
Abstract—It has been shown that piezoelectric materials can 
be used as be highly promising for application as passive 
electromechanical vibration absorbers by shunting them with 
electrical networks. However, these passive devices have 
limitations that restrict their practical applications. The main 
goal of this work is to develop a novel approach for achieving a 
high performance adaptive piezoelectric absorber – an 
active-passive hybrid configuration. Owing to the adaptive 
capability of fuzzy inference systems, its applications to the 
active control are immediate. This investigation addresses the 
first application of the concept of hierarchy for controlling 
fuzzy systems in such an active-passive absorber. One of the 
main advantages of using a hierarchical fuzzy system is to 
minimize the size of the rule base by eliminating “the cruse of 
dimensionality”. Although the performance of the optimal 
passive absorber is already much better than the original 
system (no absorber), the intelligent active-passive absorber 
can still outperform the passive system significantly. The fuzzy 
control method appears quite useful as regards reliability and 
robustness. 

I. INTRODUCTION

Recent advances in piezoelectric actuators, based on the 
converse piezoelectric effect, have great potential for the 
active control of vibrations, especially for suppressing or 
isolating vibrations [1, 2, 3, 4]. 

Numerous applications exist in which the addition of 
passive vibration damping to a structural system can 
significantly improve system performance or stability. 
Piezoelectric materials have been shown to have potential as 
passive electromechanical vibration absorbers by shunting 
them with electrical networks. By placing electrical 
impedance across the terminals of the PZT, the passive 
network is capable of damping structural vibrations. If a 
simple resistor is placed across the terminals of the PZT, the 
PZT will act as a viscoelastic damper. If the network consists 
of a series inductor-resistor R-L circuit, the passive network 
combined with the inherent capacitance of the PZT creates a 
damped electrical resonance [5]. Passive shunt damping is 
regarded as a simple, low cost, lightweight and easy to 
implement method of controlling structural vibrations. A 
desirable property of passive shunt damping is that the 
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controlled system is guaranteed to be stable in the presence 
of structural uncertainties. 

Flexible mechanical structures have an infinite number 
of resonant frequencies (or structural modes). If the tuned 
energy absorber is used to minimize a number of modes, one 
would need an equal number of PZT patches and shunting 
circuits. This is clearly impractical. 

Recently, the concept of semi-active piezoelectric 
absorbers has also been proposed to suppress harmonic 
excitations with time-varying frequencies. Owing to their 
active and passive damping features, piezoelectric materials 
have been explored to determine their active-passive hybrid 
control abilities, which can possess the advantages of both 
passive and active systems. Hence, reference [6] outlines 
new insights derived from analyzing the active-passive 
hybrid piezoelectric network concept (APPN).  

However, these semi-active devices have limitations that 
restrict their practical applications [7]. Therefore, the 
approach proposing a high performance active-passive 
alternative to semi-active absorbers is shown in [3]. 
Furthermore, the effectiveness of this new absorber design is 
first demonstrated through experimental investigations and 
indicated in [4]. 

The above literature review has not identified any 
examples of the application of the fuzzy control theory in 
active-passive vibration absorber using a hierarchical 
concept. Consequently, this study develops a novel 
approach for achieving a high performance adaptive 
piezoelectric absorber – an active-passive hybrid 
configuration.  

II. MODELING THE COMPOUND SYSTEM 
Figure 1 schematically illustrates the proposed system, 

which consists of a piezoelectric actuator integrated with an 
active voltage source in series with an RL circuit. The elastic 
deflection of a beam is described by: 
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where E, I,
bA , and  represent the Young’s modulus, 

moment of inertia, cross-sectional area, and linear mass 
density of the beam, respectively. Moreover, the parameter 

aC  is a constant dependent on the actuator properties. 
Using the modal analysis techniques, the position 

function y(x,t), can be expanded as an infinite series of the 
form[8, 9]: 
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This study assumes that the model of the structure and 
the piezoelectric absorber can be obtained in Eq. (3) [5]: 
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Moreover, the 
pL  and 

pR  are the passive inductance 

and resistance of the shunt circuit, 
pQ  denotes the charge on 

the piezoelectric, s
pC  represents the capacitance of the 

piezoelectric under constant strain, and 
cV  is the control 

voltage.  
Furthermore, s

pC  and T
cK  can be defined as [6]: 
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where
sb  denotes the width of the beam and PZT, 

bh
represents the distance from the beam neutral axis to the 
outside surface of the beam, and 

sh  is the distance from the 
beam neutral axis to the outside surface of the PZT. 
Additionally, )( 12 xx  is the length of the PZT, 

31h  denotes 
the piezoelectric constant and 

33
 represents the dielectric 

constant of PZT. 
Hence, the system be expressed in the following form: 
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where x denotes the state vector, u is the control input, f̂
represents the external disturbance vector. The system 
matrix, A, and the control matrix, 

2B , are functions of the 
passive resistance and inductance. 
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The system described above has (n+1) modes. The 
(n+1)th mode is due to the passive circuit. Importantly, the 
addition of an active absorber of this type to a principal 
system results in a combined system with an added degree of 
freedom. Because the comparison functions in the expansion 
are chosen to be the eigenfunctions of a cantilever beam, the 
ith generalized coordinate closely resembles the ith 

structural modal coordinate (i=1, 2, 3, … , n). Moreover, for 
obvious reasons the infinite-order model produced by the 
model analysis techniques is not suitable for use in the 
optimization. Consequently, to perform the optimization, an 
accurate model of the system is required. The following 
section proposes an optimization approach for determining 
appropriate values for the shunt circuit. 
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FIG. 1 ADAPTIVE STRUCTURE WITH ACTIVE-PASSIVE HYBRID 
PIEZOELECTRIC NETWORKS

III. DETERMINING THE SHUNTING CIRCUIT VIA 
OPTIMIZATION

The form for the passive damping can express as: 
fBxLRAx pp
ˆ),( 1
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Here, the control action u is not included since this 
system is a passive system. Thus, this study assumes that 

)(ˆ tf  is given by 
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Here )(txd
 is the solution of 
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where w(t) is white noise. This work further assumes that 
both )( 0tx  and )( 0txd

 are stochastic variables. Moreover, 
the mean and spectral density of w(t) are given by E[w(t)]=0 
and )()()]()([ T ttVwtwE ; E[ ] is the expectation 
operator.

Therefore, ate vector, and the overall system become 
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The deterministic regulator problem considered the cost 
function 
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where Q  represents a nonnegative definite weighting 
matrix. Here, xQx ~~ T  represents the overall structure energy. 

Moreover, the system response consists of a state vector 
with zero mean and a variance given by the solution ( P

~ ) to 
the Lyapunov function 
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This equation leads to the following constrained 

optimization problem: 
JminargR

0gs.t.

* ,                                                      (13) 
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where QAPPAg a
T
a

~~ .
With a given set of passive parameters (R and L), the cost 

function L is 
)~( T PBDBtrL ada

.                                                     (14) 
Notably, for each set of the passive control parameters R

and L, there exists an optimal control with a corresponding 
minimized cost function. A sequential quadratic 
programming algorithm [10] can be used to determine the 
resistance and inductance that further minimize J.

IV. ACTIVE-PASSIVE CONTROL LAW DESIGN 
However, passive control is economical but can only 

control the vibration up to a certain limit. On the other hand, 
an active control operates with external energy continuously 
supplied. Restated, this study is applying active control on 
an optimized (tuned circuit) passive system. 

4.1 Analysis of Hierarchical Fuzzy System
Equation (2) shows that the beam vibration system is an 

infinite series form. Additionally, while the large-scale 
system has been to the reduced-order truncated system 
Through this process, by virtue of linearization, delay 
approximation, decomposition, and model reduction, each 
step and/or assumption has introduced a degree of 
uncertainty into the system, moving the model away from 
the true physical situation. The above discussion brings up 
another point, namely that frequent, simplifying 
assumptions make the problem at hand too uncertain to be of 
practical use. The design and analysis of a large-scale 
system should be based on the best available knowledge 
instead of the simplest available model to treat system 
uncertainties. Therefore, a large-scale system is better 
treated via knowledge-based methods such as fuzzy logic, 
neural networks, etc [11]. 

The design of fuzzy controllers is often a 
time-consuming activity that depends on knowledge 
acquisition, the definition of the controller structure, and the 
definition of rules and other parameters. Currently, an 
important issue related to fuzzy logic systems is the 
reduction of the total number of rules and their 
corresponding computational demands.  

Furthermore, the computational complexity in the 
process can be reduced as a consequence of the rule-base 
size reduction, which has become one of the main concerns 
among system designers. As the application domain of fuzzy 
control expands from simple systems to more complex 
systems, a serious limit on the standard fuzzy controller 
arises as the number of rules in a standard fuzzy controller 
increases exponentially with the number of variables 
involved. Given n variables and m fuzzy sets defined for 
each variable, nm  rules are required to generate a complete 
fuzzy controller. As n increases, the rule base quickly 
overloads the memory and makes the fuzzy controller rather 
difficult to implement. The concept of the “hierarchical rule 
set” is elucidated to overcome this problem. Given this 

hierarchical structure, the number of rules increases linearly 
(not exponentially) with the number of system variables [11, 
12]. 

Furthermore, a hierarchical fuzzy control structure is 
used, where the most influential parameters are chosen as 
the system variables in the first level, the next most 
important parameters are selected as the system variables in 
the second level, and so on. For various practical problems, 
it may be known that some variables are more important 
than others.  

Hierarchical fuzzy control contains several level rule 
sets. The first level rule set gives a basic control action, 
while the higher level rule sets initiate fine tuning control 
action based on the base (gross) control action. Generally, 
the first level rule set depends upon only a few important 
system variables, while the higher-level rule sets rely on a 
larger number of system variables. Each controller aims at 
the global behavior of the reference FLC, regardless of the 
missing information regarding the other inputs. To avoid 
initiating an undesirable control action, the final control 
action should mainly depend on the first level rule set in the 
event of system parameter perturbation. Furthermore, for 
such a fuzzy system illustrated in Fig. 2, with four variables 
and seven fuzzy sets (labels), the number of rules is reduced 
from 240174  to 147777 222 , indicating a 93.88% 
reduction. Clearly, depending how many flexible modes can 
be fused and in what order, when these modes are put into a 
hierarchical structure, the size of the rule base is reduced 
differently.

Subsystem 1 Subsystem 2

Plant

2,1FLC

1,2FLC1,1FLC

Weighting parameter

1u 2u

1w 2w

Fu

Lower lever
(basic action)

Upper level
coordinator

(supervisory)

product product

Fig. 2 Implementation of Hierarchical Fuzzy Controller 

4.2 Fuzzy Control Structure of the System 
The design of the local controllers takes into account 

each subsystem ignoring the interactions among them, while 
a higher-level controller handles subsystem interactions. 
Figure 2 illustrates the employment of the hierarchical 
technique for the system. 

For such a case, the hierarchical fuzzy controller 
suppresses the vibrations in a flexible structure using 
piezoelectric actuators. Typically, the response of a beam is 
dominated by the lower (1st, 2nd, 3rd…) modes. Consequently, 
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few flexible retained modes are selected for the system in an 
approximate dynamic model.       

To implement the proposed technique, the system is 
decomposed into two subsystems: the first subsystem takes 

1fq  and 1fq  as local variables, while the second subsystem 
takes 2fq  and 2fq  as local variables. Hence, in the 
proposed hierarchical fuzzy control structure, the first 
subsystem rules are those associated with the first flexible 
mode, and its derivatives are used to generate the first-level 
hierarchy. The second most dominant mode and its 
derivative are selected as inputs to another fuzzy controller 
at the same level, and so on.     

The fuzzy logic controller 1FLC  takes 1fq  and 1fq  as 
inputs to generate the local control action 1u  while fuzzy 
logic controller 2FLC  takes 2fq  and 2fq  to generate 
another control action 2u . Thus, at the local level, each 
subsystem is designed separately. The fuzzy logic rule base 
for each subsystem is designed based on the dynamic 
response of each mode when a control force is activated on 
the flexible system.      

At the upper level, the information from each subsystem 
is taken as an input to the coordinator. To coordinate the 
local subsystems, the upper level FLC takes 21 ff qq  and 

21 ff qq  as inputs to generate the weighting functions 1w

and 2w . Hence, the upper level controller monitors these 
differences and causes the supervisory decision to be fed to 
the lower level. The weight factors 1w  and 2w  generated by 
the supervisory fuzzy logic controller are multiplied with the 
local controls 1u  and 2u . These are then summed to form 
the total control Fu  for feeding back to the flexible beam. 
Furthermore, the weighting factor (output scaling factor) is 
self-regulated during the control process, and can optimize 
the gain for the hierarchical fuzzy controller. 

However, fuzzy logic may be best used to implement 
high-level or supervisory functions in a hierarchically 
structured intelligent control system. As depicted in Fig. 2, 
fuzzy logic control can appear at the higher levels, and acts 
as the supervisory control or coordinator. Fuzzy logic offers 
a twofold advantage in this setting. First, fuzzy logic can 
facilitate the synthesis of supervisory control strategies due 
partly to its ability to better represent the semantics of 
linguistic terms and constructs often used in supervisory 
control strategies. 

Second, because fuzzy logic-based control strategies can 
be viewed as nonlinear control strategies, analytical study of 
the resulting hierarchical system can be facilitated.  

4.3 Fuzzy Logic Controller Design 
1) Define Input and Output Variables, Fuzzy Partition, and 
Builds the Membership Functions 
Error and error change are two commonly used variables in 
fuzzy control. This study uses the vibration states and their 

rate variables as inputs, with the voltage applied to the 
voltage amplifier as the output. Since the fuzzy inference 
system handles smooth membership functions better than 
trapezoidal ones in vibration control, bell-shaped functions 
are employed to convert these inputs and output variables 
into linguistic control variables.  

The rule base design of two subsystems is based on 
pre-simulation investigations. Fuzzy quantities such as large 
negative (LN), medium negative (MN), small negative (SN), 
zero (ZE), small positive (SP), medium positive (MP), large 
positive (LP), and so on, are used in the statements, and the 
corresponding membership functions thus are needed. 
Moreover, in building the supervisory rule set, the 
knowledge of on tuning weighting factor, gained from the 
experience (or knowledge) of tuning the fuzzy logic 
controller, is used and stated as a set of linguistic statements. 
The viewer surface for the weighting factor is presented in 
Fig. 3. Moreover, Fig. 4 displays the rule view of the upper 
level coordinator. 

Fig. 3 The viewer surface for the weighting factor 
1w ,

2w

Fig. 4 Rule view of the upper level coordinator 
2) Composite Control of the system 

A hierarchical fuzzy approach is pursued which allows 
the adaptation of a composite control strategy. The total 
(final) control action of the hierarchical fuzzy controller (Fig. 
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2) is composed of the control actions due to different level 
rule sets; that is 

2

1i
iiF uwu ,                                                         (15) 

where
Fu  represents the final control action; 

iu  is the 
control action obtained by consulting the ith fuzzy rule set, 
and

iw  is the corresponding weighting factor. 

V. EXPERIMENTAL IMPLEMENTATION 
An experimental apparatus was constructed, and it is 

constituted by a flexible cantilever aluminum beam type 
structure with piezoelectric patches symmetrically bonded 
on both sides to provide structural bending. Figure 5 
schematically depicts the control experiment. A strip-bender 
type BM500/120/6 piezoelectric actuator and strain gauge 
are attached to the surface of the beam to serve as an actuator 
and sensor, respectively. Because the PZT effect is a dual 
effect, bending elements are successfully used as vibration 
and force sensors as well as small electrical generators. The 
piezoactuator is connected to an R-L circuit as well as an 
active voltage source. 

VI. RESULTS AND DISCUSSION 
The beam consists of a 15-cm  long uniform and a 
rectangular cross section 19mm 3mm with fixed-free 
conditions.. 

Case 1. Frequency Responses 
For the system described in the previous section, the 

overall structural response is a sum of the response 
contributed from the excitation force f̂  and that 
contributed from the control voltage 

cV . Figure 6 plots the 
measured midpoint deflection of the beam and the step 
excitation frequency responses. It compares the peak 
magnitude with and without the shunt circuit. The resonant 
responses of the first two modes are reduced considerably 
once the shunt circuit is introduced. That is, the RL circuit 
enhances the passive damping ability around the first 
resonant frequency. Moreover, the frequency response of the 
controller is illustrated in Figs. 7 and 8. The frequency 
response under passive damping (open-loop) and the control 
of the hierarchical fuzzy logic (closed-loop) are presented, 
respectively. The controller is observed to have a resonant 
structure, as expected. Moreover, the resonant response of 
the first two modes reduces over the entire beam due to the 
controller action. Table 1 lists the magnitude reduction at the 
first resonance frequency for each specified RL circuit of the 
beam vibration. The table also lists the magnitude reduction, 
such as the shift in the first resonant frequencies of the beam 
vibration. The experiments demonstrate that the resonant 
responses (711.5 rad/s) of the first mode have been reduced 
by around 11.26 dB to 30.85 dB when the shunt circuit is 
applied. Furthermore, compared to passive damping, the 
first modal resonant magnitudes are reduced by up to 66.63 

db while the active controller undertaking. Notably, the 
reduction in peak vibration amplitude is greater for the 
active-passive absorber than for passive damping such as the 
shift in resonant frequencies. Hence, the controller reduces 
the resonant responses of the structure by increasing the 
system damping at resonant frequencies. Moreover, as can 
be seen, the system sensitivities to the active controller are 
exceeding those for passive damping. As the resonant 
frequency reduces, the magnitude reduction increases In 
contrast, the magnitude reduction decreases with increasing 
resonant frequency.  

Case 2. Time Responses 
Figures 9 and 10 plot the time response for vibrational 

displacement at the midpoint of a beam under an initial 
excitation step for various resistance and inductance values. 
These indicate the effectiveness of the hierarchical fuzzy 
controller in minimizing structural vibration in the time 
domain. The settling time of the position response has been 
reduced considerably by the fuzzy control action. 
Additionally, Figs. 9 and 10 also show the effectiveness of 
the controller effectiveness in minimizing beam vibration in 
the time domain. Furthermore, Table 2 lists the normalized 
Root-Mean-Square (RMS) vibrational displacement at the 
midpoint of a beam under uncontrolled, passive, and 
active-passive absorber for various resistance and 
inductance values. Evidently, a vibration reduction (%) for 
passive absorber is highly dependent upon the resistance and 
inductance values with the shunt circuit. Moreover, a 
hierarchical fuzzy controller yields a more significant 
improvement in displacement reduction over that obtained 
by LQR techniques. Table 2 also reveals that the proposed 
passive absorber reduces the displacement due to vibration 
of an uncontrolled by approximately 8.7% ~ 54.37% at each 
specified RL circuit. Moreover, once again the performance 
of the intelligent active-passive absorber is relatively 
unaffected by the change in the shunt circuit parameters. The 
normalized RMS is around 1.2e-4 to 1.7e-4 by 
implementing the intelligent active-passive absorber. 
Compared with the system with no absorber, the 
performance of the intelligent active-passive absorber is 
considerably better than that of the passive damping in 
vibration reduction.  
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Table 1 Magnitude reduction at the first resonant frequency 

Reduction 1 
(711.5 rad/s) 

Reduction 2
(711.5 rad/s)

Reduction 1
(259.4 rad/s)

Reduction 2
(259.4 rad/s)

Reduction 1 
(850.4 rad/s) 

Reduction 2 
(850.4 rad/s) 

1500 22H 11.26 dB 66.63 dB 11.18 dB 74.76 dB 11.33 dB 65.07 dB 

2500 22H 14.7 dB 63.2 dB 14.62 dB 71.32 dB 14.75 dB 61.63 dB 

5000 22H 19.89 dB 58.01 dB 19.80 dB 66.14 dB 19.96 dB 56.44 dB 

1500 79H 20.94 dB 56.48 dB 20.17 dB 63.78 dB 21.20 dB 54.82 dB 

2500 ×79H 25.07 dB 52.36 dB 24.29 dB 59.65 dB 25.33 dB 50.68 dB 

5000 79H 30.85 dB 46.85 dB 30.07 dB 53.87 dB 31.12 dB 44.91 dB 

Note: Reduction 1: (Uncontrolled)-(Passive);  Reduction 2: (Passive)-(Active+Passive) 

Table 2 Normalized RMS vibrational displacements at the midpoint of a beam  

Uncontrolled 
(I)

Passive
(II)

Active+
Passive

(III)
(LQR)

Active+
Passive

(IV)
(fuzzy) 

Reduction
(%)

(I-II)/I

Reduction
(%)

(I-IV)/I

Reduction
(%)

(II-IV)/II

1500 22H 4.6e-4 4.2e-4 3.0e-4 1.7e-4 8.7% 63.0% 59.5% 

2500 22H 4.6e-4 4.0e-4 2.8e-4 1.6e-4 13% 65.2% 60.0% 

5000 22H 4.6e-4 3.5e-4 2.7e-4 1.5e-4 23.9% 67.4% 57.1% 

1500 79H 4.6e-4 3.3e-4 2.5e-4 1.5e-4 28.3% 67.4% 54.5% 

2500 ×79H 4.6e-4 2.8e-4 2.2e-4 1.4e-4 39.1% 69.6% 50.0% 

5000 79H 4.6e-4 2.1e-4 2.0e-4 1.2e-4 54.3% 73.9% 42.9% 
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