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Abstract— System identification and damage detection for 

structural health monitoring of civil infrastructures have 
received considerable attention recently. The traditional least 
square estimation (LSE) method requires that the external 
excitation data (input data) be available, which may not be the 
case for many structures. In this paper, a recursive least 
square estimation with unknown inputs (RLSE-UI) approach 
is proposed to identify the structural parameters, such as the 
stiffness, damping and other nonlinear parameters. Analytical 
recursive solutions for the proposed RLSE-UI are derived and 
presented. An adaptive tracking technique recently developed 
is also implemented in the RLSE-UI approach to track the 
variations of structural parameters due to damages. 
Simulation results using an ASCE benchmark building for 
structural health monitoring demonstrate that the proposed 
RLSE-UI approach is capable of identifying the structural 
parameters and their variations due to damages.  

I. INTRODUCTION 

N important objective of health monitoring systems 
for civil infrastructures is to identify the state of the 

structure and to detect the damage when it occurs. When a 
structure is damaged, structural parameters of the damaged 
element will vary, e.g., a degradation of the stiffness. 
Hence, the identification of the structural parameters, 
including the stiffness, damping and other nonlinear 
parameters, and the tracking of the variation of these 
structural parameters are important tasks of structural 
health monitoring. Various analysis methodologies for the 
system identification and damage detection of structures 
have been available in the literature (e.g., [1]). In particular, 
time-domain analysis techniques including the methods of 
least square estimation (LSE) (e.g., [2]-[6]) and extended 
Kalman filter (e.g., [7]-[9]) have been developed and used 
for the on-line identification and tracking of structural 
parameters and their variations. In most of the approaches 
above, the external excitations (inputs) should be available 

from sensor measurements. Frequently, however, sensors 
may not be installed in the health monitoring system to 
measure all the excitations, such as earthquakes.  
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When the external excitations, such as earthquakes, are 
not measured or not available, iterative methodologies 
based on the least square estimation (LSE) and extended 
Kalman filter (EKF) have been proposed to identify the 
constant structural parameters [10]-[11]. Recently, the 
improvement of such iteration procedures has been made 
[12]. In this paper, we propose a recursive least square 
estimation with unknown inputs (RLSE-UI) approach to 
identify the structural parameters, such as the stiffness, 
damping and other nonlinear parameters, when the input 
excitations are not measured. In our proposed approach, 
recursive solutions for the estimates of structural 
parameters and unknown external excitations are derived 
analytically. Further, an adaptive tracking technique 
recently proposed [4]-[6] to track the variations of 
structural parameters due to damages is implemented in the 
proposed RLSE-UI approach. Simulation results 
demonstrate that the proposed approach is capable of not 
only identifying the structural parameters but also tracking 
the variations of these parameters. The proposed RLSE-UI 
methodology is a viable and effective technique for the 
system identification and damage detection of structures. 

II. LEAST SQUARE ESTIMATION WITH UNKNOWN INPUTS 
The equation of motion of a m DOF structure can be 

expressed as: 
 )t( )t( )]t([ )]t([ )t( sc wηwηxFxFxM +=++ &&&  (1) 

in which = m-displacement vector; 
M = (m×m) mass matrix;  = m-damping force 
vector; = m-stiffness force vector; 

T
m21 ]x ..., ,x ,x [)t( =x

)]t([ c xF &

)]t([ s xF )t(w [)t( 1=w , 
= r-unknown (or unmeasured) excitation 

vector; 

T
r )]t(w..., 

)rm( ×=η  excitation influence matrix associated 
with ;)t(w T

m2r1r )]t( w..., ),t( w),t(w [)t( ++=w =(m−r)-
known (or measured) excitation vector; and 

)rm(m −×=η  excitation influence matrix associated with 
)t(w . In (1), the external excitation vector has been 

separated into r-unknown excitation vector w(t) and (m−r)-
known excitation vector )t(w , respectively. In what 
follows, the bold face letter represents either a vector or a 
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matrix. Let  be an n-parametric vector involving n 
unknown parameters to be estimated, including damping, 
stiffness, and nonlinear parameters, i.e., 

. The observation equation 
associated with the equation of motion can be expressed as 

)t(θ

T
n21 )]t( ..., ),t( ),t([)t( θθθ=θ

  (2) (t)(t)(t)(t)   t];)t()t([ yηwεθx  ,xφ +=+&

in which  is the measured acceleration response vector; 
 and x may be obtained from  through numerical 

integration;  is a (m×1) model noise vector;  is a 
(m×n) observation matrix composed of the system response 
vectors; and 

x&&
x& x&&

)t(ε ] [ φ

)t(x)t( )t( &&Mwηy −= , where M is assumed to 
be known. Consequently, y(t) is a known (measured) m-
vector. Equation (2) involves m equations for each time 
instant t. 

At the time instant  with t)1k(tt 1k ∆+== + t∆  being 
the sampling interval, (2) can be written as 
  (3) 1k1k1k1k1k  +++++ =−+ yηwεθφ
in which , ,  and  are , 

,  and w(t) at , respectively; and = 

 is the unknown 
parametric vector with the jth element 

1k +φ 1k+y 1k+ε 1k+w  t];)t()t([ x,xφ &

)t(y )t(ε 1ktt += 1k +θ
T

n21 )]1k( ..., ),1k( ),1k([ +θ+θ+θ

)t()1k( 1kjj +θ=+θ .  

Let us define an extended unknown vector  at t = 
, i.e.,  

1k,w +θ
t)1k( ∆+

 TT
1k

T
1k1k, ][ +++ = wθθw  (4) 

in which  is a (n+r)-unknown vector. Then, (3) can 
expressed as 

1k, +wθ

  (5) 1k1k1k,1k,  ++++ =+ yεθφ ww
where 
 TTT

1k1k, ] [ ηφφw −= ++  (6) 

Combining all equations in (5) for k+1 time instants 
(from 1 to k+1), and assuming that  is a constant 
vector, i.e.,  for k = 1, 2, …, one obtains 

1k +θ

1kk += θθ
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where  is a [n+r(k+1)]-unknown column vector, 
 is a (k+1)m column vector, and  is a 

[(k+1)m×(n+r(k+1))] data matrix. 

∗
+1k,wθ

1k+Y 1k, +wΦ

Let  be the estimate of the unknown parameter 
vector  at time 

1k
ˆ

+θ
θ t)1k(t ∆+= , and  be the estimate of 

unknown excitation , i.e.,  with 
j|iŵ

iw )t( ii ww = titi ∆= , at 
time tjtt j ∆== , where . Since the estimation of  
varies from time to time (  for ), the conditional 
notation for the subscript of  is used. Consequently, the 
estimates of  and  in (8) at 

ij ≥ iw

jt ij ≥

iw

1k+W kW t)1k(t ∆+=  are 
denoted by  and , respectively. Let 

 be the estimate of  at 
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consider an objective function 
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in which  is a (k+1)m×(k+1)m weighting matrix. 1k+Q

For the number of degrees of freedom m of the structure 
greater than the number of unknown excitations r, the least 
square estimation (LSE) approach can be used to estimate 

∗
+1k,

ˆ
wθ . Minimizing  with  = I, 

one obtains the least square estimation (LSE), , of 
the parameter vector, , as follows 

] ,ˆ[ J 1k
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The recursive solution for the least square estimation 

(LSE) can be obtained as 
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in which TT
1k|k

T
1k1k|k, ]ˆˆ[ˆ

+++ = Wθθw  is a (n+rk) vector; 
and  
 ][ rkm1k1k ×++ = 0φφ  (13) 
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In the equations above, 1k+P , ,  and 

 are, respectively, [(n+rk)×(n+rk)], [(n+rk)×m], (r× 
r), and [(n+r(k+1))×(n+r(k+1))] matrices. The major 
objective herein is to obtain the estimates  and 

of  and  at . The recursive 
solution above for  involves many additional  

1k, +wK 1k+S

1k, +wP
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*

1k,
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+wθ
quantities and hence the computational efforts are quite 
significant. For the on-line identification and tracking of 
system parameters and their variations, it is critical to 
simplify the computational efforts. Hence, we re-partition 
the quantities of interest as follows 
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where  is the estimate of  at k|kŴ kW ktt = , i.e., 
. In consistent with the 

decomposition (or partition) in (19), the corresponding 
 and  in (18) are re-partitioned as follows: 

TT
k|k

T
k|2

T
k|1k|k ][ ˆ  ...,  ,ˆ ,ˆˆ wwwW =

k,wP 1k, +wP

⎥
⎦

⎤
⎢
⎣

⎡
=

k,k,
k,k,

k,
wwwθ
θwθ

w PP
PP

P ; ⎥
⎦

⎤
⎢
⎣

⎡
=

++

++
+

1k,1k,
1k,1k,

1k,
wwwθ
θwθ

w PP
PP

P  

  (20) 
in which  and  are both  matrices. k,θ 1k,

Substituting (19) into (12)-(18), one obtains, after some 
operations, the recursive least square estimation for  

P +θP )nn( ×
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in which  follows from (12) as 1k|1kˆ ++w
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where  is the LSE gain matrix for , and 

 is a (n×n) adaptation gain matrix. 
1k, +θK 1k

ˆ
+θ

1k, +θP

III. ADAPTIVE TRACKING 

The recursive solution  in (21)-(25) is derived 
based on the constant parametric vector . When a 
structure is damaged, the parameters will vary, e.g., the 
degradation of the stiffness. To track the parametric 
variation, different techniques have been proposed in the 

literature (e.g., [2]-[6]). Recently, an adaptive tracking 
technique for the least square estimation (LSE) has been 
proposed to identify and track the system parameters and 
their changes due to damages [4]-[6]. Such an adaptive 
tracking technique will be implemented in the currently 
proposed RLSE-UI approach to identify the structural 
damages. 
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element )1k(j +θ  of 1k  at , the estimation error 

 is proposed to be modified as 
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determined from the current measured data, so that the 
residual error is contributed only by the noise, eliminating 
the contribution due to the parametric variation. Since the 
estimation error is reflected in the matrix , the 
recursive solution for the variable parametric vector, , 
is proposed to be obtained from (21)-(25) as follows 
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In (28) and (30),  is a diagonal matrix, referred to 
as the adaptive factor matrix, with diagonal elements 

1k+Λ

)1k(λ1 + , )1k(λ2 + , …, , where )1k(λn + )1k(λ j +  is 
referred to as the adaptive factor for the unknown 
parameter jθ (k+1) at t)1k(t 1k ∆+=+ . 

The adaptive factor matrix is determined by adapting the 
current data at  as follows [4]-[6]. Let 1kt +

 1k|1k1k1k1k1k ˆˆ
++++++ +−= wηθφyγ  (31) 

  (32) 1k|1kk1k1k1k ˆˆ
+++++ +−= wηθφyγ

in which 1k+γ = m – residual error vector, and = m – 
predicted output error vector. Substituting (26) into (31), 
one obtains 

1k+γ

 1k1k,1k1k  )( ++++ −= γKφIγ θ  (33) 

Taking the expectation of T
1k1k ++ γγ , one obtains 

T
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T
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  (34) 
in which 1k  is the covariance matrix of the predicted 
output error, i.e.,  

+V
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and , it follows from (5) and (31) that 
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where is the variance of the noise at 
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Substituting (36) into (34), one obtains 
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It is noticed from (37) that  and  are computed 
and  is measured at . Equation (37) is 
referred to as the adaptive tracking condition, from which 

 may be estimated. Due to space limitation, the reader 
is referred to [4]-[6] for the determination of  based 
on (37). 

k,θP 2
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1k+φ t)1k(t 1k ∆+=+

1k+Λ

1k+Λ

IV. ASCE PHASE I BENCHMARK STRUCTURE 
Recently, an ASCE benchmark building for structural 

health monitoring has been established [13] in order to 
compare the efficacy of various system identification and 
damage detection techniques. This 4-story steel frame 
benchmark building was modeled by: (i) a 12 DOF shear-
beam model, and (ii) a 120 DOF model based on the finite-
element approach. Various cases and damage patterns were 
considered (see details in [13]). For simplicity of 
demonstration, we only consider the 12 DOF model and the 
external loading (white noise) is applied only to the 4th 
floor similar to Case 3 in [13]; however, the loading is 
applied in the weak direction (y-direction). Due to 
symmetry, the system is reduced to a 4 DOF shear-beam 
model similar to Case 1 in [13]. The masses of floors are  

tons 4524.3m1 = , 2 = 3 = 2.6524 tons and 4 = 
1.8099 tons, and the stiffness for each story is identical, 
i.e., = = = = 67.90 MN/m. The damping matrix 
C is assumed to be proportional to the stiffness matrix K, 
i.e.,  with . Hence, the damping 
coefficient of each story unit is = = = = 6.79 
kN.sec/m. 

m m m

1k 2k 3k 4k

KC α= sec10 4−=α

1c 2c 3c 4c

Two damage patterns in [13] will be considered. For 
Damage Pattern 1, all braces in the first story unit are 
removed at seconds, i.e.,  reduces from 67.90 
MN/m to 19.68 MN/m, and  reduces from 6.79 kN.sec/m 
to 1.968 kN.sec/m. For Damage Pattern 2, all braces in the 
first and third stories are removed at seconds, i.e., 
both  and  reduce from 67.90 MN/m to 19.68 MN/m, 
and 1 and  reduce from 6.79 kN.sec/m to 1.968 
kN.sec/m. 

6t = 1k

1c

6t =

1k 3k
c 3c

We first consider Case I in which  and  are 

measured for each floor. The measurement of a response 
signal, say , is simulated by theoretically computing 
the response and then superimposed by a 2% stationary 
noise process. The velocity  of each floor is obtained 
by a direct numerical integration of the noise-polluted 
acceleration. The sampling frequency for all data is 1kHz. 
The transient response in the first 0.5 seconds are not used, 
i.e., the initial time starts at t = 0.5 sec. Based on the 
proposed recursive solution with unknown excitations, the 
identified results for constant and  (j = 1, 2 ,3, 4) are 
presented in Fig. 1 as solid curves. The dashed curves 
shown in Fig. 1 are the theoretical results for comparison. 
The estimated excitation, , and the difference between 
the estimated and theoretical excitations, 

)t(x j&& )t(x j

)t(x j&&

)t(x j&

jk jc

)t(ŵ
)t()t(ˆ ww − , are 

presented in Figs.2(a) and 2(b), respectively. 
When the structure is damaged at t = 6 sec., the predicted 

results are presented in Figs. 3 and 4 as solid curves, 
respectively, for Damage Patterns 1 and 2. Again the 
dashed curves in these figures are the theoretical results. 

For Case II, only the acceleration responses  (j = 
1,2,3,4) are measured. Here,  are computed by the 
numerical integration of noise-polluted , and  
are computed by a second numerical integration. In this 
case, the drift of  is quite serious and hence it is 
removed by the EMD method (see [4]-[5]). The identified 
results for the Damage Pattern 1 are presented in Fig. 5 as 
solid curves, whereas the theoretical results are shown by 
dashed curves. Since the predicted results for Damage 
Pattern 2 are similar to that for Damage Pattern 1 in Fig. 5, 
they are not presented. It is observed from Figs. 1-5 that the 
proposed recursive least square estimation with unknown 
inputs (RLSE-UI) along with the tracking technique is 
capable of not only identifying structural parameters but 
also tracking their changes due to damages. It is further 
observed from these figures that the tracking technique is 
better for Case I than for Case II. This is due to the 
numerical errors introduced in the double integration for 
Case II. 

)t(x j&&
)t(x j&

)t(x j&& )t(x j

)t(x j

V. CONCLUSION 
A recursive least square estimation with unknown inputs 

(RLSE-UI) approach has been proposed to identify the 
structural parameters when the external excitations are not 
measured. Analytical recursive solutions for such an 
approach have been derived and presented. The proposed 
RLSE-UI method is applicable to linear and nonlinear 
structures. Further, an adaptive tracking technique recently 
proposed has been implemented in the proposed RLSE-UI 
approach to track the variations of structural parameters, 
such as stiffness, damping, etc., due to damages. 
Simulation results, based on an ASCE benchmark building 
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for structural health monitoring, demonstrate that the 
proposed RLSE-UI approach is capable of identifying the 
structural parameters and their variations due to damages.  
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Fig. 1. Identified results for undamaged structure, Case I; ki in MN/m and  ci in kN.sec/m. 
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Fig. 2. Estimated excitation and error: (a) estimated excitation, and (b) error of estimated excitation. 
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Fig. 3. Identified results for Damage Pattern 1, Case I; ki in MN/m and ci in kN.sec/m. 
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Fig. 4. Identified results for Damage Pattern 2, case I; ki in MN/m and ci in kN.sec/m. 
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Fig. 5. Identified results for Damage Pattern 1, case II; ki in MN/m and ci in kN.sec/m. 
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