

This model is very general and so it can be useful for
modelling polytopic continuous time-varying systems, the
only restriction to take into account for modelling purposes
is that the set ΩM must be convex and polyhedral. However,
taking M big enough it may approximate, within a desired
precision level any convex set, yielding the possibility to
consider in (7) other vector norms, as for instance the
Euclidean norm. In addition, the particular case charac-
terized by M = N and µ(t) = σ(t) is of great interest
because the feasibility of σ(t) ∈ ΛN and σ̇(t) ∈ ΩN for
all t ≥ 0, implies that these signals are coupled together
through the linear differential equation σ̇(t) = Hσ(t) where
H ∈ RN×N . As it will be clear in the sequel, in this case,
the stability conditions simplify considerably.

III. STABILITY CONDITION

In this section, before we give the main result of this
paper, we need to introduce the following notation. Asso-
ciated to a set composed by a certain number of matrices
{U1, U2, · · ·} of compatible dimensions, let us define the
linear matrix function

U(z) :=
∑

i

ziUi (8)

for all vectors z = [z1 z2 · · ·]′ with zi ∈ R being its i-th
component. From this definition, it follows that the linear
function P (λ), defined from the set of positive definite
matrices {P1, · · · , PN}, is positive definite for all λ ∈ ΛN .
This fact, enables us to define the Lyapunov function

v(x(t)) := x(t)′P (σ(t))x(t) (9)

associated to the system (1) which is a natural generaliza-
tion, to cope with time varying parameter uncertainty, of
the parameter dependent Lyapunov function considered in
[7], for the particular case σ̇(t) = 0 for all t ≥ 0. The next
theorem provides the stability condition for system (1).

Theorem 1: Assume there exist a set of positive definite
matrices {P1, · · · , PN} and sets of matrices {G1, · · · , GM},
{V1, · · · , VM} of compatible dimensions satisfying the fol-
lowing linear matrix inequalities[

A′
iGj + G′

jAi + P (hj) Pi + A′
iVj − G′

j

Pi + V ′
j Ai − Gj −Vj − V ′

j

]
< 0 (10)

for all i = 1, · · · , N and j = 1, · · · , M . The equilibrium
solution x = 0 of the system (1) is globally asymptotically
stable for all σ(t) ∈ ΛN such that σ̇(t) ∈ ΩM .

Proof: For each i = 1, · · · , N fixed, since by assump-
tion σ̇(t) ∈ ΩM , take µ(t) ∈ ΛM such that (6) holds and
multiply the linear matrix inequality (10) by the nonnegative
scalar µj(t). Summing up the results for all j = 1, · · · ,M ,
using the fact that the equality

M∑
j=1

µjP (hj) = P

⎛
⎝ M∑

j=1

µjhj

⎞
⎠ = P (σ̇) (11)

holds due to the linearity of P (·), it follows that the linear
matrix inequality[

Ri + P (σ̇) Si − G(µ)′

S′
i − G(µ) −V (µ) − V (µ)′

]
< 0 (12)

where

Ri = A′
iG(µ) + G(µ)′Ai

Si = Pi + A′
iV (µ)

is verified for each i = 1, · · · , N . Now, taking σ(t) ∈ ΛN ,
multiplying each inequality (12) by the nonnegative scalar
σi(t) and summing up, one gets[

R̂ + P (σ̇) Ŝ − G(µ)′

Ŝ′ − G(µ) −V (µ) − V (µ)′

]
< 0 (13)

where

R̂ = A(σ)′G(µ) + G(µ)′A(σ)
Ŝ = P (σ) + A(σ)′V (µ)

which multiplied to the left by [I A(σ)′] and to the right
by its transpose, yields

A(σ)′P (σ) + P (σ)A(σ) + P (σ̇) < 0 (14)

The theorem is proved since this inequality imposes that
the time derivative of the radially unbounded parameter
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dependent Lyapunov function (9) is negative along all
trajectories of the system (1), for all perturbations satisfying
σ(t) ∈ ΛN and σ̇(t) ∈ ΩM , simultaneously.

This result deserves some remarks. The first one is related
to the fact that h = 0 is feasible for (7) which implies that
there exists a vector µ0 ∈ ΛM such that

M∑
j=1

µ0jhj = 0 (15)

Replacing µ by µ0 in the proof of Theorem 1, the linear
matrix inequalities (12) simplifies to[

A′
iG0 + G′

0Ai Pi + A′
iV0 − G′

0

Pi + V ′
0Ai − G0 −V0 − V ′

0

]
< 0 (16)

for i = 1, · · · , N where G0 = G(µ0) and V0 = V (µ0).
This reproduces the result of [7] assuring robust stability
for all σ(t) ∈ ΛN such that σ̇(t) = 0 ∈ ΩM for all t ≥ 0.
The second remark is related to the concept of quadratic
stability, characterized by the fact that the set of matrices
{A1, · · · , AN} shares the same Lyapunov function, that is
when there exists P > 0 such that A′

iP + PAi < 0 for
all i = 1, · · · , N . Setting Pi = P for i = 1, · · · , N and
Gj = P for j = 1, · · · ,M and using the equality

P (hj) =
N∑

i=1

hijPi

= c′hjP

= 0 , ∀j = 1, . . . , M (17)

holding true as a consequence of (7), it is immediately
verified that (10) is equivalent to

Vj + V ′
j > 0 , A′

iP + P ′Ai + A′
iVj(Vj + V ′

j )−1V ′
j Ai < 0

(18)
which is always verified by taking Vj sufficiently small
for all j = 1, · · · ,M . The equality (17) is of particular
importance since for a set of quadratically stable of matri-
ces, the condition provided by Theorem 1 does not depend
on a particular choice of r in the set ΩM . It reproduces,
as a particular case, the well known result that under the
quadratic stability assumption, robust stability is preserved
with arbitrary and possibly unbounded σ̇(t).

At this point, let us discuss another particular case of the
results obtained so far. It occurs when the set ΩM is defined
by M = N extreme vectors and the convex combination
(6) is calculated with µ(t) = σ(t) ∈ ΛN , for all t ≥ 0. The
consequence is that the differential inclusion σ̇(t) ∈ ΩN

becomes the linear differential equation

σ̇(t) = Hσ(t) (19)

where H := [h1, · · · , hN ] and, in addition to the
constraints appearing in the right hand side of (7) we assume
that hij ≥ 0 for all j �= i = 1, · · · , N . In other words,

we require that H belongs to a special class of Metzler
matrices, defined as

M :=

{
H ∈ RN×N :

N∑
i=1

hij = 0, hij ≥ 0, j �= i

}
(20)

which assures that for any initial condition σ(0) ∈ ΛN the
solution of (19) is always feasible, that is, σ(t) ∈ ΛN for
all t ≥ 0.

Theorem 2: Let H ∈ M and assume that there exist a set
of positive definite matrices {P1, · · · , PN} and matrices G,
V of compatible dimensions satisfying the following linear
matrix inequalities[

A′
jG + G′Aj + P (hj) Pj + A′

jV − G′

Pj + V ′Aj − G −V − V ′

]
< 0 (21)

for all j = 1, · · · , N . The equilibrium solution x = 0
of the system (1) is globally asymptotically stable for all
σ(t) solution of the differential equation (19) with initial
condition σ(0) ∈ ΛN .

Proof: Multiplying the linear matrix inequalities (21)
by σj ≥ 0, summing up for all j = 1, · · · , N and taking
into account that due to (19) the equality

N∑
j=1

σjP (hj) = P

⎛
⎝ N∑

j=1

σjhj

⎞
⎠ = P (σ̇) (22)

holds, once again one gets (14). Hence, the time derivative
of the Lyapunov function (9) is negative along all trajec-
tories of the system under consideration. This proves the
proposed theorem.

From the proofs of Theorem 1 and 2 it is immediate to see
that adding a matrix Q ≥ 0 in the first block of (10) and
(21) the asymptotical stability property of (1) is preserved
and ∫ ∞

0

x(t)′Qx(t)dt < x(0)′P (σ(0))x(0) (23)

which implies that any trajectory x(t) for all t ≥ 0 is
quadratically integrable and so belongs to the L2 space,
see [3].

It is interesting to observe that the linear matrix in-
equalities (10) to be feasible require the set of matri-
ces {A1, · · · , AN} be robustly stable. A similar reasoning
shows that the necessary condition for the feasibility of
(21) is much weaker. In fact, it is well known that for
H ∈ M, the eigenvector associated to the null eigenvalue
is non-negative which enables us to say that for this class of
matrices there always exists λ∞ ∈ ΛN such that Hλ∞ = 0.
Since the initial condition σ(0) = λ∞ produces σ(t) = λ∞
for all t ≥ 0, then (14) simplifies to

A(λ∞)′P (λ∞) + P (λ∞)A(λ∞) < 0 (24)

meaning that the matrix A(λ∞) must be asymptotically
stable. As a final remark, multiplying the inequalities (21)
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to the right by [I A′
j ] and to the left by its transpose we

see that the inequality

A′
jPj + PjAj +

N∑
i=1

hijPi < 0 (25)

holds for all j = 1, · · · , N . With H ∈ M, this recovers the
condition for stochastic stability of jump linear systems, see
[4] for more detail. This fact however, will not be further
investigated in the present paper.

Remark 1: Let consider again the system

ẋ =

(
N∑

i=1

σi(t)Ai

)
x (26)

where
σ̇(t) = Hσ(t) (27)

and let ek be the k−th column of the identity matrix (whose
dimension is clear from the context). It turns out that the
composite system (26), (27) can be rewritten as

ẋ =

(
N∑

i=1

σi(0)Zi(t)

)
x (28)

where

Zi(t) =

⎡
⎢⎢⎢⎣

e′ie
H′tB1

e′ie
H′tB2

...
e′ie

H′tBN

⎤
⎥⎥⎥⎦ , Bj =

⎡
⎢⎢⎢⎣

e′jA1

e′jA2

...
e′jAN

⎤
⎥⎥⎥⎦

Hence a necessary condition for robust stability is that
the given time-varying matrices Zi(t) are exponentially
asymptotically stable. Notice that when H = 0 it follows
Zi(t) = Ai. The study of the robust polytopic stability in
a purely time-varying context will be the subject of future
research.

IV. EXAMPLE

In this section the following second order linear differ-
ential equation is considered.

ẍ(t) + ξẋ(t) + (w2 + α2p(t))x(t) = 0 (29)

where w, ξ and α are scalars and p(t) is a time varying
parameter not exactly specified but such that |p(t)| ≤ 1 and
|ṗ(t)| ≤ ω for all t ≥ 0. It is interesting to see that this
differential equation reduces to the celebrated Mathieu’s
equation with damping for p(t) = cos(ωt). In order to
rewrite (29) in the form (1), it suffices to set N = 2, define
the parameter vector

σ(t) :=
[

0.5 + 0.5 p(t)
0.5 − 0.5 p(t)

]
,∀ t ≥ 0 (30)

the extreme matrices

A1 =
[

0 1
−(w2 + α2) −ξ

]
, A2 =

[
0 1

−(w2 − α2) −ξ

]
(31)

and r = ω/2. Our goal is to determine the region of the
plane ω × α with 0 ≤ ω ≤ 4 and 0 ≤ α ≤ 1 such that
global asymptotical stability is preserved. For numerical
calculations we have considered w = 1 and a small damping
represented by ξ = 0.05. Since (7) provides

H = [h1 h2] =
[ −r r

r −r

]
∈ M (32)

then Theorem 1 states that for each pair (ω, α) satisfying the
linear matrices inequalities (10), the equilibrium solution of
the differential equation (1) is globally asymptotically stable
for all σ(t) ∈ ΛN such that σ̇(t) ∈ ΩN .
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Fig. 1. Stability regions

Clearly, due to the fact that p(t) = Rmcos(ωt) is
a feasible trajectory, the region we have just determined
from Theorem 1 is inside the region of global asymptotical
stability of the Mathieu’s equation.

To apply the result of Theorem 2, we notice that setting
N = 3, the linear differential equation σ̇(t) = Hσ(t) with

H =

⎡
⎣ q −3q q

3q −q −q
−4q 4q 0

⎤
⎦ , σ(0) =

⎡
⎣ 0.50

0.25
0.25

⎤
⎦ (33)

and q = ω/4, has a solution such that σ(t) ∈ ΛN for
all t ≥ 0 and cos(ωt) = 4σ1(t) − 1 which states that the
Mathieu’s equation can be rewritten as (1) with the extreme
matrices given by

A1 =
[

0 1
−(w2 + 3α2) −ξ

]

A2 = A3 =
[

0 1
−(w2 − α2) −ξ

] (34)

and Theorem 2 enables us to conclude that it is globally
asymptotically stable for all pairs (ω, α) satisfying the linear
matrices inequalities (21).

Figure 1 shows the regions of stability below each curve
provided by Theorem 1 (dashed line) and Theorem 2 (solid
line) respectively, calculated with an LMI solver that verifies
feasibility of each stability condition. It is to be noticed the
important improvement when the present result is compared
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with the one provided by a pure quadratic Lyapunov func-
tion independent of the uncertain time varying parameter
which assures asymptotical stability only for 0 ≤ α ≤ 0.22
and all ω ∈ R. Moreover, H given in (33) is not a Metzler
matrix, but it can be verified that the eigenvector associated
to the null eigenvalue is such that λ∞ = [0.25 0.25 0.50]′ ∈
ΛN and

A(λ∞) =
[

0 1
−w2 −ξ

]
(35)

is asymptotically stable. In this case, as we have numerically
verified for α = 1.5 and ω ≥ 203 the linear matrix
inequalities (21) are always feasible even though matrices
A2 and A3 are both unstable. This is an improvement of
the stability condition whenever the differential inclusion is
replaced by a linear differential equation.

Remark 2: Associated with (29) one can define the pe-
riodic polynomial operator

p(σ, t) = σ2 + ξσ + ω2 + α2cos(ωt)

where the symbol σ denotes the derivative operator. The
system underlying the Mathieu equation is stable if and
only if this polynomial has all characteristic exponents in
the open left half plane, see [11]. This happens iff there
exists a periodic function k(t) such that

ω2 + α2cos(ωt) − ξ2/4 + k̇(t) + k(t)2 = 0

with ∣∣∣∣∣ 1
T

∫ T

0

k(τ)dτ

∣∣∣∣∣ < ξ/2

The comparison between this exact parametrization and
the results obtained above will be the subject of future
investigations.

V. CONCLUSIONS AND FUTURE WORKS

A. Conclusions

In this paper we have introduced new stability conditions
for continuous time-varying polytopic systems. Assuming
that the time derivative of the unknown parameters be-
long to a polyhedral set, it was possible to describe the
time dependence of the parameters taking into account the
special structure of the class of dynamic systems under
consideration. For illustration purpose, an estimation of the
region of global asymptotic stability of a Mathieu’s type
equation with a time varying uncertain parameter has been
determined by means of the proposed parameter dependent
Lyapunov function.

B. Future Works

In future work we will investigate on more stringent
relations between stabilization of polytopic and switched
systems.
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