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Stability Analysis and H., Synthesis for Linear Systems With
Time-Varying Delays

Anke Xue, Yong-Yan Cao and Daoying Pi

Abstract— This paper is devoted to stability analysis and
synthesis of the linear systems with time-varying delays. Some
new stability conditions are developed for the systems based on
Lyapunov-Razumikhin theorem. Then a design method for the
general state feedback controllers is proposed for the systems
with multiple delays by the LM optimization based approach.
Numerical examples are used to demonstrate the effectiveness
of the proposed design technique.

. INTRODUCTION

An ever-growing number of internet-connected devicesis
now accessible to a multitude of users. Being a ubiquitous
communication means, the internet could allow any user to
reach and command any device connected to the network.
The internet has become the preferred form of interac-
tive communication, with new applications in multiplayer
games, teleconferencing, and telerobotics being developed
and tested every day [11]. Internet based control has become
an important means in the control systems design. A very
important problem in this kind of systems is the delays due
to the signal communication. Actually, nonlinear systems
with time-delay constitute basic mathematical models of
real phenomena, for instance in circuits theory, economics
and mechanics. Not only dynamical systems with time-
delay are common in chemical processes and long transmis-
sion lines in pneumatic, hydraulic, or rolling mill systems,
but computer controlled systems requiring numerical com-
putation have time-delays in control loops. The presence
of time-delays in control loops usually degrades system
performance and complicates the analysis and design of
feedback controllers. Stability analysis and synthesis of
retarded systems is an important issue addressed by many
authors and for which surveys can be found in several
monographs (see e.g. [7], [6]).

Most of these previous work on time delays has focused
on unknown but constant time delays. In practical systems,
the time delays are variable due to the motion of the dave
systems, for example, space-based or underwater telerobotic
applications involve moving vehicles and thus experience
changing transmission times to and from the stationary
operator. Moreover, some systems possess rapidly and
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possibly randomly varying transmission delays. A obvious
example is the satellite-based transmission through varying
relay sites. In the internet, which has frequently been used
as a means for creating teleoperation systems between a
variety of remote sites, information is transmitted in small
packets and is routed in real-time through a possibly large
number of intermediate stops. Although average latencies
may be low, the instantaneous delays may increase suddenly
due to rerouting or other network traffic. In the extreme,
the connection may be temporarily blocked. It could be
expected that the above mentioned methods are applicable
even in the case of random time-varying delay, by designing
the control for the maximum value of the delay (worst
case controller). However, it is shown in [8] that a control
algorithm designed for a fixed, maximum delay 7" may not
stabilize the system when the delay varies between 0 and
T. Niemeyer and Slotine [10] aso showed some stability
problems due to internet transmission.

Stability criteriafor linear system with time delays can be
classified into two categories considering their dependence
from time delays. Delay-independent stability conditions are
independent of the size of the delays (i.e., the time delays
are dlowed to be arbitrarily large) and thus, in general, are
conservative, especialy in situations where delays are small.
It can be used to study the systems without any information
on the time delays. Delay-dependent results [2], [1], [3] are
usually used to determine a maximum value for the time
delays which guarantees stability. They are expected to be
less conservative. To facilitate the computation process, the
linear matrix inequality (LMI) approach is employed in the
development. Some work has been devoted to extend these
results to the systems with time-varying delays. However,
the time-varying information of the delay is required and
the stability conditions always require the upper bound of
the time derivative of delays less than 1 [2], [3], [4].

It is well known that the choice of an appropriate Lya
punov functional is the key-point for deriving of stability
criteria. In this paper, we will present a new method for
the stability analysis of the systems with time-varying
delays by the Lyapunov-Razumikhin function approach. We
will propose some delay-independent conditions and delay-
dependent conditions which will be used to test the stability
for the various control systems without time-varying infor-
mation of delays. The requirement that the upper bound of
the time derivative of delays is less than 1 in the above
mentioned papers will be removed in these conditions.

The paper is organized as follows. Section 2 gives
the problem description. Delay-independent and delay-
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dependnet stability analysis and design will be addressed in
Sections 3 and 4 respectively. H ., control will be studied in
Section 5. We will give some numerical examples to show
the feasibility of the result in Section 6. Finaly, Section 7
will conclude the paper.

Il. PROBLEM STATEMENT
Consider linear systems with time-varying delays

i(t) = —l—ZAxt—
x(t) = "/)(t)7 tE[ TaO]a (2)

where z € R™ is the state, v € R™ the control input,
0 < d;(t) < 7; < 7 the time-varying delays and A, A;
and B, are appropriately dimensioned real-valued matrices.
Assume that the initial condition v is a continuous vector-
valued function, i.e., v € C,, ;. We use z; € C,, . to denote
the restriction of z(t) to the interval [t — 7, ] trandated to
[-7,0], that is, z;(0) = z(t +60), 6 €[-7,0].

In this paper, we will beinterested in the stability analysis
and design for the system (1)-(2). We will also consider the
control of the system (1) by the instantaneous state feedback

Apx(t ) + Bou(t), (1

u(t) = Fox(t), ©)
and the delayed state feedback
u(t) = ijmu —di(1)), (4)
=1

where Fy, F; € R™*™, But in what follows, we will com-
bine the instantaneous state feedback (3) and the delayed
state feedback (4) as

= Fa(t — di(1)), (5
=0

with do(t) = 0. Then the closed-loop system under the
above state feedback (5) can be written as

i(t) =

> (Ai + BoFy)alt
=0
IIl. DELAY-INDEPENDENT STABILITY ANALYSIS
In this section, we will first give methods on delay-
independent stability for the system (1)-(2) with v = 0. We
will then present a state feedback controller design such
that the closed-loop system is delay-independent stable.
Define y(t) = #(t). We can then rewrite system (1) with
the following form

— di(t)). (6)

A()J?

ZAa:t—

For simplicity, in what foIIovvs, we will use the following
notation:

=0. ()

za = [aT(t-di()) (t—d(1) ]",
2t) = [27@) y"() b )",
Ad = [Al Ar]

Then, (7) can be rewritten as
Aox(t) — y(t) + Agzq = 0.
Hence, we have
2(Pix + Poy + Pyxa)” (Aox —y + Agza) =0 (8)
for any weighting matrices P;, P, and P; with compatible
dimensions.
A. Delay-independent stability condition

Theorem 1. Consider system (1)-(2) with u = 0, if there
exist matrices Py > 0, Py, P>, Py and QQ > 0 of compatible
dimensions such that

PFAQ+A5P1+TPQ * *

PfAy—Pi+Py,  —Pf—-P x | <0, (9
PT Ay + AT P, ATP, — PT Ass
C?—(:“@{PO,P)Q,...,130}<O7 (10)

where
A3z =P Ag+ AT Py - Q,

then the solution z(¢t) = 0 is delay-independently asymp-
totically stable for any time-varying time-delays d;(t) > 0
fori=1,2,...,r

Proof: Given Py > 0, consider a quadratic Lyapunov
function candidate as

V(z(t)) = a:T(t)Pox(t).
First, we have
e1l|z]|* < V(x) < eaflz]?,

where g1 = Anin(Fo), €2 = Amax(FPo). The derivative of
V(z(t)) adong the solutions of (1)-(2) is

V(a(t)) = 227 (t) Poy(t).
By (8), we have,

where 2 =
|: P Aq+ AL Py * * ]
PlAy—P +P, —-P] P, %
PrAy+ AP ATP,— Pl PFA,+ AL P,
Define
x(t PrA;+ AT P,
=y | v ]

Note that

204 TE(t) < €1 (OTQ™'TTE() + 2 Qa,

where Q = Q — (P} Aq + AT P;) > 0. We then have
Vi) < €0 {A+TQ T e(t) +2hQua
<

< O {A+TQIT e

+Zx t—d

PoiL’ t— d)
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if Q< diag{PO,PO, ..
. PlTAo + Agpl
- P2TA0 -P+ P
By using Razumikhin theorem, we assume that there exists
areal v > 1 such that

., Po}, where

Agpg — PlT + Py

A Pl -p

V(z(t —0)) <oV (x(t)), for 6€]0,7]

then
V) <€) (A+TQ7'TT) &(t) + vV (x(1)
= ')(Q+vrPy +TQTT)E(t)
where

_ [pR 0
pel 0]

Obvioudly, if (9) holds, by continuity, we can always find
awv > 1 such that

PLAg+ AT Py +or Py * *
PQTAQ—Pl—l-PQ —PQT—PQ * <0
PdTAO + Agpl AEPQ — PdT Ass

By Schur complements, we have V(z(t)) < 0 for Va # 0.
This completes the proof. ]

Note that the condition of Theorem 1 does not include
any information of time-delay, i.e., the theorem provides
a delay-independent condition for stability of linear time-
delay systems with time-varying delays in terms of the
solvability of several linear matrix inequalities.

Remark 1: In some of the early references by the
Lyapunov-Krasovskii functional approach, for example [2],
[4], the upper bound of the derivative information of the
time-varying delay is required to be known and then some
LMI conditions involving this upper bound were derived.
Based on the Lyapunov-Razumikhin theorem and the spe-
cia equaity (8), we obtained a new LMI condition on
the stability of the systems with time-varying time-delays,
which also works in the case that the time-delays are time-
varying and the time-varying information is not available.

B. Controller design

With the state feedback (5), the closed-loop system can be
described by (6). By Theorem 1, the closed-loop system is
delay-independently stable for al time-delays if there exist
matrices Py > 0,P, P, P; and Q; > 0 of compatible
dimensions satisfying (10) and

PT A, + ATP, +rP, * %
PQTAO—Pl-i-Po —PQT—PQ * <0,
PT Ay + AT P, ATPy — PT Ass

~ . . 1y
where Ag3 = PF A+ AT P, —Q, e

[ PTA+ ATP +1ToP T}  PTT Ay + AT Py ] “0

ATTTP 4+ PTTTA  PTA;+ ATP - Q

where
Ay [ A Ay ... A ],
Py | P Piz ... Py |,
. Jo0 I (R 0
i LR
0 I
- [Fneli]
Let
_ p-1_ | Xo O -1
X = P {Xl x, | Xai=Pi',
Xq = diag{Xa1, Xaz,..., Xar},
Iy = PiXg=[1 I ],
© = diag{X, X4}

Right- and left-Multiplying (11) by © and ©7 respectively,
we obtain
X1+X1T—|-’I“X0PQX0 * *
[ AgXo— X1 + XT —Xy — X7T * ]<0,
T (AgXo— X1)  XJTAy—TFX, Ea3

where Z33 = T3 Ay X, + XTATT3 — XTQX,. By substi-
tuting Xa; = Xo, Yo = FoPy ' andY; = F; P, !, itis easy
to obtain the following result.

Theorem 2: Consider system (1)-(2), if there exist matri-
ces Xo>0,X1,X5,Q>0,YyandY;, i =1,2,...,7, of
compatible dimensions such that

33

{ X1+ XT 4+ rXo *
'7X0} <Oa

* %

AgXo+ BYy — X1+ XI —Xo— X7
'Y (Ao Xo + BYy — X1) E32
Q — diag{ Xo, Xo, ..

[1]

where
Z30 = X AY + VBT —TT X5,
Es3 = '3 (AaXo + BYy) + (X§ AL + Y BT)I's - Q
Yo=Y Yo Y. |,

then the delayed state feedback (5) with F; = Y; X, ', i =
0,1,...,r stabilizes the system (1)-(2) for any time-delays
dz(t) > 0.

IV. DELAY-DEPENDENT STABILITY ANALYSIS

To reduce conservativeness in the analysis when the size
on the delay is available, in this section, we will establish a
new delay-dependent stability condition for the system (1)-
(2). Recently, a new descriptor model transformation and
a corresponding Lyapunov-Krasovskii functional have been
introduced for stability of systems with constant delays [3].
The advantage of this transformation is to transform the
origina system to an equivalent descriptor form represen-
tation and will not introduce additional dynamics in the
sense defined in [5]. In this section, based on the Lyapunov-
Razumikhin theorem, we will present a new method for the
stability analysis of the systems with time-varying delays,
which also does not introduce any additional dynamics.
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A. Delay-dependent stability condition
Rewrite (1) with the following equivalent formulation

)+ ZAiJ?(t —di(t))

Since z(t) is continuously differentiable for ¢ > 0, using
the Leibniz-Newton formula, one can write

w(t — dy(t)) = (t) - / |

/—di(t)

y(t) = Aox(t (12)

y(s)ds

for t > d;(t). Then equation (12) can be represented in the
following form with discrete and distributed delays in y

-y
where A = Ag+_;_, A;. Inwhat follows, we will denote
My Mg Mis;
M; = M}, Moy Mo |,
Miy;, My Msy
[ Nii N2 N |.

0= )+ Ax(t y(s)ds, (13

N; =
Then (13) can be rewritten as
Ax(t) — y(t) + Aaya =0,
t T t T T
va=| [ awy"@)ds o [ o yT(s)ds |

Theorem 3: Consider system (1)-(2) with v = 0
there exist constants 7; and rpatrices P, > 0, P =
[PL P, Py], M >0, N;, Q> 0,Q2 > 0,i

1,2,...,r, of compatible dimensions, satisfying
T +rB T1o T3
T Too+ > 1 7TiQa T <0, (14)
T T3y T35 - Q
M; NT
= | >0, (15
[ Ni  Qai } (15)
Q—diag{PO,PO,...,PQ} < 0. (16)
where
Th = ALP +PFAy+ Z(TiMlli + N{; + Nyj),
i1
Tis = Py—Pl+ AP+ Z (TiMi2; + Na;)
i1
Ty = —P —P2T+ZT1‘M221'7
i1
T3 = PFA;— NP+ AP+ Z (TiMi3; + N3;)
i1
Tos = PjA;—Ni — Pd+ZTiM23i
i1
_ g7 T TN
Tys = AYPi+PfAg—Ns— NI+ 7Mss;,

i=1

N1 = [ N{, Nf, N, }Ta
N, = [ Nj, N N3, }T’
N3 = [ N§; Ng N3, }T

then the solution z(¢) = 0 is asymptotically stable for all
time-varying delays d;(t) < ;.
Proof: We choose the Lyapunov candidate as
V(z(t),t) = a'(t)Pox(t),

It is easy to see, V(z,t)
= 22" Poy 4 2(Pix + Poy + Paxa) " (Ax —y — Agya)
=2T(ATP, + PTA)z + yT(—Py — Py

4227 (Py — PL + AT Py)y + 225 PT Az — 222 PTy

—2z7 pT Z/ ds).

d; (f)

Note that [9]

¢
—25:TPT/ ) A;y(s)ds
t—d;

t
< Tii'TMii' + QfT(NzT — pTAZ)/ y(S)dS
t—d;
t
+ / 47 (5)Qaiy(s)ds
t—d;
< et Mz + 287 (NF — PTA) (x — 2(t — dy))

[ @

i

Then we have

V(x,t) <

z’ <@+§r:nMi> z
+Z/

Qsz )

where © =
PlrAg+ATP 4+ Y (NL + Nyg) = *

Po-I-PQTA()—Pl‘FE::lNQj; A22 * )
Agpl A32

— N1+ PFA+ Y| N3, Ass

and A22:_P2_P2Ta
A3z AYPy — Ny — PT,
As3 A,(Z;Pd-l-PdTAd — N3 — N3T

To apply Razumikhin theorem, we assume that there exist
a constant p; > 1 such that V(x(t + 6),t + 0) <
M1V($(t),t), e [_TaO]a i.e

2T (t + 0)Pox(t + 0) < pya” (t) Pox(t), 6 € [-7,0],
From (1), there exists a constant 1, > 1 such that

Y (t+ 0)Qaiy(t +0) < poy” ()Q2iy(t), 6 € [-7,0].
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Let v = max p;, o, We then have v > 1 such that
2T (t4+0)Pox(t+0) < vzl (t)Pyx(t),
y (t+0)Quiy(t +0) < vy (H)Quiy(t), 0 € [-7,0].

The remain proof is similar to Theorem 1. [ |

B. Controller design

Theorem 4: Given system (1)-(2), if there exist constants
7; and matrices Xg > 0, X1, X5,Q > 0,Q2; > 0,M; > 0,

N;,Y;,i=0,1,...,r saisfying
Ti + 7 Xo rl?lz 7?13 XlT:’?M
L Too To3 XTTy,
. A . <0, (17
T I3 T3-Q 0 an
TﬂXl TﬂXQ 0 Tay
M; NF
. >0, (18
{Ni X7 + Xo— Qai (18)
Q - diag{XO; XOv s 7X0} < Oa (19)
where

Tll = X1 +X1T+Z (TiMlli +N11 +Ni];) ?

i=1

Ty = (AoXo + BYy — X1)" + Xa+ ) _(TiMiz; + Nuy),

i=1

Ty = —Xo — XJ + ZTiMQin

i=1

Tys = (AoXo + BYy — X1)"Ts = NI+ Mg,
i=1

T
Toz = AgXo+ BY; — XT3 — N + ZHMQ&‘
i=1

Ta3 = TT(AaX1 + BYy) + (XTAT + YT BT,

—N3— N{ + > 7iMss;,
i—1

Tha = [ T 7ol T ],
Ty = — diag{T1Q21,72Qa2, - -, 7, Q2,},

then the state feedback (5) with F; = Y;X;'i =
0,1,...,r, stabilizes the system (1)-(2) for al time-delays

Proof: By Theorem 3, the closed-loop system with
state feedback (5) is stable for time-delays d;(t) < ; if
(15) and

Ag;Pl—FPlTAo—f—TPQ * *
PQTA(A)—P{—FPQ A—PQ—PQT 7*
PT Ay + AT P, ATP, — PT Ass

+ Y (FM; +TL N + NI+ 7, 015Q0,113)
i=1

—TI3N — NTTIY < 0, (20)

where
Ass = AJPi+PlAs-Q,
m = [100] , M=[0T10]",
m, = [0 0 1],
N = [N Nf NT T,

Right- and left-Multiplying the above inequality by © and
O respectively, and substituting M; < ©7M;0, N; <
XoN;0,Qq; <= Q5, and Q <= X4QXy, it is easy to find
that (20) and (14) are equivalent to (17) and
M,  NT
N, XTQ51 X0
respectively. Note that for any matrix X; > 0, we have
X§ Q' Xo > X{ + Xo — Qai,
Hence, (21) holds if (18) holds. [ |

V. STATE FEEDBACK H,, CONTROLLER DESIGN
Now we consider the H,, controller design of the fol-
lowing system. Let us first consider linear systems with
time-varying delays

> 0, (21)

z(t) = z’": A;x(t — d;) + Bu(t) + Byw(t), (22)
i=0

2(t) = XT: Cix(t — d;) + Du(t) + Dyw(t), (23)
i=0

where z € R™ is the state, v € R™ the control input,
w € LI[0,00] the exogenous disturbance and z(t) €
RP the output to be attenuated. For H ., control, we always
consider the following performance index

(o)
J z/ (272 — y*wTw)ds,
0

under zero initial condition, where v > 0 is a prescribed
constant. In what follows, we will consider the design of
the state feedback controller (5) such that inequality J < 0
holds for all nonzero w € L]0, oo].

Theorem 5. Given autonomous system (22)-(23) with
u = 0, for a prescribed v > 0, J < 0 holds for al nonzero
w € L30,00] and al time-varying delays d;(t) < 7, if
there exist matrices Py > 0,P=[ P P, Py |, M; >
0, N;jy @ > 0, Qo > 0,0 = 1,2,...,r, of compatible
dimensions, satisfying LMI (14), (16) and

(24)

T + 1P Tio B Tis PlTBl Cg
T Too + Q2 T3 PI'B; 0
TE Tk Ty3—Q 0 cr | <o
BT P BT P, 0 —y2I DY
Co 0 Cyq D, —TI
(25)
where

Qi =Y 7iQai, Ca=[ C1 Co

i=1

c .
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Theorem 6: Given system (22)-(23) and a prescribed
v > 0, J < 0 holds for al nonzero w € £3[0,00] and
al time-varying delays d;(t) < 7; if there exist matrices
XO > 07X1;X27Y07Yvi;Mi > O; NZ;Q > Oa QQi > 072 =

1,2,...,r, of compatible dimensions, satisfying (18), (19)
and
_Tll + TXQ Tlg Tlg * * * i
Tlg T22 ng * * *
TE; Tg; T33 - Q 0 * * <0
T P a )
T7,X1 17, Xo 0 Tyq 0 0
0 BT 0 0 —2I 0
Tgi 0 ng 0 0 -1
~ (26)
where
T3, = CoXo+ DYy,
T = [ C1Xo+ DYy CrXo + DY, |,

then the state feedback (5) with F; = Y;X;'i =
0,1,...,r, stabilizes the system (22)-(23) with J < 0.

V1. NUMERICAL EXAMPLES

Example 1. Consider the example given in [4]. The
system matrices are

-2 0 -1 0
Ao{o —0.9}”41{—1 —1}

This example is also discussed in many other references.
The reference [4] gave a very detailed comparison with the
known results. By Theorem 3, we find the upper bound of
delay for the stability is 7 < 79 = 4.472, which is dightly
better than the result of [4]. Moreover, our theory shows that
the system is still stable even when the time-delay is time-
varying for any d(t) < 7o = 4.472. However, the result
of [4] can only guarantee the stability for the system with
constant delay 7 < 4.47. When time-delay is time-varying,
the upper bound of the derivative of time-delay is involved
in [4] and it has to be assumed to be less than 1.

This example is also discussed in many other references.
The reference [4] gave a very detailed comparison with the
known results. By Theorem 3, we find the upper bound of
delay for the stability is 7 < 79 = 4.472, which is dightly
better than the result of [4]. Moreover, our theory shows that
the system is still stable even when the time-delay is time-
varying for any d(t) < T = 4.472, which does not involve
the size of derivation of the time-delay. However, the result
of [4] can only guarantee the stability for the system with
constant delay 7 < 4.47. When time-delay is time-varying,
the upper bound of the derivative of time-delay is involved
in [4] and it has to be assumed to be less than 1.

Example 2. Now we consider the following example
[0 0 -1 -1
AO__OI}’Al_[O —0.9}’

|
0 ]

1 0
- ]!
0 0

po=[ o] m=[3]

In [4], the stabilizability bounds was studied for the above
system. The obtained maximum value in [4] is 7 = 1.408
for the system with constant delay. By Theorem 6, an upper
bound 7 = 1.684 is obtained. This implies that the above
system with any time-varying delay d(t) < 1.684 can be
stabilized by a memoryless state feedback. Actually, when
7 = 1.684, we abtain the state feedback gain

F=[-02966 —2.1653 .

By =

)

1
1

[ S

OO = O
=

At this time, the minimum H ., performance bound is v =
5.6460, which is obtained by Theorem 5.

VIlI. CONCLUSIONS

In this paper, both the delay-independent and delay-
dependent stability are discussed by applying Lyapunov-
Razumikhin theorem for the time-delay system with time-
varying time delays. This paper also improved the stability
conditions of the known references. We also discussed
the stabilizability problem and the H, control design for
this class of systems with time-varying delays. Numerical
examples are also proposed to show the effectiveness and
the less conservativeness of the proposed method.
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