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Exponential representations of two-input
nonlinear discrete-time dynamics

Salvatore Monaco, Marie-Dorothée Normand-Cyrot and Claudia Califano

Abstract— A differential/difference representation of non-
linear multi-input discrete-time dynamics is introduced. On
these bases, the exponential representation of the associated
flow is explicitely characterized in the two-input case. The
specific case of sampled dynamics is discussed and illustrated
by a chained dynamics.

Index Terms— Nonlinear discrete-time systems, multi-input
dynamics, sampled systems, exponential series.

I. INTRODUCTION

Exponential representations of flows associated with the
solution to differential equations are well known tools in
the continuous-time case when considering autonomous
or controlled equations (see for example ([1], [3], [10]),
while quite unexplored in the discrete-time context. Given
a nonlinear first-order difference equation of the form

z(k+1) = F(z(k),u(k))

it has been shown in [6] that, under some suitable con-
ditions, such a difference equation can be rewritten as a
differential equation with respect to the control variable
with state initialization specified by the drift term. It results
that its behaviour over several steps can be revisited as
continuous with respect to the control with instantaneous
jumps piloted by the drift. In this context, the notion of flow
characterizing the evolution aong the control variable or
equivaently the solution of the so built differential equation,
makes sense. In [7], an exponentia representation of this
flow has been given and completely specified for the single-
input case. The present paper extends this result to the multi-
input case. The main difficulty comes out from the nonlinear
dependency on severa input variables resulting in a system
of partial-derivative equations. The specific case of sampled
dynamicsis discussed and illustrated by a chained dynamics.

The paper is organized as follows. Section 2 introduces
the differential representation of a multi-input difference
equation. Section 3 gives the exponential form representa-
tion of the associated flow. The sampled case is discussed in
Section 4 with an example. Some notations are given below.

e Throughout the paper z € X, an open set of R"
- which can be dl R™ -, u € U™, a neighborhood of
0 in R™; the mapping © — F(xz,u), describing forced
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discrete-time dynamics is an R™-valued function, analytic
on its domain of definition which contains a neighborhood
of uw =0, the mapping © — Fy(x) := F(z,0) describes
the free evolution or drift term, all the vector fidds are
assumed analytic on their domains of definitions - infinitely
differentiable admitting convergent Taylor series expansions
in a neighborhood of each point of X' - and complete when
necessary - the associated flow is defined at any time and
for any initial condition -.

e Given a generic map on X, its evaluation at a point
x is denoted either by "(z)” or ”| . Given a function
A: X — R and a vector field § on X - 6(z) € T, X -, the
differential operator Ly acts on A as Ly := 226 so giving
the Lie derivative of A along 6. The repeated use of thisLie

Ark—1

derivative gives for k>0, L := 22829 with L} .=
Lgo---oLg; k—times and L) = I, the identity operator.
Given another vector field o on X, [0, 0] denotes the usual
Liebracket of vector fields; Lig o)1, = (LgoLs — LooLg) Iy,
where I,, indicates the identity function on X'; ady(o) :=
0,0],ady(c) := o, and for k> 0, ads ™ (o) := [0, adf(o)].

e Given a formal indeterminate ¢, the notations ”e®”
and "Log(I +)" stand for the usua exponentia and
logarithmic Taylor series expansions of the indeterminate

into parentheses; i.e.

v ¥
e¥ = I—|—; ]
qv\ie1,i
i) = SN
i>1

k
As an example, if ¥ = Ly, elo = I+Zk721%. The

following property holds

ePON = Aa)+ ) @(x) =1, )
E>1
For notational convenience, e’ can also be used instead of
elo.

e In the sequel, a Lie monomial of a given set of
indeterminates - vector fields - indicates a Lie bracket of
them, a Lie polynomia indicates a finite sum with real
coefficients of Lie monomials and a Lie series indicates an
infinite sum of Lie polynomials. When a degree is assigned
to each vector field, the notions of degree for monomials
and homogeneity for polynomias are the usual ones.

e When not explicitely specified, convergence issues of
the series manipulated will not be addressed in this formal
context.
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II. THE CONTEXT AND PROBLEM
STATEMENT

This section extends to the multi-input case the representa-
tions introduced in [6] for single-input dynamics.

A. Differential/difference representations of multi-input
nonlinear discrete-time dynamics

Let a multi-input nonlinear difference equation be

2(k+1) = F(x(k),u(k)) @

where z € R, u = (u1,...,Uy)’ € U™ with Fy(x) :=

F(z;0) and assume rank(%) =m.

The following assumption is made.

H1: There exist m analytic vector fields, (;G(.,u);i =

(1,...,m)), satisfying
8ui

Remark. Theinvertibility of Fy(x) is sufficient to guarantee

H1 so that, in such a case, ;G(z,u) is localy uniquely

defined as

OF (z,u)

G(x,u) = B

©)

z=F~1(z,u) .
Sampled dynamics enter in such a class. «

The following relations are directly deduced from H1 due to
commutativity of the partial-derivatives operators. Indicating
by J.[.] the Jacobian, we deduce from (2),

0% F(z;u) _
6’&7;6’&]' L, GG u)OL G( ) F(z;u)
9;G(.,u
= (Jm[jG(.,u)]iG(.,u)—&- J@i‘ )>
v F(z;u)
equal to
O F(z;u) _
8u]~8u7; o LjG("“’)OLiG("“’)[n’(F(m;u),u)
0;G(.,
= (sbGtuGea) + 25t
J F(x;u)

which can be rearranged to state what we will refer to as
the compatibility conditions.

Compatibility conditions - A family of u-dependent vector
fieds (;G(.,u);i=(1,...,m)) satisfy the compatibility con-
ditions if, for any (4,7) € (1,...,m) with i # j and v €e U™,
the equalities below are satisfied on X

W)l = 0;G(x,u) B 0;G(x,u)
’ v 8U,j (911,1 '

Provided the compatibility conditions are satisfied and
adopting the notation 2+ (u) to represent a curve in R™
parameterized by v € U™, it makes sense now to represent
a discrete-time dynamics of the form (1) satisfying H1, asa
system of coupled differential/difference equations. We set

G (. u),;G(. (4)

Definition 2.1: Analytically parameterized discrete-time
dynamics- APDTD
Let (z,u) € X xUY™ and assume maps and vector fields
analytic in their arguments. Given a map F;, on R™ and m
vector fields (;G(.,u);u € U™) on X, complete and satis-
fying the compeatibility conditions, an APDTD is defined by
the system of differential/difference equations

= Fy() ©)
+
90 _ o i= (e (0 =, (@

For agiven (z,u) € X xUU™, integrating (6) with respect to
each u; and evaluating the result at (5), we get a mapping
F(z,u) =27 (u) soillustrating how a discrete-time dynam-
ics can be revisited as atrgjectory in R™, parameterized by
u accordingly to (6) and passing through =™ (0) = Fy(z).
In this differential geometric context, the aim of this paper is
to specify the exponential representation of the flow which
characterizes the solution to (6). Two main difficulties occur,
due to the nonlinearity in u of each eguation in (6) and
due to the coupled interaction between them as partial-
derivatives.

B. Recalls about the single-input case

In this paragraph, we refer to the previous notations setting
m =1 and denoting without ambiguity 1G(.,u) by G(.,u)
and by G; the vector fields characterizing the series expan-
sion around « of G(.,u); i.e.

G(.,u) =G1(-)+UG2(-)+Z%G1‘+1(-)- (7

i>2

Given a single-input difference equation of the form (1)
satisfying H1 and referring to the literature about differen-
tial geometry, formal calculus and combinatorics (see for
example [2], [4], [9], [11]), it has been shown in [7] that
the solution to (6) admits an exponentia representation with
exponent described by a Lie element in the vector fields G;.
More precisely, let ¢(u,0,-) be the flow associated with
G(.,u), the unique solution of

0¢(u,0, )
ou

and let exp Jo L. vydv, the right chronological exponen-
tial defined by its asymptotic expansion (see [1] [11])

exp [y La(vdvi=I+

Z>:1 fou Ovl . .fovping(_ﬂ,p)o. .. oLg(.ﬂ)l)dUp ...dvy
p=
we have
6(u,0,) =exp /0 La(udol, =909, (9)

where the exponent ug(.,

)= _u'B,

p>1

u) is described by its expansion

(G1,...,Gp) (10)
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where B,(G1,...,G,) stands for a homogeneous Lie poly-
nomial of degree p in its arguments. The decomposition of
each BB, as a Lie polynomia in the G;’s can be iteratively
deduced from the formal equality

u) =

where the function Z(.) is defined for any formal indeter-
minate v by its Taylor expansion

Y o U
T—ev > (1) bir

i>0

%ug(, Z(—adug(’u))G(,u) (11)

Z(~v) =

The coefficients b; are the Bernoulli numbers. For the first
Oones. bo =1,b = —1/2, by = 1/6, b2k+1 :_0 for k > 0,

by =—1/30, bg = 1/42. We get forp21,2f1:11q+k:p
+ZZ Z % ads, .. cady, —C
! n 5 e — 1)
k=1j>111,...,1;>1

and for the first terms we get

1
B = Gy, BQZEG%

1
By = §(G3+1/2[G1,G2]), By =

C. Some notations in the multi-input case

In the sequel, indicating as j;,...;,Gpy1(.,u), any partia
derivative of order p of ;G(.,u) with respect to w;, ...u;,,;
i.e oG ()

-0u;,

u) around u =0 is given by

Z‘il...ipGp+1(.,u) =

8uip .

the series expansion of ;G(.,

ul
=G+ Z —L P (i, Gt
p>1lig,...,ip=1
with Gy = ;G(,u
ii1~~~ipGp+1(-;u)|u:0-
Denoting by P™! := (i,...,i) a multi-index of length
p+ 1, with all elements equal to i, we analogously set

Ju=o and g, Gpr =

i1 G (5 u) |y;—0 = %(p’u) so that the series ex-
us
g ui:O
pansion of ;G(.,u) around u; =0, for u; = C'st when j # ¢,
is given by
G(hu) = |u170+z (it Gl u)]uj=0)-

p>1

By convention, any ;;,...;, G,,+1 Will be said of degree p+1
and by construction, for any permutation o of a multi-index
(ila Zp) we have ; 911%9.. szerl io(i1)o(i2).. a(lp)Gerl-
As previously noted, compatibility conditions of the vector
fidds ;G(.,u) make sense to (6) and completeness ensure
integrability of (6). It is interesting to rewrite compatibility
conditions as equalities independent on the input variables
so enlightening how these conditions specify the involutivity

%(G4+[G1,G3]).

of the Lie algebra generated by all the ;;, 4, ., G}, ;5. Under
successive derivatives with respect to u and evaluation at
u =0, (4) can be equivalently rewritten as the successive
equalities below iteratively deduced by applying the formal
rule of derivatives of products and sums.

Lemma 2.1: For any multi-index (i1,...,%) € (1,...,m)
with iy # i5, (4) are equivaent to
liy G145 G1] i1i0 G2 = ii; G2
[¢1¢3G2,¢2G1] + [¢1G1,7:27:3G2] = i1igis G3 —ini i3 (3

li1izisGarinG1) + 103G 2101 G2l + [1134 G214 inis G2
+  [11G1,i0i5i14G3)
i1i2i3i4G4 -

III. EXPONENTIAL REPRESENTATION OF
THE FLOW

To simplify the notations, we treat the case m = 2, but the
method extends according to the same lines to more than
two independent control variables. To simplify nonlinearity
in u, we propose to rewrite equations (5 - 6) for m =2 inan
extended state space, as it is usua when dealing with non-
autonomous differential equations. Setting ¢ = (27, 21)7 €
X xU?, (5 - 6) can be rewritten as

12111314G47

xt = Fy(z); zt=0
Pl Gt ) = (L2): () =t
el oy B g s st
or in a more compact form as
¢t = Fo(¢)
+ _
Hlv) Gt ) (12
+
Htts) _ Gt ¢H0) =60 (19
with Fo(¢)” = (Fo(@)”,0)" and ,G(¢) = (G, w)” )T

where ¢; is the i-th unit vector in R2.

Translating the compatibility conditions (4), set over the
;G(.,u)'s, into conditions over (;G,2G), we get the condi-
tion of nilpotency; i.e.

[1G(¢),2G(¢)] =0

which is necessary and sufficient for the existence of a
solution ¢ (u) to (12-13). In fact, the equality

O*CH(ur,ug) — 9*CH (un,ug)
8u1 8U2 N 8u28u1
isimmediately translated into commutativity of the extended
Lie derivative operators (L, ¢, L,¢)-
According to these notations, the formal integration of (12-
13) is greatly simplified so getting directly the exponential
form of the flow

(14)

C-‘r(u) — eléul—‘rgéuzl 4o . (15)

¢t (o)
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Denoting now by 7 the projection on R"; i.e. w(z,u) = x,
by ¢;(u;,0,.) the flow with exponent u;G;(.,u) associated
with ;G(.,u) accordingly to (8), (9) and (10), we easily
deduce the equivalent representations of the solution to (5
-6) below.

Proposition 3.1: Consider the two-input difference equa-
tion (1) verifying H1 - or equivalently, consider an APDTD
of the form (5 -6) -, then (1) - or equivalently the solution
to (6) at (5) - is given by

xt(u) = e1GurtaGuay (16)

(Fo(x),0)
which can be rewritten as the composition of single-input
flows either

zT(u) = e1Gu,e2Guzy a7
() (Fo(x),0)
= ¢2(u2,0,¢1(u1,0,2%(0))) (18)
or
xt(u) = 62@”2061@“177‘ 19
(W) (Fo(=),0) (19
= ¢1(u1,0,¢2(us2,0,27(0))) (20)
with asymptotic behaviour described either by
uyl
x+(u) = exp/ L, (a0, ,0)dV10
Y s (21)
Og L T, U1,V d’U In
p/o 2G (z,u1,v2) V2 2+ (0)
or
N u
rt(u) = eXp/ Ly G(2,0,09)dV20
" (22)
°e¥> L T,v1,U d’U In
p/o 1G(z,v1,u2) %Y1 =+ (0)
and exponential representation described either by
+ = u191(u1,0) uaGa(ui,u2) ‘ 23
MR ¢ iy @
or
x+(u) — 6"292(-707"2)oeu191(~7u17"2)[n‘ oy (24)
Proof: The proof is easily performed intérchanging

the role of u; and u,. The solution can in fact be obtained
either by chaining the integration of z%(uy,v2) aong vs,
between 0 and wq, for a fixed u; and the integration of
2% (v1,0) along vy, between 0 and u; - equations (17 -18 -
21 - 23) - or by chaining the integration of = (v, us) along
v1, between 0 and wu,, for a fixed uo and the integration
of 27(0,v2) along v, between 0 and us - equations (19
-20 - 22 - 24) -. It is immediate to deduce (16) from
(15) and then the equality between (17) and (19) due
to the commutativity of the operators or equivaently the
compatibility conditions. The equality between (17) and (18)
and equivalently between (19) and (20) are just a matter of
computations. The chronological series expansions (21) or
(22) with exponential representations (23) or (24) are easily

deduced by applying the results previously recalled in the
single-input case. |
Denoting now by ¢(u,0,.) : R* — R", the unique multi-
input flow associated with the solution to the set of partial-
derivative equations (6), we have in conclusion the expo-
nential representation below.
Theorem 3.1: Exponential
time dynamics
Consider the two-input difference equation (1) satisfying H1
- or equivalently, consider an APDTD of the form (5 -6) -,
then

representation of discrete-

+ — 0 +0 — ug(.,u)In 25

o (u) = d(u, 0,2 (0)) = ¢ e @
with uG(.,u) a vector field on R"™, parameterized by
(u1,u2) which is a Lie element in the m“_ipG;,Hs, given
by

uG(.,u) = Z U5 Bo,py (2G5 - - - 202 Gy ) (26)
p221
P1,,P2
+ Z uy Uy By py (ilGla"'vil7~~-7ip1+p2 GP1+P2)
p12>1,p220

where By, ., (.) stands for a homogeneous Lie polynomial
of degree p; + po in its arguments. The expansion (26) is
deduced from the equalities below

0
8uiug(.,u) =

(27)

The decomposition of the B;,Lpzs as Lie polynomials can

be iteratively computed according to By o =0 and for p; > 1
J

and qu+k2 = p2

q=1
G 1
w—'p?_FP_Q E E

p2: I<kgj>1

Z(—adyg(.u))iG(,u);  i=(1,2).

607272 =

(_1)jbj ok Gy
%adlg m o...oadB e (28)
mlvzﬂ:nj>0 7! o 03 (ko —1)!
J
for p1>1,p2>0 and E lq+l€1 =p1
q=1
B _ 1P12pP2 Gp1+p2 +i Z Z Z
puope p1!p2! p1

1<k1,0<ko j>111,...,0;20

—1 Jb, ke ok X

Z (>0 )' . adBllv’”l o Oadsly‘xmj : (11621 2—61;;'11621:2 (29)

Plfoéf:bFrom Proposition 3.1 we immediately deduce

the existence of an exponentia representation of the multi-

input flow of the form (25). The proof of the equalities (27)

follows exactly the same arguments as in the single-input

case [8]. By expanding the two members of (27) and by

identifying the coefficients we obtain (28) and (29). |

Because the role of u; and us can be interchanged, we
equivalently get

ug(.,u) = Z uzllePLO—'— Z

p1>1 p120,p22>1

p1,,D2
wy Uy By, py
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with
1P1 Gm
p1!

G
+_ Z Z Z . J dBll 0° oadgljy0 (1]:11_1;1)!

LSk i>11y,. 120

Bpo =

J J
and for p; > 0,p2 > 1, > lo+ki=p1, >, mg+ka =D,
g=1 q=1

Bpl:?QZM—’_i Z Z Z

|
ppr: P2 ochy1<hy 53100,00520

(_1)jbj 2k21k1 Gk=1+k2
Z T e— dBl1 m1°"'°adBlj,mj m
A. Some specific cases

Assuming that ;_; 2)G(z,u) depends on the corresponding
u; only; i.e G(m u) i G(z,u;), compatibility conditions
(4) reduce to mlpotency

[1G(.,U1),2G(.,U2)]|x = 0
and the solution reduces to
rt(u) = 6"191(~7"1)+u292(~7u2)]n|F0(w)
with each u;G;(.,u;) described by (10).
Assuming that ;_; 2)G (z,u) does not depend on the control

( autonomous vector fields); i.e. ;G(x,u) = ;G1(x), then
compatibility conditions (4) reduce to

[1G1;2G1] = O
s0 that the solution reduces to
x+(u) _ eu1(1G1)+u2(2Gl)In )
Fo(zx)

B. Some computations
Let us give an insight on the first terms of the exponent (26)

uG(.,u) = uyByo+uiBag+uiBso+usBoi+uiBoo
—|—u§B0,3 +uguaBy 1 —|—u1u§BL2 +U,2u%3271 +0(uh)

with

By, =1G1,2B20 =11 G2, 3!B3 g =111 G3+ = [ G111 G2l

By =2G1, 2Bos =2 Ga, 31Bos = Gy + 2 [5G1.: Go]
and from (29)

Biy = 12Gatn [GMG]

2By = mcg+[201,1202]%[22@2,1@1]

1
+—,[2G1[2G1,1 G4

2By1 = 112G3+ = [G1,11G2] [[2G1,1G1],1G1]

s

or equivalently

Bii = 2G2+- [G1,2G1]

2B12 = 921G3+ = [1G1,22G2]+%[[1G1,2G1],2G1]
2By, = 211G3+[1G1,21G2]+%[11G2,2G1]

1
+§ [1G1[1G1,2G4]]

S0 that

1
Bi1= 5(12G2 +21 G2)

4

4By 5 = 122G3+221G3+ [2G1,12 Go] + 5[2G1[2G1,1 G4
4

4By 1 =112G3 +211G3+ [1G1,21 Go] + 5[1G1[1G1,2 G1]])

Replacing these expressions into the exponential form, we
get in conclusion, up to an error in O(u?), in the exponent

H(u,0,7(0)) = w90, =
(1,0, (0)) Jre

u2 u
€7L1(1G1)‘H‘/2(2G1)+§L11G2+ 2202+ 1 2(1202+21G2)]n .
Fo(=z)

IV. THE CASE OF SAMPLED DYNAMICS

Let the two input-affine continuous-time dynamics

o(t) = f(x(t)+ui(t)gr(z(t)) 4 ua(t)gz(x(2))(30)

with f and g; analytic vector fields on R™. Given a sampling
period § > 0, setting (¢t = kd; k > 0), the sampling instants,
assume the input signal u(t) constant over time intervals
of amplitude § and let u(k) be its constant value over the
interval [kd, (k+1)0[ and x(k) the value of z(t) at time
t =kd. Itiswell known that the solution at timet = (k+1)4,
for an initialization at x(k) describes a nonlinear difference
equation - the sampled equivalent to (30) - (i.e. the state
evolutions coincide at each sampling time), as

2(k6+6) =a(k+1) = MTuiotua(t)doy
(k)
= F(x(k),ou(k)).

It follows that the results of Theorem 3.1 still apply so
getting

Theorem 4.1: For a fixed sampling period 9§, the zero—
order sampled equivalent F°(z,6u) to (30) admits the
differential representation

T = e‘SfIn|m=Fg(x)

G2zt (0u),0u); xt(0) =2t

—~
+
>
S
~—
~—
I

7G6(,5U,) = Z_l(_ad6f+6ug)gi- (31)
5002



when Z~1(.) denotes the formal inverse of Z(.);i.e.

1
Z—l _ _ —sad¢
(—ady) /e ds= e I+ Z e 1

Proof: The proof requires to verify that H1 is always
verified in this sampled case being F{(z) := €%/ I,,|, d-
ways invertible for sufficiently small values of § ensuring
the series convergence; i.e. (F{) '(z) := e °/I,| . The
expression (31) of ;G(.,5u) follows from (27) because, in
this sampled case, duG(.,d0u) =0 f 4+ dui g1 + duaga, SO that

1 e—(Ld(

9i = Z(_ad6f+611,g)iG6(~a 6“)
and thus (31) holds true. |

In this sampled case, the compatibility conditions reduce to
combinatoric identities deduced from (31).

A. The example of chained dynamics

Let the one-chain system on R* be

Ty =ui, Tr=uy, I3=Tou, Ty=mx3u; (32)
with sampled equivalent easily computed as
x1(k+1)=z1(k) +oui(k); z2(k+1)=m(k)+duz(k)

52

(k) + S uz(k)us (k)
52

(k) + o (k) (k)

r4(k+1) = z4(k) +ox3(k)u
53

F?(x,0u) is thus polynomia with F¢(x) = x. The vector
fidds (;G°(.,6u),2G%(.,6u)) exigt, are unique and can be
computed according to (3) or (31) so getting

2

1GO(-0u) = (1,07552—51@,%3 3,u1u2)T
= 1Gf+12G36u2+112G362u1u2
2
2GO(-,0u) = (01%,% Hr

52
= 9GS +21Go0u; + 211Gg3u%

and the other terms equal to zero. The compatibility condi-
tions reduce to

[1G6('a 6“17(5”2)’ QGS('v(sula(SuQ)] =
12Gg(-, 511;1,(5U2) — Qng(', 511;1,(5U2)

easily verified. The sampled equivalent model exhibits the
differential/difference representation

rt=z; 2(0)=2a"

Oz (6u) 1 Oz (du) 0

(9511,1 ’ (9511,1

+ + 2
a?éim =3 (u) = 5% 69;5251@ — (o) - - Q;UZ
Oz (6u) Oz (du) 1

(9511,2 ’ (9511,2
Oy (6u)  duy  Oxf(0u) 6%l

dduy 2 Douy 3

Computing By = 1G, Bo1 = 2GS, Bi1 = 12G5 +
%[QG?JG?] =0, B2 = %[QG?[ZG?JG{H =0, Baq =

112G+ S[1GI1GY,2GS]] = 0 and the other terms equal
to zero, we recover the finite exponent

SuG(.,0u) = OuyBi o+ usBoy = 6u1iGS + JugaGY
= (6uy,bus, 6uixs,0uszs)”

and thus by direct integration of (32) with respect to ¢

F‘S(x,éu) = utou

JJ

65u1 Dxy +0ug 81 +6u1w2 +6u1m3 dzg I

x

In this case, the compatibility conditions reduce to combi-
natorics equalities deduced from (31).
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