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Abstract— This paper presents a dynamic variable structure
system and its controller design conditions. The dynamic
variable structure system, which is a class of hybrid dynamic
systems, consists of plural subsystems which are switched by
switching conditions. A key feature of the dynamic variable
structure system is that each subsystem can have different
degrees of freedom. In this paper, we employ switching
fuzzy models to represent the nonlinear subsystem’s dynamics,
switching conditions and conservation laws with respect to
states, momentum and/or energy of the system. We derive
controller design conditions for dynamic variable structure
systems.

I. INTRODUCTION

Recently, hybrid systems and switching systems, whose
control objects are switched depending on some kind of
events, have been discussed in a lot of literature [1], [2],
[3], [4]. Most of them deal with control objects whose
subsystems’ degrees of freedom do not change before and
after switching. However, when we consider a constrained
system like a knee or an elbow joint, it may be more
natural and efficient to consider that the system has plural
subsystems and each subsystem has different degrees of
freedom.

In this paper, we propose a dynamic variable structure
system and derive its controller design conditions. The
dynamic variable structure system consists of plural sub-
systems which are switched based on switching conditions.
A key feature of the dynamic variable structure system is
that each subsystem can have different degrees of free-
dom. However, controllers designed independently for each
subsystem cannot always stabilize the dynamic variable
structure system although each controller can stabilize the
corresponding subsystem. To stabilize the system, it is
important to consider not only subsystems’ stability but
also switching conditions and conservation laws of states,
momentum and/or energy of the system. In this paper we
employ switching fuzzy models [5], [6], [7], [8] to represent
nonlinear subsystems’ dynamics, switching conditions and
conservation laws. To stabilize dynamic variable structure
systems, we derive controller design conditions which are
taking switching conditions and conservations laws into
account.
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II. DYNAMIC VARIABLE STRUCTURE SYSTEMS

We define the general form of dynamic variable structure
systems as follows:

Subsystem Si: ẋi(t) = f i(xi(t),ui(t)) (1)

Switching condition : ξij(ẋi(t),xi(t),ui(t)) ≤ 0 (2)

Conservation law : T ij(xj(t)) = gij(xi(t)) (3)

where,

i = 1, 2, · · · , γ, j = 1, 2, · · · , γ, i �= j

xi(t) =
[

xi1(t) xi2(t) · · · xini (t)
]T

ui(t) =
[

ui1(t) ui2(t) · · · uimi(t)
]T

ni ≤ n, mi ≤ m,

n = max
i

ni < ∞, m = max
i

mi < ∞
A dynamic variable structure system has γ subsystems Si,
where i = 1, 2, · · · , γ, which switch one subsystem to other
subsystem depending on states and inputs. Each subsystem
can have different degrees of freedom (the number of states
and inputs). The switching from Subsystem Si to Sj occurs
based on switching conditions. The switching can occur not
only when the system is at a static equilibrium state but
also when the system is in a dynamic motion. Based on the
conservation laws of states, momentum and/or energy, a part
of states of a subsystem before switching is taken over to
a subsystem after switching. We assume that the following
condition is satisfied when Subsystem Si is switched to Sj .

ni∑
ν=1

nj∑
σ=1

eijνσ �= 0 (4)

eijνσ =

⎧⎪⎪⎨
⎪⎪⎩

1 xiν and xjσ

are essentially same variables
0 xiν and xjσ

are not same variables
We show an example to demonstrate that considering

only each subsystem’s stability cannot guarantee stability
of a dynamic variable structure system.

[Example 1] Consider the following simple system.

Subsystems S1 and S2 : ẋ1(t) = A1x1(t) + B1u1(t),
ẋ2(t) = A2x2(t) + B2u2(t),

Switching conditions : ξ12(x1(t)) = Ξ12x1(t) = 0,
ξ21(x2(t)) = Ξ21x2(t) = 0,

Conservation laws : x2(t) = G12x1(t),
x1(t) = G21x2(t),

2005 American Control Conference
June 8-10, 2005. Portland, OR, USA

0-7803-9098-9/05/$25.00 ©2005 AACC

WeA17.1

496



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
100

50

0

50

100

x 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
100

50

0

50

x 2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
20

10

0

10

20

Time [sec]

x 3

Fig. 1. Control result without considering switching

where

x1(t) =
[

x11(t)
x12(t)

]
, x2(t) =

⎡
⎣ x21(t)

x22(t)
x23(t)

⎤
⎦ ,

A1 =
[ −16 −11

−10 22

]
, B1 =

[
11
8

]
,

A2 =

⎡
⎣ 3 0 4

32 9 4
26 0 0

⎤
⎦ , B2 =

⎡
⎣ 0 11

0 0
8 1

⎤
⎦ ,

Ξ12 =
[

0 1
]
, Ξ21 =

[
0 0 1

]
,

G12 =

⎡
⎣ 1 0

0 0
0 0

⎤
⎦ , G21 =

[
1 0 0
0 1 0

]
,

x11(t) and x21(t), x12(t) and x22(t) are essentially same
variables, respectively. When the switching conditions are
satisfied, Subsystems S1 or S2 switch to S2 or S1, respec-
tively. Initial states after switching are determined based on
the conservation laws.

For each subsystem, we independently design the LQR
controller ui(t) = −F ixi(t) without considering switching
conditions and conservation laws. The designed controllers
are also switched according to subsystems. Fig. 1 shows a
simulation result. The controllers designed independently
for each subsystem cannot always stabilize the dynamic
variable structure system although each controller can sta-
bilize the corresponding subsystem.

III. STABILITY ANALYSIS OF DYNAMIC VARIABLE

STRUCTURE SYSTEMS

We showed the general form of dynamic variable struc-
ture systems in Section II. In this section, we consider the
following special case of the dynamic variable structure
systems.

Subsystem Si :
ẋi(t) = f i1(xi(t)) + f i2(xi(t))ui(t) (5)

Switching condition : Ciẋi(t) + ξij(xi(t)) = 0 (6)

Conservation law : xj(t) = gij(xi(t)) (7)

In this paper, we utilize a switching fuzzy model [5],
[6] to represent nonlinear subsystems, switching conditions
and conservation laws. The switching fuzzy model is con-
structed by dividing state space into quadrants which are
based on state variable xi(t). In many cases, a switching
plane of a dynamic variable structure system corresponds to
that of quadrants, that is, that of switching fuzzy models.
Even though the switching planes do not correspond, we
can make them correspond by performing coordinate trans-
formations. Therefore, the switching fuzzy model is useful
for representing dynamic variable structure systems.

A. Switching fuzzy model-based control

In this section, we show a switching fuzzy model, a
switching fuzzy controller and controller design conditions
proposed in [5], [6], [7], [8]. By applying sector nonlinearity
[5], [6] to the subsystem (5), the following switching fuzzy
model can be obtained.

ẋi(t)=
Qi∑

qi=1

ri∑
k=1

viqi (xi(t))hiqik(xi(t))

× (Aiqikxi(t) + Biqikui(t)) (8)

where

viqi (xi(t)) =
{

1, xi(t) ∈ Region qi,
0, xi(t) /∈ Region qi,

Aiqik ∈ Rni×ni , Biqik ∈ Rni×mi

, hiqik(xi(t)) is a
membership function. Qi is the number of regions. Each
region corresponds to quadrants. ri is the number of fuzzy
model rules. The switching fuzzy model has local Takagi-
Sugeno fuzzy model [12] in each region and can represent
the nonlinear system (5) by switching local models. qith
region can be shown as follows:

Region qi : Riqi (si1qi , si2qi , · · · , siniqi),

siνqi =
{

1 xiν(t) ≥ 0
0 xiν(t) < 0, ν = 1, 2, · · · , ni.

To stabilize the fuzzy model (8), we employ the so-called
parallel distributed compensation (PDC) [9], [10]

ui(t)=−
Qi∑

qi=1

ri∑
k=1

viqi(xi(t))hiqik(xi(t))

×F̃ iqikEiqiÊixi(t) (9)

where F̃ iqik ∈ Rmi×2ni is a feedback gain. Eiqi ∈
R2ni×2ni is the known non-singular matrix (For more
details, see [8]). Êi = [Ini 0ni ]

T ∈ R2ni×ni .

Theorem 1: [8] The switching fuzzy model (8) is
asymptotically stabilizable by the controller (9) if there exist
matrices Xi ∈ R2ni×2ni and M iqik ∈ Rmi×2ni satisfying
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(10), (11) and (12).

Xi > 0, (10)

EiqiÃiqikE−1
iqi

X i + (EiqiÃiqikE−1
iqi

Xi)T

−EiqiB̃iqikM iqil − (EiqiB̃iqikM iqil)
T < 0, (11)

∀i, qi,

EiqiÃiqikE−1
iqi

X i + (EiqiÃiqikE−1
iqi

Xi)T

EiqiÃiqilE
−1
iqi

Xi + (EiqiÃiqilE
−1
iqi

Xi)T

−EiqiB̃iqikM iqil − (EiqiB̃iqikM iqil)
T

−EiqiB̃iqilM iqik − (EiqiB̃iqilM iqik)T < 0, (12)

∀i, qi, k < l,

where F̃ iqik = M iqikX−1
i ,

Ãiqik =
[

Aiqik 0
0 −αIni

]
, B̃iqik =

[
Biqik

0

]
,

and α is an arbitrary positive value.

Remark 1: The switching fuzzy model switches regions
depending on state variables as well as the dynamic variable
structure system. However, since the switching fuzzy model
cannot deal with the change of degrees of freedom, we
newly propose dynamic variable structure systems.

B. Controller design with conservation laws

As shown in Example 1, even though we design con-
trollers which can stabilize the corresponding subsystems,
the designed controllers do not always stabilize dynamic
variable structure systems. In this section, we derive con-
troller design conditions based on the conservation law (7)
to stabilize dynamic variable structure systems. By applying
sector nonlinearity to (7), the conservation law (7) can be
represented as follows:

xj(t) =
Qi∑

qi=1

ρi∑
k=1

viqi(xi(t))φiqik(xi(t))Gijqikxi(t) (13)

where φiqik(xi(t)) is a membership function. ρi is the
number of fuzzy model rules. Gijqik ∈ Rnj×ni . We
consider the following switching functions as candidates of
Lyapunov functions for Subsystems Si and Sj , respectively.

Vi(xi(t))=
Qi∑

qi=1

viqi(xi(t))xT
i (t)

×Ê
T

i ET
iqi

P iEiqiÊixi(t) (14)

Vj(xj(t))=
Qj∑

qj=1

vjqj (xj(t))xj(t)T

×Ê
T

j ET
jqj

P jEjqj Êjxj(t) (15)

The whole system can be eventually stabilized if Lyapunov
functions always decrease such as (16) when the switching
from Subsystem Si to Sj occurs.

Vi(xi(t)) > Vj(xj(t)) (16)

Theorem 2: Lyapunov functions (14) and (15) satisfy
(16) if there exist Xi = P−1

i , Xj = P−1
j satisfying (17),

(18) and (19).

Xi > 0, (17)

Xj > 0, (18)⎡
⎣ Xi

(
Ejqj G̃ijqikE−1

iqi
X i

)T

Ejqj G̃ijqikE−1
iqi

X i Xj

⎤
⎦ > 0,

∀qi, qj , k, (19)

where

G̃ijqik =
[

Gijqik 0nj×ni

0nj×ni 0nj×ni

]

(proof) From (13), (14), (15) and (16),

Vi(xi(t)) − Vj(xj(t))

=
Qi∑

qi=1

viqi (xi(t))xT
i (t)Ê

T

i ET
iqi

P iEiqiÊixi(t)

−
Qi∑

qi=1

Qj∑
qj=1

ρi∑
k1=1

ρi∑
k2=1

viqi (xi(t))

×vjqj (xj(t))φiqik1(xi(t))φiqik2(xi(t))

×xT
i (t)GT

ijqik2
Ê

T

j ET
jqj

P jEjqj Êj

×Gijqik1xi(t)

=
Qi∑

qi=1

Qj∑
qj=1

ρi∑
k1=1

ρi∑
k2=1

viqi(xi(t))

×vjqj (xj(t))φiqik1(xi(t))φiqik2(xi(t))

×xT
i (t)Ê

T

i

(
ET

iqi
P iEiqi

−G̃
T

ijqik2
ET

jqj
P jEjqj G̃ijqik1

)
Êixi(t)

≥
Qi∑

qi=1

Qj∑
qj=1

ρi∑
k=1

viqi (xi(t))

×vjqj (xj(t))φ2
iqik(xi(t))

×xT
i (t)Ê

T

i

(
ET

iqi
P iEiqi

−G̃
T

ijqikET
jqj

P jEjqj G̃ijqik

)
Êixi(t)

> 0 (20)

Inequality (20) is satisfied when the following condition is
satisfied.

ET
iqi

P iEiqi − G̃
T

ijqikET
jqj

P jEjqj G̃ijqik > 0 (21)

By multiplying the inequality on the left by XiE
−T
iqi

and on
the right by E−1

iqi
Xi, the following inequality is obtained.

Xi − XiE
−T
iqi

G̃
T

ijqikET
jqj

P jEjqj G̃ijqikE−1
iqi

Xi > 0 (22)

By applying Schur complement to (22), we can obtain (19).
(Q.E.D.)
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Remark 2: Note that, even though subsystems switch
regardless of switching conditions, Lyapunov functions (14)
and (15) always satisfy (16) by using X i and Xj satisfying
Theorem 2. In other words, Theorem 2 includes switching
condition (6).

From Theorems 1 and 2 and Remark 2, we can obtain
the following theorem.

Theorem 3: The dynamic variable structure system (5)
is stabilizable by the controller (9) if there exist matrices
Xi and M iqik satisfying (11), (12), (17), (18) and (19)
simultaneously.

Remark 3: Note that conditions (11), (12), (17), (18)
and (19) are given in terms of linear matrix inequalities
(LMIs) with respect to matrices Xi and M iqik. Therefore,
we can effectively design the controller by computer soft-
ware like MATLAB.

C. Controller design with switching conditions

In this section, we consider switching conditions. As
mentioned in Remark 2, Theorem 2 includes switching
condition (6). However, essentially, the conservation laws
should be applied only on the area satisfying the switching
condition. In this point of view, Theorem 2 is conservative.
In this section, we derive relaxed controller design condi-
tions by utilizing the switching condition (6).

The switching condition (6) can be represented as follows
by using a switching fuzzy model.

0 = Ciẋi(t) + ξij(xi(t))

=
Qi∑

qi=1

ri∑
k=1

viqi(xi(t))hiqik(xi(t))

×Ci (Aiqikxi(t) + Biqikui(t))

+
Qi∑

qi=1

λi∑
k=1

viqi(xi(t))wiqik(xi(t))Ξijqikxi(t)

=
Qi∑

qi=1

ri∑
k=1

ri∑
l=1

viqi (xi(t))hiqik(xi(t))hiqil(xi(t))

×Ci

(
Aiqik − BiqikF̃ iqilEiqiÊi

)
xi(t)

+
Qi∑

qi=1

λi∑
k=1

viqi(xi(t))wiqik(xi(t))Ξijqikxi(t) (23)

where wiqik(xi(t)) is a membership function, λi is the
number of fuzzy model rules, Ξijqik ∈ R1×ni . In addition,
we consider the following switching function.

yi(xi(t)) =
Qi∑

qi=1

viqi (xi(t))Y iqiEiqiÊixi(t) (24)

where Y iqi ∈ R1×2ni . On the area satisfying the switching
condition xi(t) ∈ χi (χi = {xi(t)|Ciẋi(t) + ξij(xi(t)) =

0}), the following condition is satisfied.

yi
T (xi(t)) (Ciẋi(t) + ξij(xi(t)))

+(Ciẋi(t) + ξij(xi(t)))T yi(xi(t)) = 0 (25)

If the following condition is satisfied, both switching con-
ditions and conservation laws are satisfied on the area
satisfying the switching conditions.

Vi(xi(t)) − Vj(xj(t))
+yi

T (xi(t)) (Ciẋi(t) + ξij(xi(t)))
+(Ciẋi(t) + ξij(xi(t)))T yi(xi(t)) > 0 (26)

Theorem 4: If there exist Xi, Xj M iqik and Ziqi

satisfying (27), (28) and (29), Inequality (26) is satisfied
at any point xi(t) ∈ χi.

Xi > 0, (27)

Xj > 0, (28)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Xi

+ZT
iqi

Ξ̃ijqikE−1
iqi

Xi

+(ZT
iqi

Ξ̃ijqikE−1
iqi

Xi)T

+ZT
iqi

ÃiqikE−1
iqi

Xi

+(ZT
iqi

ÃiqikE−1
iqi

Xi)T

−ZT
iqi

B̃iqikM iqik

−(ZT
iqi

B̃iqikM iqik)T

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∗

Ejqj G̃ijqikE−1
iqi

Xi Xj

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

> 0, (29)

∀i, j, qi, qj , k,

where Y iqi = ZiqiP i

Ξ̃ijqik = [Ξijqik 01×ni ] ,

Ãiqik =
[

CiAiqik 0
0 −αIni

]
,

B̃iqik =
[

CiBiqik

0

]
,

and the symbol ∗ denotes the transposed matrices for
symmetric positions.

(proof) This is similar to the proof of Theorem 2.

Theorem 5: The dynamic variable structure system (5)
is stabilizable by the controller (9) if there exist Xi, Xj

M iqik and Ziqi satisfying (11), (12), (27), (28) and (29).

Remark 4: Unfortunately, the condition (29) is a bilin-
ear matrix inequality (BMI), not an LMI. Therefore, to
design the controller, we need to utilize some kind of
techniques to solve BMI problems.

IV. EXAMPLE

For the system in Example 1, we design controllers using
Theorem 3. By solving Theorem 3, we can obtain the
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Fig. 2. Control result with considering switching
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following positive definite matrices and feedback gains.

Ê
T

1 ET
1 P 1E

T
1 Ê

T

1 =
[

0.103 0
0 2.949

]
× 10−6

Ê
T

2 ET
2 P 2E

T
2 Ê

T

2 =

⎡
⎣ 0.103 0 0

0 5.926 0.544
0 0.544 0.172

⎤
⎦ × 10−6

F̃ 1E1Ẽ1 =
[ −1.433 3.362

]
F̃ 2E2Ẽ2 =

[
1.267 −2.515 −0.441
0.301 175.405 18.164

]

Figures 2 and 3 show simulation results. The controller
satisfying conservation laws can stabilize the dynamic vari-
able structure system. As shown in Figure 3, the Lyapunov
function is discontinuous, but monotonically decrease.

V. CONCLUSIONS

In this paper, we have proposed a dynamic variable
structure system whose subsystems’ degrees of freedom
can change before and after switching. We have shown
that only considering each subsystem’s stability cannot
guarantee stability of the dynamic variable structure system.
To stabilize the system, we have derived controller design

conditions which can achieve not only stability of each
subsystem but also switching conditions and conservation
laws.

A human elbow joint is regarded as 2-link manipulator
while bending and 1-link manipulator while stretching.
Therefore, elbow motions can be represented as a dynamic
variable structure system. Our future work is to design
controllers to stabilize such kind of elbow motions.

This research was supported by the Japan Society for the
Promotion of Science, Grant-in-Aid for Scientific Research
(C), 15560217, 2004.
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