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Abstract— This paper addresses the supervisor synthesis on
the forbidden state problem, in which the forbidden markings
can not be easily expressed as linear inequality constraints
using reported methods. The system to be controlled is mod-
elled by bounded Petri nets with uncontrollable transitions.
Through the analysis of the reverse net, we obtain the weakly
forbidden markings in order to deal with uncontrollable
transitions. By introducing a transformation function, which
facilitates not only tracking the system state but also deter-
mining the control pattern, we propose a synthesis method to
obtain the maximally per missive supervisor. The method need
not analyze the reachability graph and the online computation
has the complexity of polynomial times. In addition, for
a gspecial class of generalized Petri nets called the Input
Dominant Petri nets, the synthesis method can be applied
conveniently, as illustrated by an example in the reported
literature.

[. INTRODUCTION

Petri nets have been used as a model for supervisor
synthesis of discrete events systems (DES) due to their
advantages, which include a higher language complexity,
a compact and graphical description of the state space and
the ability of synthesis in a modular way compared with
finite state machines [1]. Therefore we study supervisor
synthesis of DES modelled by Petri nets on the forbidden
state problem.

The forbidden state problem was first introduced by
Ramadge and Wonham in [2]. In the case that the forbidden
state problem is represented by linear inequality constraints,
the various methods proposed in the literature [3]-{7] can
be applied. Though there exists a set of generalized mutual
exclusion constraints (GMEC) equivalent to any forbidden
marking constraints for a safe and conservative Petri net [8],
in other condition several individual states may constitute
the forbidden states that can not be easily expressed as linear
inequality constraints using reported methods.

The earlier work of this aspect was completed by Hol-
loway and Krogh [9], in which the forbidden state problem
in cyclic controlled marked graphs was solved. The max-
imally permissive state feedback control logic is obtained
based on the path algorithm and predicates. Though the
method is computationally efficient, it is only applicable
to safe cyclic marked graphs. Another work [10] done by
Ghaffari addresses the general case where forbidden states
may not be expressed as linear inequality constraints and
provides a synthesis approach that is maximally permissive
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for general Petri nets and that prevents deadlocks. However
it does not avoid the state explosion problem in its design
phase.

In this paper, we consider the forbidden state problem
in which the forbidden states can not be easily expressed
as linear inequality constraints using reported methods. The
system is modelled by controlled Petri nets (CtIPNs) that
are bounded and may have uncontrollable transitions. By
introducing a transformation function, which facilitates not
only tracking the system state but also determining the
control pattern, we propose a synthesis method to obtain
the maximally permissive supervisor. The method can deal
with generalized Petri nets only if they are bounded, so
it can be applied to more general Petri nets than that in
the literature [9]. At the same time the method need not
analyze the reachability graph (RG) that inevitably results
in the state explosion problem, so it is more efficient than
that in the literature [10].

The remainder of this paper is arranged as follows. Next
Section introduces some preliminaries about generalized
Petri nets and controlled Petri nets. In Section |11, the
details of the supervisor synthesis method are given. An
example in the reported literature is used to show the
synthesis procedure in Section IV. Finally, Section V gives
the conclusions.

Il. PRELIMINARIES

In this section, we first introduce some relevant concepts,
notations and properties of generalized Petri nets, then
define aspecial class of generalized Petri nets, finally review
controlled Petri nets.

A. Basic concepts and notations of generalized Petri nets

A generalized Petri net structure is a directed graph
represented by a quadruple N = (P,T,F,W), where P
is a finite set of places {p1,p2,...om}; T is a finite set
of transitions {t1,ts,...tn}; F C (P x T)U (T x P) is
the incidence relation, representing the set of directed arcs
connecting placesto transitionsand viceversa; W : FF — N
is the weight function, where N is the positive integer set.
Itisassumed that PNT = ® and PUT # . Graphically,
places are represented by circles, transitions are represented
by bars and the weight bigger than one is labeled near the
corresponding arc, as illustrated in Fig.1.
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Fig. 1. A generalized Petri net

The sets of all input and output places of a transition
t € T are defined as *t = {p € P|(p,t) € F} and ¢* =
{p € P|(t,p) € F} respectively. Similarly, the sets of al
input and output transitions of a place p € P, namely *p
and p*, can be defined. Under the assumption that the Petri
net is pure (i.e., it has no self-loops) or is made pure by
adding a dummy pair of a transition and a place [11], we
define the incidence matrix D € Z™*™,

Wity pi) if pi€lf
Dij = —W(pi,t;) if pi €t
0 otherwise

where Z isthe integer set, i = 1,..m and j = 1, ...n.

A marking is a function p : P — Ny = {0,1,...}
that assigns to each place a non-negative integer number of
tokens, represented by black dots as shown in Fig.1, where
wu(p;) denotes the number of tokens in p;. A generalized
Petri net G = (N, o) is a net structure N with an initial
marking po. A transition ¢ is state-enabled by amarking . if
for each p € *t such that u(p) > W (p,t). In this paper, the
no concurrency (NC) assumption holds, i.e., only a single
transition can fire at any instant. For a given marking p, a
state-enabled transition ¢ may be fired and will result in a
marking .’ defined by the following equation:

u(p) + Wi(t,p) if pet®

if pect 1)
otherwise

u(p) — W(p,t)
w(p)

' (p) =

The evolution of a Petri net from y to p/ after firing a
transition ¢ is denoted by p[t)y', where ¢ is state-enabled
by p and p/ is defined by (1). A (possibly empty) firing
sequence from a marking 1 is a sequence of transitions
o= (tl, to, ..., tk) such that /,I;()[t1>,U/1[t2>,LL2"'[tk>/J/k, which
is denoted by 1:0[0) 1. The marking p, is given by the state
equation below:

pr = pio + D& @

where & is the non-negative characteristic vector of the
firing sequence o. The set of transitions occurred in o is
denoted by 7.

A marking p’ is reachable from p in G if there exists a
firing sequence o such that ufo)yu’. Given a net G, the set
of al the reachable markings (also called the reachability
set) from pg is denoted by R(G).

B. Properties of generalized Petri nets

The property of boundedness plays an important role in
the supervisor synthesis method based on a transformation
function, so we first introduce the concept of boundedness.

Definition 1: A Petri net G is said to be k-bounded or
simply bounded if for every p € P and every 1 € R(G),
u(p) < k, where k is a finite positive integer.

Definition 2: A Petri net G is said to be structurally
bounded if it is bounded for any finite initial marking p.

The definition of bounded Petri nets implies that to
determine if a Petri net is bounded, RG analysisis required.
To avoid this difficulty, the following lemma is proposed in
[11].

Lemma 1: A Petri net G is structuraly bounded if and
only if there exists an mrvector y of positive integers such
that y*' D < 0.

Unluckily, the lemma tells nothing about how to find
the positive integer vector. However for a special class of
generalized Petri nets introduced in this paper, which is
a superset of state machines (SM, in which W = 1 and
each transition has exactly one input and exactly one output
place), its boundedness can be proven.

Definition 3: A Petri net G is called the Input Dominant
Petri net if for each transition ¢ € T', the sum of input arcs
weight is bigger than or equal to that of output arcs, i.e.,

pi€®t pjEt®
Using Lemma 1, we prove that Input Dominant Petri
nets are structurally bounded, which is demonstrated in the
following theorem.
Theorem 1. An Input Dominant Petri net G is structurally
bounded and one upper bound is > uo(p;) for every place

=1
p e P.

Proof: Given an Input Dominant Petri net G = (NN, uo),
the incidence matrix is D € Z™*". Considering the m-
vector y = (1---1)T, we get

y'D(:j) =Y D(ij) =D W(t;,p)= Y W(p,t;) <0
i=1 pety pe*t;
where D(:,j) represents the jth column of D. As it is
true for each j = 1,2,...n, yTD < 0. Therefore according
to Lemma 1, an Input Dominant Petri net is structurally
bounded.
Multiplying (2) by v, we obtain
y e =y o +y"' Do
Since y"'D < 0 and & is non-negative, it can be deduced
that
" <y o
Taking into account y = (1---1)7, then

m

> mk(pi) < ZHO(Pi)

i=1
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therefore for each p € P

m

e (p) < ZMO(pi)

which proves the latter part of Theorem 1. $

Remark 1: The upper bound given in Theorem 1 is
not necessarily the supremum, which depends on the net
structure and the initial marking. Considering the Petri
net in Fig.1, obvioudly it is an Input Dominant Petri net.
According to Theorem 1, we obtain the upper bound 3 for
every place, but the supremum is 2.

To deal with uncontrollable transitions, we introduce the
definition of reverse net [12].

Definition 4: A Petri net structure N’ = (P, T, F',W')
is said to be thereverse net of N = (P, T, F,W), if F' =
{(z,y)l(y,2) € Fyand W'(z,y) = W(y,z),V(z,y) € F".

In words, the reverse net changes nothing of the original
net but reversing the arcs' direction. One property of the
reverse net is given in the following lemma.

Lemma 2: If there is afiring sequence o = (t1, ta, ..., tk)
such that po[o) g in the net N, then there exists a firing
sequence o’ such that px[o’) o in the reverse net N’ and
vice versa.

Proof: We first prove that if there is a state-enabled
transition ¢ such that u[t)n’ in N then p/[t) in N” holds. In
N, 1 is defined by (1), which impliesthat i/ (p) > W (¢, p)
for each p € t°*. Therefore for each p € °t in N/,
w(p) > W'(p,t), i.e, tis state-enabled at p' in N'. It
is easy to verify that u is obtained after firing ¢ in N’.

Applying the result to pio[t1)un [t2)pa -+ [tk ) pue In N, we
obtain jug[tr)pik—1[tk—1)tk—2 - - - [t1)po in N', ie, o' =
(tg, tk—1,-..,t1). Similarly the latter part can be proven. {

C. Controlled Petri nets

Controlled Petri nets are a class of Petri nets with
external enabling conditions. Formally a CtIPN is a tuple
G. = (G,T.), where G is a generalized Petri net and T,
(Twe = T\T.) isthe controllable transition subset. The state
of G. is determined by the marking of G.

A control pattern « for the controlled Petri net G. is
a subset of transitions such that 7,,. € v C T. We write
uy > ug (ug > ug) if ug O ug (w1 D ug). A control pattern
uy IS said to be more permissive than a control pattern us if
uy > ug. The most permissive control pattern is uy,e = T
and the least iS u,ero = Thye-

A transition ¢ € T is said to be control-enabled under v if
t € u. If atransition ¢ is both state-enabled by . and control -
enabled by wu, it is enabled and can be fired. After firing t,
the obtained state can be decided by (1). Given a controlled
Petri net G, the set of al the reachable markings from p
under u is denoted by R (i, ). Similarly R (M, u) =

U Roo (i, 1) denotes the set of all the reachable markings

pneM .
from a marking set M under u.

I1l. SUPERVISOR SYNTHESIS

In this section, we demonstrate the supervisor synthesis
method for bounded Petri nets, the idea of which isinspired
from a simple example in [5]. In Section IV we will use
the example to illustrate the synthesis method.

A. The forbidden state problem

Given a bounded Petri net G, the control goal considered
in this paper is to prevent the controlled Petri net from
reaching any marking within a designated set of forbidden
markings Mg, which can not be easily expressed as linear
inequality constraints using reported methods.

In genera, there is a larger set of markings that must
be avoided, due to the possibility of uncontrollable firing
sequences. We call this larger set the weakly forbidden
markings (WFM) defined as follows.

Definition 5: Given a set of forbidden markings
Mp, W(Mpg) is the set of weakly forbidden mark-
ings with respect to My defined by W(Mp) =
{/’L‘Roo(,u7 uzero) ﬂ ]\/[F 7& (b} [9]

In words, W (Mp) is the set of markings from which a
marking in M can be reached uncontrollably. There exists
aunique maximally permissive state feedback control policy
if and only if pg ¢ W(Mp) L.

To compute W (M), we give the following theorem.

Theorem 2: Givenanet N, W(Mp) = R, (MF, tzero),
where R._(Mp,u..r,) denotes al the reachable markings
from My under u,.,., in the reverse net N'.

Proof: First we prove W (Mp) C R._ (Mg, Uzero). V' €
W(Mpg), 3u € Mp and ¢’ which satisfies T,; C uzero,
such that p/[o") in N. According to Lemma 2, there exists
a firing sequence o which obviously satisfies T, C u¢ro,
such that p[o)p’ in N'. Therefore ' € R (MFp,tzero),
which implies W(Mp) C R (Mp,Uzero)-

Similarly we can prove R._(Mp,tzero) € W(Mp).
Therefore W(Mp) = R (Mp, Uzero).

According to Theorem 2, we can obtain W (Mp) by
finding all the reachable markings from Mg under wu.e,o
in the reverse net N’. Through the analysis of N’, we
obtain the weakly forbidden markings without constructing
influence paths [9]. Obvioudly if all the transitions are
controllable, i.e., u.ero = P, then W (Mp) = Mp.

B. The transformation function

Given a k-bounded Petri net G, the transformation func-
tionT': R(G) — Ny is defined below,

T(p) = p(p1) + p(p2) B + pu(ps) B> + - - - + pu(pn) B

where B =k + 1, p € R(G).
Proposition 1: The transformation function defined above
is injective.

11t is equivalent to Theorem 2 of [13]
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Proof: By contradiction. Suppose p1,p2 € R(G) and
w1 # pe, but T'(p1) = I'(ue). Then we obtain
1 (p1) + pa(p2) B+ - -+ pa(pm)B™ ! =
p2(p1) + p2(p2) B+ - - - + pa(pm)B™ !
which can be written in another form

(11(p1) — p2(p1)) + B{(p1(p2) — p2(p2)) + -+
(11(Pm) — p2(pm))B™ 2} =0 ©)

Let L = (p1(p2) —pa(p2))+-+ (1 (pm) = p2(pm) ) B™ 2,
(3) can be expressed as below

(t1(p1) — p2(p1)) + BL=0
Thus p2(p1) — pa(p1)
B
Since the Petri net G isk-bounded and B = k+1, itistrue
that 1(p;) < B for each 1 € R(G) and each p € P, which
implies

L =

—B < pa(p1) — m(p1) < B

Therefore —1 < L < 1. Because L is an integer, it must
be that L = 0 and u1(p1) = pe(p1). Similarly, we can
prove pi(p;) = pa(p;) for i = 2,3,..m from L = 0. Then
11 = pe, a contradiction. The conclusion holds. <

Using T', R(G) is mapped to a discrete non-negative
integer set with equal number of elements. Especidly a
weakly forbidden marking iy € W(Mp) is mapped to
I'(ps). Therefore it can be represented by the following
equation

w(p1) + p(p2) B+ -+ p(pm) B™ " =T(uy)  (4)

Similarlly W(Mp) = {ps, iy, ...0p0 With [ elements
is mapped to a set Ir = { I'(uy) | uy € W(Mp) },
which can be sorted into a strictly ascending sequence
Srp + (fi fo ... fi) since I'(n) is injective. Then the
forbidden state problem can be interpreted as finding a
control scheme to prevent T'(x) from reaching /5.

According to (4), the admissible markings can be repre-
sented by a disjunction of two inequalities

p(p1) + p(p2) B+ -+ - + p(pm) B < Tpp) —1\/
(1) + p(p2) B+ - -+ p(pm) B™ 1 > T(ug) +1 (5)

To enforce the above OR constraint, the place invariant
method introduces the negative token number within the
control places [5]. In the worst situation, a disunction of
I+ 1 inequalities in the form of (5) is needed to express the
admissible markings when considering W (Mr). To enforce
the constraints using the place invariant method, 2{ control
places have to be added and extended transition enabling
rules for the controller subnet are required. Obvioudly it
is too complicated though most of the connection relation
of those controllers with transitions is the same. In the
next part we propose a supervisor synthesis method based
on the transformation function to enforce these constraints
efficiently.

C. The synthesis method

The synthesis method is composed of three steps. First
we judge whether the net is bounded or not and compute
the weakly forbidden markings. Then to track the value
of I'(u) (i.e, the state of G), we construct a monitor
place that is similar to the one in [14], but with simpler
construction procedures. Finally we determine the control
pattern v according to the monitor place’s token number.
First step: Boundedness judgement and WFM’ compu-
tation

The following agorithm gives details of the step.

Algorithm 1 (Boundedness judgement and
WFM’ computation)
Input: A Petri net G and a set of
forbidden markings Mp
1) Judge G is bounded or not
IF G is unbounded, the synthesis procedure exits
EL SE, find one upper bound &
END IF
2) Compute the weakly forbidden markings W (Mp) ac-
cording to Theorem 2
IF o € W(Mp), the supervisor does not exist and
the synthesis procedure exits
3) Construct the transformation function I'(u) with B =
k+1
4) Compute Sy based on W (Mp) and T'(u)
Output: A petri net G, a strictly
ascending sequence Sy and B

Remark 2: If G is an Input Dominant Petri net, then it is
bounded and k£ = 3" uo(p;). Therefore the method can be

applied to Input D1t3_r711inant Petri nets conveniently. We can
also judge the boundedness of G from Lemma 1 if y can
be easily obtained.

Remark 3: If possible, we should assign the supremum
to k so as to decrease the value of T'(y), which will make
the monitor place realized easily in rea applications.
Second step: Construction of the monitor place

For each transition ¢; € T, where i = 1,2,...n, we
compute the value of ATI'(¢) using the following formula

AT(i) = > W(ti,p)B ™" = > Wi(pg,t;)B"!
pjEL? PLE®L;
(6)

Then we can construct the monitor place py,., using AT’
conveniently, as shown below.

Algorithm 2
place)
Input: A Petri net G and B
1) Compute AT" with B
2)FORi=1,2,..n
IF AT(i) > 0, draw an arc from ¢; t0 p,,,, With the
weight AT'(4)
ELSE IF AT'(i) < 0, draw an arc from p,,,,,, to ¢; with

(Construction of the monitor
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the weight —AT'(z)
END IF
END FOR
3) The initia token number of p,,on 1S T'(1o).
Output: A monitored Petri net G and AI

Remark 4: Since the Petri net G is pure, AT'(4) = 0 will
not happen.

Next, we will show T'(u) is realized by the monitor place
in the following theorem.

Theorem 3: For each p € R(G), pp,,., = I'(1).

Proof: By induction on . Obviously it is true for .
Now we assume the marking is p that satisfies u’;mm =
T'(uy), where u,’;mm represents the token number in p,,on
when the marking is .. Once atransition ¢; enabled by pu
isfired, the token number of p; € t? increases by W (t;, p;)
and that of p; € *t; decreases by W (py,t;), which leads
the marking from g to pg41. According to the definition
of I'() and (6), we obtain

T(uk1) =Tlm) + > W(ti,ps)B ™' =
P €t}

Y Wi t) B =+ AL()

PLE®L:

According to Algorithm 2, ¥~ +AD'(i) isequal to yh !
i.e, ,u’;i}m = I'(ux+1)- Therefore the conclusion holds for
each € R(G). ¢
Since the monitor place’s token number tracks the value
of I'(u) according to the evolution of Petri nets, it tracks
the system state efficiently.
Third step: Determination of the control pattern
Considering the current marking , each transition ¢ in
the net can be determined to be control-enabled or not by
Hpmons A and Sg in the following agorithm.

Algorithm 3 (Determination of the
control pattern)
Input: A monitored Petri net G, AI'and Sp
HT=9
2)FORi=1,2,...n
Let T'p = pp,,,, +AT'(3)
FOR j=1,2,...1
IFI'p = f;, thent; is added to the set T, and jump
out of the inner for loop
END FOR
END FOR
3 u= T\Tua
Output: The control pattern u

Remark 5: The control pattern is obtained by judging
whether a transition’s firing will lead to weakly forbidden
markings or not. If it does not, the transition is control-
enabled, otherwise control-disabled. The method can redlize
the forbidden state specification in that the token number
of the monitor place tracks the system state, AT reflects
the effect of transitions' firings on the monitor place and

Sr represents the weakly forbidden markings. Therefore
the method is correct by construction.

Remark 6: The supervisor obtained is maximally permis-
sive in the sense that it only acts to inhibit these transitions
whose firings will lead to the forbidden states and permits
as many transitions enabled to fire as possible.

Remark 7: Algorithm 1 and 2 can be computed offline.
The main online computation comes from Algorithm 3
that has the complexity of polynomia times O(nl), where
n and [ represents the number of transitions and weakly
forbidden markings respectively. Note that here [ refers
to the number of weakly forbidden markings, not that
of forbidden markings. As the computation of WFM s
reachability analysis in essence, | may be large for some
problems, which causes computational difficulties. In this
sense, it is impossible that Algorithm 1 is efficient for all
problems.

Remark 8: The controlled system may be not live, even
deadlock (either exists originally or caused by supervisor) as
we have not considered these issues in the synthesis method.

V. EXAMPLE

In this section the example in [5] is used to show the
synthesis procedure presented in Section I11.

Consider the Petri net G in Fig.2, where the initia
marking 1o is (1 2 1)7. We want to prevent three individual
forbidden states ps1 = (1 3 0)T, py2 = (0 3 1)7 and
prs = (1 1 2)T, which make up of Mp and can not
be easily expressed as linear inequality constraints using
reported methods. Note that in [5] only p¢3 is considered.
In addition, we suppose ¢3 is uncontrollable.

From Theorem 2, it is easy to verify that W (Mp) =
{ wp1 pp2 pps ppa b where ppy = (0 1 3)7. Thus
wo ¢ W(Mp), which implies the maximally permissive
supervisor exists. Since the net is an Input Dominant Petri

3
net, B = > uo(p;) + 1 = 5. The transformation function
=1
isT'(u) = pu(p1) +5u(p2) +25u(ps), which maps W(Mp)
to an ascending sequence S : (16 40 56 80).

For each trangition ¢; € T', we compute AI'(7) and the
resultis AT = (4 20 —24)7". According to Algorithm 2, we
construct p,,,, With the initial token number T'(uo) = 36,
as illustrated in Fig.3.

For the Petri net G with ug, the control pattern v =
{ts} is obtained using Algorithm 3. After firing the enabled
transition t3, 41 = (2 2 0)7 is reached and p,,,,, = 12
accordingly, which is shown in Fig.4. Applying Algorithm
3 to G with pq, we get the control pattern u = {ta,t3}.
Since t3 is not state-enabled, only ¢, is enabled to fire. In
such a way, the system progresses under the control of the
supervisor so as to meet the forbidden state specifications.

V. CONCLUSIONS

This paper has addressed the supervisor synthesis prob-
lem for bounded Petri nets with control specifications
described as a set of forbidden markings, which can not

4497



be easily expressed as linear inequality constraints using
reported methods. Through the analysis of the reverse
net, we obtain the weakly forbidden markings in order
to deal with uncontrollable transitions without constructing
influence paths. By introducing the transformation function
that facilitates not only tracking the system state but also
determining the control pattern, we propose a method
to synthesize the maximally permissive supervisor. The
method need not analyze the RG and the online computation
has the complexity of polynomial times. In addition for
Input Dominant Petri nets that are structurally bounded and
easy to construct the transformation function, the method
can be applied conveniently, as illustrated by the example
in Section V.

The boundedness assumption seems somewhat restrictive,
however unboundedness does not arise very often in the
supervisory control context. One drawback is that when the
number of places or the upper bound increases, so does the
weight of arcs between the monitor place and transitions
and the monitor place's token number. As a result it may
be hard to redlize. In the future we will improve the method
to deal with concurrent transitions.
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