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A New Delay-dependent Stability Condition and H,, Control for
Jump Time-delay Systems

Yong-Yan Cao, Li-Sheng Hu and Anke Xue

Abstract— This paper studies the problem of the stochastic
stability and Hs, control for the continuous-time time-delay
systems with randomly Markovian jumping parameters. A
new delay-dependent condition on the stochastic stability
is proposed using a new stochastic Lyapunov-Krasovskii
functional. The condition is formulated as a set of coupled
linear matrix inequalities. Then a new stable H., control
design method is developed. At last a numerical example
illustrates the effectiveness of the proposed approach, and the
conservativeness is compared with the existing results.

. INTRODUCTION

A class of linear stochastic systems, introduced by
Krasovskii and Lidskii in 1961 [13], has been received great
attention in the past decades. This family of systemsis mod-
elled by a set of linear systems with the transitions between
the models determined by a Markov chain taking values in
a finite set. Applications of this class of systems may be
found in processes including those in production systems
and economic problems. Many fundamental properties and
control-theoretic problems are reported, see e.g. [14], [12],
(91, [8l. 1. 71, (2. [3].

The presence of time-delay is very common in practical
dynamical systems. Extensive research has been conducted
with their stability and stabilization using linear static and
dynamic feedback, see, e.g., [10], [5] and the references
therein. Since the late 1980s, fairly complete solutions for
the H,, control of linear time-invariant systems have been
obtained. The problem of H,, control of linear uncertain
systems with time-delay has also gathered much attention
of researchers and some sufficient conditions have been
presented [15], [11], [6]. When time-delay control systems
are subject to the influence of the Markovian jumping
parameters, the behavior of the system becomes stochastic.
Standard techniques for the design of robust controller
of deterministic systems mentioned above are no longer
applicable.

In this paper, the stochastic stability and H., distur-
bance attenuation problem of the systems with time-delay
and Markovian jumping parameters are studied by a new
stochastic Lyapunov-Krasovskii functional approach. In [4],
a delay-independent condition on the stochastic stability
was presented for this class of jump time-delay systems.
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A delay-dependent stability condition is also presented in
[3]. In this paper, we will use a new Lyapunov-Krasovskii
functional to present a less conservative delay-dependent
condition.

The paper is organized as follows. Definitions and prelim-
inary results are given in Section 2 for state-delay systems
with Markovian jumping parameters. Sufficient conditions
on stochastic stability and the H ., disturbance attenuation
problem are developed in Sections 3 and 4 by a new
Lyapunov-Krasovskii functional involving the derivative
variable of the state. A design method on the state feedback
controller is also developed by the LMI optimization based
approach. A numerical example is presented in Section 5
to show the effectiveness of the result and the comparison
with the known results. The paper is concluded in Section
6.

Notations: The following notations will be used through-
out the paper. R denotes the set of real numbers, R™
denotes the n dimensiona Euclidean space, and R™*"™
denotes the set of al m xn real matrices. The notation X >
Y (respectively, X > Y'), where X and Y are symmetric
matrices, means that the matrix X — Y is positive semidef-
inite (respectively, positive definite). C,, » = C([—7,0],R™)
denotes the Banach space of continuous vector functions
mapping the interval [—7, 0] into R™ with the topology of
uniform convergence. The following norms will be used:
||-|| refersto either the Euclidean vector norm or the induced
matrix 2-norm; |[1||. = sup_, ;< |[¢(¢)|| stands for the
norm of a function vy € C,, . Moreover, we denote by C; u
the set defined by C;, . = {¢ € Cpo 7 : [[¥][c < v}, where v
is a positive real number. E[.] stands for the mathematical
expectation.

Il. PROBLEM STATEMENT

Consider the class of linear state-delay systems with
Markovian jumping parameters

a(t) = Ai(r()z(t) + Ao(r(t))a(t —7)
+B1(r(t))w(t) + Ba(r(t))u(t), @

2(t) = Cilr(®)z(t) + Ca(r(t))a(t —7)
+D1(r(t))w(t) + Da(r()u(t), (2

a(t) = o), tel-r0 r0)=r,

where z(t) € R™ is the system state, w(t) € R? the exoge-
nous disturbance input which belongs to £2[0, o0), u(t) €
R™ the control input and z(t) € R? the output to be con-
trolled. A;(r(¢)), A2(r(¢t)), B1(r(t)), Ba2(r(t)), Ci(r(t)),
Cy(r(t)), D1(r(t)) and Do(r(t)) are matrix functions of
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the random jumping process {r(t)}. r(¢) is a finite state
Markov jump process representing the system mode, that
is, r(t) takes discrete values in a given finite set S =
{1,2,...,s}. Let TT = [ry;], where i,j = 1,2,...,s,
denote the transition probability matrix with

. o WijA—FO(A) Z#]
Pr{r(t—i—A)ﬂr(t)z}{ 47+ o(A) Q=g
4
where A > 0, 7;; > 0 for ¢ # j, with
Z Tij = —Tii, %)

J=1,j#i
for esch mode i € S, and o(A)/A — 0a A — 0. 7 is
the constant delay time of the state in the system. ¢ (t) is
a vector-valued initial continuous function defined on the
interval [—7,0], and ry € S aretheinitial conditions of the
continuous state and the mode respectively.

When the system operates in the i-th mode (r(t) =
i), Ai(r(), Aa(r(t)), Bi(r(t), Ba(r(), Ci(r(t),
Csy (’I“(f,)), D4 (’I“(t)) and Dg(?“(t)) are denoted as Ah;, Agi,
BM, ng;, Cli; 027;, Dy; and Do, respectlvely In the fol-
lowing, we will use z(t) to represent the solution of system
(1)—(4) at time t corresponding to the initial conditions ¢ (t)
and ro, and z( represents z(t) at ¢t = 0. First we introduce
the definitions of stochastic stability and H ., disturbance
attenuation performance of the jJump time-delay systems [4]
with u(t) = 0.

Definition 1: The autonomous jump time-delay system
(1)—(4) is said to be stochastically stable if, when w(t) = 0,
for al finite ¢(¢t) € R™ defined on [—7, 0] and initial mode
ro € S, there exists a M > 0 satisfying

lim E

. / ot (t)x(t)dt 1/),7“0}
oo 0

Definition 2: For a real number ~ > 0, the autonomous
jump time-delay system (1)—(4) is said to possess the -
disturbance attenuation property if for al w € L]0, c0),
w # 0, the system (1)—(4) is stochastically stable and the
response z : [0, 00) — RP under zero initial condition, i.e,
¥ =0, sdtisfies

E {/OOO zT(t)z(t)dt} <42 /OOO w? (t)w(t)dt.  (6)

Let
{r wT(t)w(t)dt}l/g ,

{E/OOo zT(t)z(t)dt}l/Q,

and T,,, denote the system from the exogenous input w(t)
to the controlled output z(t), then the H ..-norm of T, is

< l‘ngO

[lwll2

IEE

||Tzw||oo _ sup ||Z||2 )
w(t)EL2(0,00) ||w||2

Hence, (6) implies ||T.w|lcc < <. In other words, ~-
disturbance attenuation implies v-suboptima H ., control.

)

I1l. STOCHASTIC STABILITY ANALYSIS

In this section, we will establish a delay-dependent
stability condition for the autonomous jump time-delay
system with w(t) = 0 by applying a new Lyapunov-
Krasovskii functional. In [4], a delay-independent condition
on the stochastic stability was presented for this class of
jump time-delay systems. It is well known that the delay-
independent result may be very conservative in practice,
especialy in situations where delays are small. When study-
ing the stability of an industrial process, it is amost aways
necessary to use a criterion which is delay-dependent.

A. Sability analysis

Theorem 1. The autonomous jump time-delay system
(D—(4) is stochastically stable for = < 7 if, for each mode
i € S, there exist matrices P; > 0,Q > 0,5 > 0, H; >
0, N; satisfying the following LMIs

M01+TQ(A¥;SA11+H7) * <0
ALP — NI + 10ATSA1;, —Q+ 10ALS Ay, '
)
H; N;
Y]z ©
fori=1,...,s, where x represents blocks that are readily

inferred by symmetry and

Mo £ AT;Pi + P, Ay, +Z7T11ij +Q+ N;+ N

7j=1
Proof: Let the mode at time ¢ be 4, that isr(t) =i € S.
Then the autonomous jump time-delay system is

$(t) Alil‘(t) =+ qu;.l?(t — 7')7
x(t) P(t), tel-7,0], r(0)=ro.

To simplify the notation in the proof, z(t) is used to denote
the solution z(t, v, ro) under the initial condition (¢) and
To-

Since x(t) is continuously differentiable for ¢t > 0,
Leibniz-Newton formula gives

©)

t

x(t—7)=x(t) — / z(s)ds

t—T1
for t > 7. Then the system is equivaent to:

t

z(t) = Asx(t) — Agi/ x(s)ds,

t—1

where A; Ay; + Ag;. Hence, the globa uniform
asymptotic stability of the above system will ensure the
globa uniform asymptotic stability of the original time-
delay system [10].

In the following, we will use z;, ¥Vt > 0, to denote the
restriction of x to the interval [t — 7, ¢] trandated to [—7, 0],
that is, x+(0) = x(t+60),v0 € [—7,0]. Noticing that () is
a Markov process, it is easy to find that with known initial
condition zo = 9 (t), (z,r(t)) is aso a Markov process.
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Take the stochastic Lyapunov-Krasovskii functional
V(,):R*"xS — R, tobe

V(xtvi) £ V(xta)"_VQ(xta )a (10)
‘/i(xtvi) £ ( )Bx( )7 (11)
Va(wi) 2 / T(5)Qur(s)ds
/ / s)dsdf.  (12)
—7 Jt+0

The weak infinitesimal operator .4 of the stochastic process
{r(t),z(t)}, t > 0, is given by

1
AV (zy,7(t)) = lim A

A—0

[E{V(@(t + A),r(t + A))|we, r(0)} — V(e 7(1))] -
We have
AV, = JﬁT(l‘,)(A,LTPIL + PA; + zs: Wiij)J)(t)
—2£L‘T(t)PiAQi /t a:(s)ds,
AV, = 2T()Qx(t) — 2T (t — 7)Qux(t — 1)

0

+ril () Sa(t) — [ 2T (t +6)Si(t +60)db

Note that [16]
. ¢
-2 P; Ay t(s)d
' (1) P;As /t_Tx(s) s
t
< 72l (t)H;z(t) + 227 (t)(N; — PiAQi)/ i(s)ds
t—1
t
7 (0)S3:(60)do,
+ [ aTwsio)

for any matrices H;, N; and S satisfying (8). Hence

AV (z,7) = AVi(w4,1) + AVa(xy,19)
< T ()M (1),
where 27 = [ 2™(t) 2T (t—7) | and
Mzo—i—T(AszSAM—I—H) *

Mi=\ ATp _NT 4 7ATSA; —Q +7ALS A,

It is easy to see that M; < 0 if LMI (7) holds for any
7 < Tg.
Note that M; < 0, we have

AV (24,1) < =frag (t)ze(t)

)) > 0. By Dynkin's
1€S,t>0

of [ ron)

g—ﬁl/o E {2!(s)z.(s)} ds

where 61 = mianES( IIllIl(
formula, we have for each r(t) =

E{V(xy,9)} =V (¢¥,10) =

On the other hand, for each r(t) = 4, we can show that

E{V(z,i)} = E{Vi(z,i)}+E{Va(z,4)}
> BQE{JTeT(t)xe(t)}

where 8, = min;es(Amin(P;)) > 0. The above two
inequalities imply that

"} < —Al/O/E{xeT(s)x

+>\2V(£L'0, 7“0)

E {2zl (t)x s)}ds

where \; = 3,35 %, Ao = 35 '. Then, we obtain
E {xeT(t x (t)} < Agexp(—=A1t)V (zo,r0)
Therefore,

e/ T (s)ae () ds[o, n

< A A1 — exp(=M1)]V (zo,70)

Taking limit as t — oo, we have

t
tlim E {/ xeT(s)xe(s)dsw,ro} <A AV (20, 70)
— 00 0

Noting that there always exists a scalar ¢ > 0, such that
AL AV (20, 70) < esup,, <,<o [¥(s)|?, it then follows that
the system is stochastically stable. [

Based on Theorem 1, one can determine an upper bound
of time-delay 7 such that the time-delay jump system
is stochastic stable by solving a following optimization
problem.

It should note that the Lyapunov functional (10) is
different to that of [3]. In (10), the derivative variable of
the state & is involved. We will show that our result is less
conservative than that of [3] by a numerical example.

B. State feedback design

In this subsection, we consider the following state feed-
back controller design

u(r(t)) = Fu(r(t)x(t) + Fa(r(t))z(t — 7).

The above control law is the general formula of the state
feedback. When Fy, = 0, it is just the instantaneous state
feedback, while it is the delayed state feedback when F;, =
0. The closed-loop system can then be written as

(r)a(t) + Az (r)a(t — ) + Bi(r)w(?),
(r)a(t) + Co(r)z(t = 7) + D1(r)w(t),

(13)

(t)

Ay
=0y

Aj(r(1) = Aj(r(8)) + Ba(r()) Fy(r(t)),
Ci(r(t)) = Ci(r(t) + Da(r(t)Fj(r(t)), j =1,2.
By Theorem 1, we know that the closed-loop system is
stochastically stable for 7 < 7¢ if, for each mode i € S,
4185



there exist matrices P, > 0, @ >0, S > 0, H; > 0, N;
satisfying the following LMIs

Mio + T(/AllTiS/lli + H:Z) N P (14)
AL P, — NT +7ALSA,;, —Q+ 1AL SAy, ’
H; N;
where

M()iéAﬂpi“‘PiAli"'ZTr’iij+Q+Ni+NiT'

j=1
It is easy to see that (14) is equivaent to

Mo+ 7H;  PiAy — N; 7AY,

AL, — N -Q AL | <0.  (16)
TAY; TAg; St
Define
A & XA, + A X + Y By 4 BoYi + i Xs (17)
B & ymiaXi VTii—1Xi
A /’/Ti’l'JrlXi \/Wi,in } (18)
T; 2 diag [ X, Xio1 Xim X } (19)

and let

Yii = FiiXi, Yoy = Fo; Xi, Q=Q 71,
N; = X;N; X;, H; = X;H; X;, 5 =S~

It is easy to see that the inequalities (14) and (15) are
equivalent to

A¢+N¢+Nf+71:[i * * *

T(AuX; + ByuYy) Ty —S 0 0 |<O0,
T

= 0 0 -T. 0

X, 0 0 0 -0
H, N;
~ N >
NT x5x |20

respectively, where
Ty = —-X,Q7'X,,
T3y = 7(A2:X; + Ba;Y;).

Note that
X;S7IX; > 22X, - 8, X,QTMXi > 2X; - Q.

Then we have the following theorem.

Theorem 2. There exists a state feedback control (13)
such that the jump time-delay system (1)—(4) is stochasti-
caly stabilized for 7 < 7 if, for each mode i = 1,...,s,
there exist matrices X; > 0,Q > 0,5 > 0, H; > 0, N; and

Y1, Yo, satisfying the following LMIs

Z11 * * * *
Zgl Z22 * 0 0
Z31 Zszg —S 0 0 <0, (20)
= 0 0 -1, 0
X, 0 0 0 -0
7, N;
- ~ | >0 21
W]z @
where
Zn = Ai+Ni+N,LT+Toﬁi,
Zn = X;AL+YiBL - N[
Zyy = —Q+2X;,
Zg1 = To(A1iX; + BaiY1s),
Z3y = To(A2Xi+ BYa;).

Then the feedback control law can be obtained by Fy; =
Vi, X, and Fo = Yo, X 1.

IV. H,, DISTURBANCE ATTENUATION ANALYSIS

In this section, we analyze the H, disturbance attenua-
tion performance of the jumped time-delay systems.

Theorem 3: For the autonomous jump time-delay system
(D—(4) and a given disturbance attenuation level -, it
possesses the ~y-disturbance attenuation property for 0 <
7 < 79, for dl w € £5]0,00), w # 0, if for each mode
1 € S, there exist matrices P; > 0,Q > 0,5 > 0, H; > 0,
and N; satisfying the coupled LMIs (8) and

Mo +T11 * *
0, % 151 Ta2 * <0, (22
BzTPz + DECM DEC% T33
fori=1,...,s, where
T11 = To(A{iSAli +H’L) +ClTlC1’“
T21 = Ag;Pz — N,LT + TOAg;SAli + CQTiCI’”
Too = —-Q+ TOA%;SA% + Cg;CQia
T33 = —’}/21 + D%;Dlz

Proof: Let the mode at time ¢ be 4, that isr(t) =¢ € S.
The the autonomous system can be rewritten as

(t) =
z(t) =

It is equivalent to the following system:

Ahx(t) + Agzx(t — T) + Bh"U)(t),
Cu.l?(t) + Cgix‘(t — T) + Du’w(t).

(23)
(24)

t

#(t) = Aa(t) + Brw(t) — As [ i(s)ds,
Z(f,) = Cu.l?(t) + Cgi.lﬁ(t — T) + Dliw(t),
2(t) = 0, t<0.

It can be easily seen that inequality (22) implies inequality
(7). Therefore it follows from Theorem 1 that the au-
tonomous jump system with w(t) = 0 is stochastically
stable.
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Choose the stochastic Lyapunov functional V(-,
S — R4 asin (10), (11) and (12). Then we have

AV (z,7) < xl () Mz (t) + 227 (t) P, Baw(t),

)R X

In the following, we assume zero initial condition, z(¢) = 0
for ¢t € [—7,0], and define

a2 ] [T @0 - o).

From Dynkin's formula [14] and the fact that 2 ,—o = 0, we

have
D =e{ [T AV},

since V(x1=0,70) = 0. On the other hand, since w(t) €
£5]0, o), the stability of the system for 0 < 7 < 7y,
implies the boundedness of ||z||. and that z(¢) tends to
zero ast — oo. Then, for any nonzero w(t) € £2[0, o),

I
~E{V(2t=c0,7(00))}.

JT<E{/
-

where

E{V(xtzoo, r(00)

= 7wl (t)w(t) + AV (ar, r]dt}

— 2wl (Ow(t) + AV (x4, 7))dt}

ol ()80 (t)]dt

o) & [ aT(t) «T(t—-7) wl(t) ]T.

Note that ©; < 0 if LMI (22) holds. Therefore, J < 0
and the dissipativity inequality (6) holds for ¢ > 0 if LMI
(22) and (8) hald. In other words, we have z € L]0, c0),
for any nonzero w € L]0, 00), and ||z||2 < v||w]|2. [ |

Remark 1: Similarly, we can determine an upper bound
for 7 such that the closed-loop system possesses a given -
disturbance attenuation property by solving a corresponding
optimization problem when the disturbance attenuation level
~ is given. Also, if an upper bound 7o of 7 is known, we
can determine a lower bound of the disturbance attenuation
level by solving the following optimization problem

Op: min 2
subjectto  X; >0, >0,5>0,H; >0,
and LMIs (22), (8).

In [4], the authors presented delay-independent condi-
tions on the stochastic stabilizability and H ., ~-disturbance
attenuation. The results there are applicable to those sit-
uations where a priori knowledge of delay time is not
available. However, they may be very conservative in prac-
tice, especidly in situations where delays are small. The
above theorems can be easily extended to y-suboptimal H .,
control of jump linear systems without delay. In [8], the
suboptimal H, control problem was addressed based on a
set of coupled algebraic Riccati equations for a special class

of jump linear systems without delay. However, no solution
method for these coupled equations was presented. In [3],
by a similar Lyapunov-Krasovskii functional as in [6], a
delay-dependent stochastic stability condition is proposed.
We will show in the next section that our new conditions
are less conservative than that of [3].

Theorem 4: There exists a state feedback control (13)
such that the jump time-delay system (1)—(4) possesses the
~-disturbance attenuation property for al = < 7 if, for
each mode i = 1,...,s, there exist matrices X; > 0,Q >
0,5 >0, H; >0,N; and Yy;, Ys; satisfying LMIs (21) and

i Z11 * * Ez Xz BM * T
Zor Zag % 0 0 0 *
Zs1 L3z —S 0 0 0 0
= 0 o0 -1, 0 o0 0 |<o
X; 0 0 0 —-Q 0 0
BL 0 0 0 0 -4’ DY,
 Ze Ze 0 0 0  Du I
where
Zs1r = CuXi+ DY,
Zea = CX;+ DyYo,.

Then the feedback control law can be obtained by Fy; =
Vi, X, and Foy = Yo, X 1.

V. NUMERICAL EXAMPLE

In this section, we present a simple example to illustrate
the usefulness of the proposed results. We borrow the
example with two modes from [2]. The dynamics in each
mode is described as follows

0.5 -1 0.5 —-0.2
An = {o —3}"421{0.2 0.3}’
-5 1 A, — | —03 05
1 02" 77| 04 -05 |
The initial condition is assumed to be z(t) = [ 1 1

and r(t) = 1 for —7 < ¢ < 0. The generator matrix of the
stochastic process r(t) is
= { e } :
T —T2

When 71 = 7 and w2 < 6, the result of [2] cannot judge
the stability. When w5 = 6, the system is found to be delay-
independent stable by the result of [4]. However, when
mo = 3, the optimization algorithm of [4] is infeasible,
which means the stability of the system cannot be judged.
Fortunately, by Theorem 1, we can obtain a feasible solution
when 79 < 1.23, and hence we can conclude on the stability
of the system when 7( < 1.23. Note that the upper bound
of time-delay which can be obtained by the theory of [3]
is 79 < 0.84. This implies our result is less conservative
than that of [3]. The simulation also shows the system is

stable when 7 = 1.23. Figure 1 gives the state and mode
trgjectories.

A1z

}T
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time
Fig. 1. Mode and state tragjectories of the example.

VI. CONCLUSION

In this paper, we proposed a new Lyapunov-Krasovskii
functional for the stochastic stability analysisand H ., con-
trol design problem of the jump systems with time-delay. A
new delay-dependent sufficient condition on the stochastic
stability and ~y-disturbance attenuation was presented based
on the stochastic Lyapunov-Krasovskii stability approach.
A design method on the general state feedback controller
involving instantaneous state feedback and delayed state
feedback was also developed by the LMI optimization
method. The problem of determining the upper bound of the
time-delay such that the jump system is stochastically stable
and with a given ~-disturbance attenuation performance is
formulated to an LMI optimization problem. A numerical
example is aso presented to illustrate the effectiveness of
the proposed method and compare the conservativeness with
the known results.
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