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Coupled Vibrations of a Varying Length Flexible Cable
Transporter System with Arbitrary Axial Velocity

Yuhong Zhang and Sunil Agrawal

Abstract—Modeling for coupled vibrations of a varying an elastic cable under the action of gravity [9]. The above
length flexible cable transporter system with arbitrary axial  studies assume that the string length is a constant during
velocity is presented using the extended Hamilton’s principle. o process of modeling and controller design. The energy

Both transverse and longitudinal vibrations are considered si- d stability of | f stri ith ina | h
multaneously in the derivation. The inertia and damping of the ~8N¢ Stabliity ol a class of strings with varying lengths was

pulleys and actuators are included in the model. The derived Studied in ([10], [11]).
governing equations provide guidelines for future research on  The current research efforts have focused on transverse
cable systems. Numerical solution of the derived nonlinear jnration or longitudinal vibration individually. The study

coupled partial differential equations (PDES) is obtained using . . . .
Galerkin’'s method. Simulation results show that increase in of coupled vibrations of cable systems is a relatively less

damping of the system can reduce the longitudinal vibration SFUdi?d problem i_n Iiteratgre. Tabarrok studied coupled
dramatically, but has little effect on the transverse vibration.  vibrations of an axially moving beam, and proposed closed-

form and semi-analytic solution for given axial speed [12].
I. INTRODUCTION Riedel studied coupled forced response of an axially moving
Axially moving materials such as magnetic tapes, belt$triP, where the axial speed was assumed to be a constant
drive chains, and band saws, tend to vibrate in the presenkdel- Most previous studies only modeled the cable itself,
of external disturbances, degrading their performances. R&Dile ignoring other discrete components, such as mass and
searchers have studied modeling and vibration control #fertias of motors or pulleys in the system.
such axially moving systems in the last decades. These!n this paper, we study coupled vibrations of a cable
systems have been modeled as traveling tensioned rdé@nsporter system with arbitrary varying axial velocity. The
or cables. Linear vibrations of axia”y moving materia|stransverse and |Ongitudinal vibrations are studied simul-
have been studied extensively [1]. While the linear theor{aneously. The mass, damping, and inertias of the actu-
provides the natural frequencies, mode shapes and critiédPr and pulleys are included in the model. The derived
speeds, it presents several limitations. As the transport@verning equations are shown to be coupled nonlinear
speed increases, the tension variation causes oscillatidheEs. Galerkin's method is applied to obtain the numerical
which adversely affects the response. The linear theo@lution of the governing equations. Simulation results in-
becomes inapplicable near the critical speed [2]. dicate that increase in the damping reduces the longitudinal
The nonlinear vibrations of axially moving materials havevibration dramatically, but has little effect on the transverse
received attention over the years. Kirchhoff was one of thiibration. The results also show that the magnitude of the
first to derive a nonlinear model for the transverse vibratiofansverse vibration is significantly larger than that of the
of a vibrating string [3]. He proposed a passive controllefongitudinal vibration. The organization of this paper is as
which was proportional to the velocity at the boundary tdollows: Section 2 derives the model of the cable transporter
stabilize the string. Extensions of the model were obtainedystem. Section 3 describes the procedure for the numerical
by other researchers as well ([4], [5], [6]). solution of the governing equations. Simulation results are
Passive control usually does not provide the desirefresented in Section 4, followed by conclusions of the work.

performance. Recently, active boundary control is studied
by many researchers. Rahn derived a nonlinear model for
a string system, and proposed a nonlinear, model-based Il. M ODELING OF THESYSTEM
asymptotic controller [7]. The proposed controller needed

to measure the string’s slope and its time derivative, its | order to get a good understanding of the response
velocity at the actuated boundary, and the tension in thef the cable transporter system subject to control inputs
string. Baicu et al. proposed a three-dimensional model forg,q external disturbances, an accurate mathematical model

string system and presented both passive and active contiglpeeded. Model-based feedback controllers design also
laws [8]. Hagedorn studied the non-linear free vibration Ofequire a dynamic model of the system.
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TABLE |
THE VARIABLES USED IN THE DERIVATION

zZ 4 ¥(x:t)
actuator wu(t)
Variables Description E—

T1(t) Torque applied by the right motor. 0 ié(t) B w(xt) 6, x
Ta(t) Torque applied by the left motor. f ) \ "
2] Radius of the right pulley. ™\ T2 sensor T~

o Radius of the left pulley. Iu(t) -t (1)
I Inertia of the right pulley.
15 Inertia of the left pulley.
G Damping coefficient of the right pulley. Fig. 1. A schematic of the cable transporter system.
[ Damping coefficient of the left pulley.
E Young’s modulus.
A Cross sectional area of the cables.
M Mass of the slider. « The motion is restricted t@z plane.
p Mass per unit length of the cable. « The cable weight is neglected, i.e., no sag in cables.
£(t) Actuator and sensor location. The shear strain is nealected
I (1) Cable length external to the left pulley. ° g :
(1) Axial velocity of the systemp(t) = L (t). The kinematic constraints of the system are as follows:
L Length between centers of the two pulleys.
Ip(t) Cable length external to the right pulley. Lo(t L(t) = L 2
P(z, 1) Tension in the cable. m () +p(t) ’ (2)
C Damping coefficient of the slider. ribh + 1, (t) = k1, 3
u(t) A point wise control force in transverse directiof. o
RO Angular displacement of the right pulley. 7202 + L (t) = k2, (4)
02(1) Angular displacement of the left pulley. 101 + rofy = 0, (5)
y(z,1) Transverse vibration of the cable.
w(z,t) Longitucinal vibration of the cable. wherek; and k., are constants. On time differentiation of

Egs. (2)-(4), we get

minimizes the integral I () = =1, (1), (6)
t . 1. 1.

b, = ——0 () = —i,,(¢), 7

/@—U+Ww, 1) ! ?Aﬂ ) (7)

i %:_EM@. (8)

whereT is the total kinetic energyl/ is the total potential
energy, and¥ is the total work done by external forces. The total kinetic energ{’(¢) of the system is composed of
Calculus of variations is then used to derive the moddhree parts: energy from the two pulleys, energy from the
of a mechanical system. The variables used in the mod#ider, and the energy from the cable vibrations.
development are shown in Table I. The schematic of the 1

1 .
system is shown in Fig. 1. The origin is at the contact  7'(t) (I + mg1r})07 + 5(12+m527"§)9§

: . : : T2
point of the left pulley,«(¢) is the control input in the 1 )
transverse direction located at = £(t), for suppression + §M(U+wt|lm + vweli,, )
of the transverse vibration. The slider position is defined I

by I,.(t) andv(t) = I,,,(¢) is the axial velocity.

The velocity of a particle on the cable is composed
of two parts due to the coupled vibrations. The velocity
in the = direction isv(t) + w; + v(t)w, and in they 1
direction isy; + vy,. Hence, the velocity of the slider at + 50/[(% +vye)? + (v 4wy + vwy)?de
T = b, isv(t) + wi (I, t) + vwy (I, t). The subscript,’ &
denotes partial derivative with respect to time, and subscript L
'’ denotes partial derivative with respect to space. In the 1 2 2
following derF;vation, we omit the argupments sSch as time + §p/[(yt +vye)” + (v 4w+ vwe ) dz, (9)
t and spacer of the variables for the purpose of brevity, bm
i.e., we expresg(z, t) simply asy, w(x,t) aswy, etc. We wherem,; = pr16, andmss = pro6, are masses of the
make the following assumptions in the derivation: newly-wound cables on the pulleyy|;,, = w;(l,n,t), and

« The density of the cable, the Young’'s modulusE, w.|;,, = w(lm,t). The normal strain in the: direction,

the cross sectional area of the caldleare constants. according to the reference [14], is

« The damping coefficient§’, Cq, Cy, and the inertias 1 1

I,, I, are constants. €=wy + —w2 + =92, (10)
« There is no bending and rotation in the cables. 2 2
« There are no vibrations in cables wound in pulleys. The total potential energy/(¢) of the system due to the
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+ 5p/[(yt +oya)” + (0 + i+ vwy)?Jde
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normal strain is where we have used continuity conditiofigc = dyle, =
5y|§7, 5lm|§ = 5lm|§+ = 5lm|§7, and 5’LU|§ = (S’LU|§Jr =

Ut /EAGQd:c L2 /EAGde 41 /EAGQd:c (11) dw|e_. The boundary conditions are

& e w(0,t) = w(L,t) =0, a7)

The virtual work done by external forces including work Y(0,8) = y(lm, 1) = y(L, 1) = 0. (18)
done by actuator input(t), work done by torquedi(t) The transverse vibration in Eq. (14) can be expanded as
and T»(t), and work done by friction forces at the sliderfollows:

and pulleys is 5 )
Pt + 20Yzt + V*Yga + Ve ) = FA(Yz Waa

SW = u(t)dy|e + T1601 + Todby — C16,560, — Caf260 3 1
u(t)oye 1001 2003 101001 202002 oy L 0 s + Yeatws), (19)
—C’(v+wt|zm+vwm|l )( +5w|l +wm|l Ol ) (12) 2 2
9%y 9%y 8w
where wl,, = w(lm,t). On substitution of Egs. (9), Whereyu = 6t2' Yot = Gaop Yax = ggs ANdwe, = G

The result in Eqg. (19) is compatible with the result in [11].

the velocity v in Eq. (19) is assumed to be constant,
Eq. (19) is also in agreement with the result in [13] with
the exclusion of the external force terms.

(11), and (12) in the extended Hamilton’s principle, usin
part integration and calculus of variations, we obtain th
following governing equations,

pZ (0 4wy + vwg) + pvﬂ(v + wy + vwy) After expressing the time and space derivatives in
ot 5 ) 1356 Eqg. (13), the motion equation governing the longitudinal
= EAa_x[(wI + §w923 + 5%25)(1 + wa)], (13) Vibration is
9 B (Wit + 20Wat + V2Wee + Dwe + 0) = EA(Wey
Poap e+ vya) + puo—(ye + vys) 3, 1,
= EAz[(we + 510925 + 5%26)%], (14) ) ) _ _
v IR o O wherewy, = Z% andw,, = 2% If the axial velocity
(= =2 (54 2w — (=4 + =D)im v(t) in Eq. (20) is constant, it reduces to the result in [13].
T1 T2 1 D) 1 D)

o I11. DISCRETIZATION - GALERKIN’S METHOD
=M—-[v+wili,, +vwel, )1 +weli,)]

ot The derived motion equations are coupled nonlinear
+ C(v +wily, +vwel,, ) (1 +wels,) PDESs and it is impossible to obtain an exact analytical so-
lution. Galerkin’s method is applied to truncate the infinite-
/ ﬁp[(v + wy 4+ vwy ) (1 + wgy)]dz dimensional PDES into a set of nonlinear finite-dimensional
ot ordinary differential equations (ODES) with time dependent
N coefficients. We normalize the coordinate as follows:
0
+/§p[(v+wt+vwm)(1+wm)]d:c n= %, 0<n<l1. (21)
§+L The space derivative of y(x,t) can be expressed as
0 dy Oyon 1
A, xT 1 xT d a_ 5
+ [ gl v+ w0+ wlde = = T 22
l
m 82y 1
_ 5 I 9 @ = ﬁynna (23)
+/§p[ym(yt +vym)]dm+/gp[yz(yﬂrvyz)]dx where y, and y,, are the short notations of the space
2
0 &t derivatives of g—g and g—ng, respectively. The transverse
P vibration y(z,t) is discretized in the following form in
+ / gp[ym(yt + vy )|dx. (15) terms of mode function¥;(n):
Im n
The resulting internal condition is, y(o,t) = 231 4 (1) ¥;(n), (24)
J:
u(t)e = Ep(yr + vya)le- — po(ye +vye)le_ whereg;(t) is the unknown general coordinate to be deter-
— Ep(ye +vya)le, + po(ys +vya)le, mined andn is the number of mode functions. Similarly
1, 1, for the longitudinal vibration, we have
- EA(w, + oW T iym)ymk— n
1 1 t) = ()W (), 25
FEAw, + Sut Sl @) wl@t) = 2 pOF:() )
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Fig. 2. States trajectories of the system. Fig. 3. Transverse vibration at one end.
wherep;(t) is the unknowns to be determined. On substi- s
tution of Egs. (22)-(25) in Egs. (15), (19), and (20), we end nl
up with a set of finite-dimensional discretized ODEs with
a(t) = [q1(t), g2(t), --qn(t), pr(t), p2(t), --pn(t), L ()] 4
as unknown. £ ,
V. SIMULATION RESULTS ANDANALYSIS § .
The orthogonal normal mode functions are chosen to :f 5
satisfy the boundary conditions E
U, (n) = sin(inn), 0<n<l, i=1,2,..n (26)
&H
where n is the number of the mode functions.
Given the initial conditions onq(t) and ¢(t) = S w W @ _ 0 0 0 160 im0 am
[Q1(t)a QQ(t)a QH(t)apl(t)aPQ(t)a pn(t)a U(t)]T' a numer- Time (=)
ical solution is easily obtained using MATLAB. _ S
Fig. 2 shows the state trajectorigsversus time. We see Fig. 4. Longitudinal vibration at one end.

that the amplitudes of states andg-, which correspond to
the transverse vibration, are much bigger than those of states
p1 and py, which correspond to the longitudinal vibration. In order to see the effects of damping on the vibrations,
The transverse and longitudinal vibrations at one end  We increase the damping coefficients by one hundred times,
L, which corresponds tg = 1 are shown in Figs. 3 and the results of transverse and longitudinal vibrations are
4, respectively. We observe that both vibrations at the erghown in Figs. 7 and 8, respectively. Comparing with the
are zero, which is reasonable since we made no vibratiégsults shown in Figs. 5 and 6, we see that the increase in the
assumption at the end. damping reduces the longitudinal vibration dramatically, but
Figs. 5 and 6 show the transverse and longitudinal vibraias little effect on the transverse vibration. This justifies the
tion atn = 0.5. It can be seen that the transverse vibratiogddition of the control input.(¢) to suppress the transverse
is much bigger than the longitudinal vibration. This result isvibration.
in agreement with the observations from experiment. This The arbitrary axial velocity affects both the transverse
explains why longitudinal vibration is usually ignored in vibration and longitudinal vibration. Figs. 9 and 10 show the
literature. transverse and longitudinal vibration when the magnitude of
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Fig. 5. Transverse vibration at= 0.5. Fig. 7. Transverse vibration at= 0.5 with large damping.
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Fig. 6. Longitudinal vibration ay = 0.5. Fig. 8. Longitudinal vibration aty = 0.5 with large damping.

the initial axial velocity is increased one hundred times. In _ _ _ _
general, increase in the axial velocity will lead to increases Itis impossible to find an exact analytical solution for the
of both vibrations. When the axial velocity reaches abovéerived nonlinear governing equations. Galerkin’s method

a critical velocity, divergence will happen, or even chaotids applied to truncate the infinite-dimensional PDEs into
motions. finite-dimensional nonlinear ODEs with time dependent

coefficients. The numerical results demonstrate that increase
V. CONCLUSIONS in the damping can reduce the longitudinal vibration dra-
In this paper, we derive the governing equations for coumatically, but has little effect on the transverse vibration.
pled vibrations of a varying length flexible cable transportefhe results also show that the magnitude of the transverse
system with arbitrary axial velocity using Hamilton’s princi- vibration is significantly larger than that of the longitudinal
ple. The inertias of the pulleys and motor, and dampings afibration, which explains why the longitudinal vibration
the system are included in the model. The derived equatioiss often ignored in literature. Future work will include:
provide guidelines for future study on cable systems. derivation of controllersT;(t), T»(t), and u(t), stability

5459



0s T T T T T T T T T

Transverse vibration { m )

[11]

a5 . . . . . ‘ . . .
0 20 40 BD B0 100 120 140 160 180 200
Time (s
Fig. 9. Transverse vibration at= 0.5 with large initial velocity.
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Fig. 10. Longitudinal vibration aty = 0.5 with large initial velocity.

analysis, and experiment implementation.

VI. ACKNOWLEDGMENTS

The authors gratefully acknowledge the support of NSF
grant number 11S-0117733.

REFERENCES

[1] J. A. Wickert, C. D. Mote Jr., “Current research on the vibration
and stability of axially moving materials,The Shock and Vibration
Digest vol. 20, no. 5, pp. 3-13, 1988.

[2] C. D. Mote Jr., “On the Nonlinear Oscillation of an Axially Moving
String,” Journal of Applied Mechanics, Transaction of ASMEI.
33, pp. 463-464, 1966.

[3] G. Kirchhoff., “Vorlesungeniiber Mathematische Physik,” Leipzig:
Druck and Verlag von B. G. eubner, 1877.

[10]

[12]

[13]

[14]

[4] G. F. Carrier., “On the non-linear vibration problem of the elastic
string,” Quarterly of Applied Mathemati¢s3, pp. 157-165, 1945.

[5] D.W. Oplinger., “Frequency response of a nonlinear stretched string,”

Journal of the Acoustical Society of Amerjca2, pp. 1529-1538,

1960.

R. Narasimha., “Non-linear vibration of an elastic stringgurnal of

Sound and Vibration8, pp. 134-146, 1968.

F. Zhang, D. M. Dawson, S. P. Nagarkatti, and C. D. Rahn.,

“Boundary Control for a General Class of Nonlinear String Actuator

Systems,”ASME Transactions of Journal of Sound and Vibration

vol. 229, no. 1, pp. 113-132, 2000.

[8] C.F. Baicu, C. D. Rahn, and B. D. Nibali., “Active Boundary Control

of Elastic Cables: Theory and ExperimenfASME Transactions of

Journal of Sound and Vibratiarvol. 198, no. 1, pp. 17-26, 1996.

P. Hagedorn, and B. Setfer., “On Non-Linear Free Vibrations of an

Elastic Cable,’International Journal of Nonlinear Mechani¢ol.

15, pp. 333-340, 1980.

W. D, Zhu, and J. Ni., “Energetics and Stability of Translating Media

with an Arbitrarily Varying Length,”ASME Transactions of Journal

of Vibration and Acousticsvol. 122, pp. 295-304, 2000.

W. D, Zhu, J. Ni, and J. Huang., “Active Control of Translating Media

with Arbitrarily Varying Length,” ASME Transactions of Journal of

Vibration and Acousticsvol. 123, no. 1, pp. 347-358, 2001.

B. Tabarrok, C. M. Leech and Y, I. Kim., “On the Dynamics of an

Axially Moving Beam,” Journal of The Franklin Institutevol. 297,

no. 3, pp. 201-220, 1974.

C. H. Riedel, and C. A. Tan., “Coupled, forced response of an axially

moving strip with internal resonancdyiternational Journal of Non-

Linear Mechanicsvol. 37, pp. 101-116, 2000.

V. V. Novozhilov., “Theory of Elasticity,Pergamon Presgp. 18-19,

1961.

(6]
(71

9]

5460



	MAIN MENU
	Front Matter
	Technical Program
	Author Index

	Search CD-ROM
	Search Results
	Print
	View Full Page
	Zoom In
	Zoom Out
	Go To Previous Document
	CD-ROM Help

	Header: Proceeding of the 2004 American Control Conference
Boston, Massachusetts June 30 - July 2, 2004
	Footer: 0-7803-8335-4/04/$17.00 ©2004 AACC
	Session: FrP09.2
	Page0: 5455
	Page1: 5456
	Page2: 5457
	Page3: 5458
	Page4: 5459
	Page5: 5460


