Proceeding of the 2004 American Control Conference
Boston, Massachusetts June 30 - July 2, 2004

FrA03.3

Swing-up Control of a Serial Double Inverted
Pendulum

Tomohiro Henmi, Mingcong Deng, Akira Inoue
Nobuyuki Ueki, and Yoichi Hirashima
Department of Systems Engineering
Okayama University
3-3-1 Tsushima, Okayama 700-8530, Japan
henm @uri . sys. okayama-u. ac.jp

Abstract—In this paper, a swing-up control scheme for
a serial double inverted pendulum is proposed. The control

scheme is to swing up the pendulum in three steps, Step 1: to
swing up the first pendulum, Step 2: to swing up the second

pendulum while stabilizing the first pendulum at the upright
position, and Step 3: to stabilize the two pendulums around
the unstable equilibrium state.

that swings up pendulums and feedback controller that
stabilizes the pendulum at the upright position. In [2],
a control scheme which transfers the state of pendulum
from an arbitrary eguilibrium point to another arbitrary
equilibrium point among four equilibrium points; (first
pendulum) Down- (second pendulum) Down position, Up-

In each step a control scheme and a switching rule from a Down position, Down-Up position, and Up-Up position

step to next step are given. The rule bases on the states of the
system. For the controller of Step 1, the energy control method

is applied to swing up the first pendulum. For the controller

was proposed, and this method was applied to the swing-
up contral, i.e, to transfer the state from Down-Down

of Step 2, a new method is given. The method combines a Position to Up-Up position. However, those methods were

stabilization control method of the first pendulum using sliding
mode control method and a swing-up control method of the
second pendulum using energy control method. And for a
controller in Step 3, the sliding mode controller stabilizing
both of the pendulums is used. A numerical simulation is
given to show the effectiveness of the proposed scheme.

I. INTORODUCTION

Inverted pendulums are typical examples of nonlinear
and underactuated mechanical systems and well known in
control engineering for verification and practice of var-
ious kinds of control theories. Inverted pendulum sys
tems have severa types, eg., a single pendulum, a par-
alel double pendulum, a serial double pendulum and a
two dimensiona pendulum, etc. And many control meth-
ods have been proposed to control the inverted pendu-
lum systems, such as feedback stabilization[1][4], energy
based control[1][4], bang-bang control[3], dliding mode
control[6], robust control[2], hybrid control[4][5], partia
linearization[7][8] (see [1] for more details). In spite of
these existing methods, to control the inverted pendulumsis
still an open research topic. In particular, the serial double
inverted pendulum is strongly nonlinear and highly under-
actuated than a single inverted pendulum and the control
of the serial double pendulum is a difficult problem. And a
solution of this problem is applicable to other nonlinear and
underactuated control problems. Hence, this paper considers
the swing-up control problem for the serial double inverted
pendulum.

For swing-up control of the serial double inverted pen-
dulum, various methods are aready proposed, eg., the
method in [3] is a combination of feedforward controller

0-7803-8335-4/04/$17.00 ©2004 AACC

the controllers for a rotation type pendulum and they do not
consider the restriction to the movement of a carriage. The
controller proposed in this paper swings up and stabilizes
the cart type serial double inverted pendulum and includes
control scheme to restrict traveling position of the cart.

The proposed controller consists of three steps, Step 1: to
swing up the first pendulum, Step 2: to swing up the second
pendulum while stabilizing the first pendulum at the upright
position, and Step 3: to stabilize the two pendulums around
the unstable equilibrium state.

In each step, a control scheme and a switching rule from
a step to the next one are given. Although the control law in
Stepl corresponds to the control problem transferring the
state from Down-Down position to Up-Down position in
[2], and Step2 corresponds to transferring the state from
Up-Down position to Up-Up position, the control laws in
these steps are different from those in [2] in including
a control law to restrict traveling position of the cart.
Another differenceis, in designing the control law to swing
up the second pendulum that the controller of [2] does
not consider the stabilization of the first pendulum, while
the controller given in this paper swings up the second
pendulum and also stabilizes the first pendulum. That is,
the proposed controller is given by a stabilization control
law for the first pendulum added by a swing-up control
law for a second pendulum. For the stabilizing controller
of the first pendulum at the unstable equilibrium point, a
state feedback stabilization controller is derived by using
a diding mode control method[6]. And for swinging up
the second pendulum, a modified energy control method
given by [1] is used. Since the diding mode controller has
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strong robustness to disturbance and the swing-up input is
considered as disturbance, the added swing-up control input
does not affect the stabilization in the stabilizing the first
pendulum.

In Section I, the dynamics equation is derived for the
serial doubleinverted pendulum system as depicted in Fig.1.

Section Il is for a controller of Step 1. A control scheme
which swings up the first pendulum is given. For swinging
up the second pendulum, an energy control method de-
scribed in [1] is applied. To prevent the cart from exceeding
the rail, in swinging up the pendulum, a control law which
suppresses the movement of the cart is considered.

In Section 1V, a control law to swing up the second
pendulum while stahilizing the first pendulum is given.

In Section V, for a controller in Step 3, a diding mode
controller is used in stabilizing both of the pendulums by
linearizing the system around the unstable equilibrium state.

In Section VI, a numerical simulation is given to show
the effectiveness of the proposed scheme in this paper.

Il1. DYNAMICS
The dynamics of the serial double inverted pendulum
system as depicted in Fig.1 is given
Ip0 4+ M, cos (6 — ¢)d + My ¢? sin (0 — )
+(a1 + 62)6" - 0243 — Msgsin@ + Ms cos 6z = 0(1)
M cos (6 — ¢)0 + I, — M16%sin (6 — ¢)
- 62(6" — (;S) — M3sgsin ¢ + M3 cos ¢z = 0(2)
where Iy,14,M;,M2,M3 are expressed as

Ig = Il + m2L2 + n2L2
Iy = In + Jn, + Jn,

M1 = mglgL
My = mily + moL +nsL
M3 = mglg

and the parameters of the pendulums are defined in Table
.
The control input u as

uw=7Z (©)]

The control objective in this paper is to swing up both
pendulums from the downward position to the upward
position and to stabilize the pendulums at the upward
position.

1. SWING UP THE FIRST PENDULUM (STEP1)

In this section, a control method to swing up the first
pendulum is proposed as a controller of Step 1. The energy
control method using Lyapunov method developed in [1] is
applied.

Second Pendulum

L
Y? Pendulur:\

Joint 2

Fig. 1. The serial double inverted pendulum

TABLE |
DEFINITIONS OF PARAMETERS

z position of the cart

0 angular position of the first pendulum from
the vertical line

0] angular position of the second pendulum from
the vertical line

m; (1 =1,2) | massof thei th pendulum

n; (1=1,2) mass of the i th joint of pendulums

li (1=1,2) length from the i th joint to the center of mass of
the i th pendulum

Jn; (1 =1,2) | inertia of mass of the i th joint around the center
of gravity

I (1=1,2) inertia of the i th pendulum around the joint

¢ (1=1,2) viscosity of each joint

L length of the first pendulum

g gravity acceleration

From (1) and (3), by neglecting second pendulum and
viscosity friction, the dynamics of 6 is

. M
0= —2(gsin6‘ —ucosf)
Iy
l
- ma (gsind — ugcos @) 4
I
where ug := wu is defined as a control input to swing

up the first pendulum. This equation is equivalent to the
dynamics of a single inverted pendulum. Therefore, as a
control method which swings up the first pendulum, the
control method presented in [1] and [4] which swings up
the single pendulum is applied.

For the swing-up control, a control strategy is presented
in [1] and [4] by using Lyapunov method.
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Define a Lyapunov function as

1
Vi= §Ef %)

where E is the energy of the first pendulum given as
1 .
B, = 51192 + magly(cos® — 1) (6)

When the pendulum is at the upright position, i.e., ¢ = 0
and ¢ = 0, then £, = 0 and when the pendulum is at
the pendant position, i.e., ¢ = 7 and ¢ = 0, then By =
—2m1l1g.

Calculating the derivative of 1; aong the trgjectory of
(4) yields

Vi = —myly (E16 cosO)ug 7
From (7), to make V' < 0, the control input is given as
(ta1 > 0) ®
From (7) and (8), the derivative of V7 is
Vi = —mlll(Elé cos 9)(ualsign(E19 cosf)) <0 (9

Ug = ualsign(Elé cos )

It follows that 7 () is a non-increasing function and Vy —
0 ast — oo. When V; = 0, there are three cases, a) cos§ =
0, b) @ = 0) or ¢) E; = 0. Since the horizontal position of
the pendulum is not an equilibrium point, case a) can not
be maintained. Also, if case b) can be kept without control
input, then # = 0 must hold simultaneously, which follows
E; = 0. Otherwise, the pendulum will fall again. Therefore,
the necessary and sufficient condition for Vi =0isE; = 0.
Thus,

tlirgo E1 (t) = 0, tlirgo V1 (t) =0 (10)
are obtained. Therefore, using the input of (8), the energy of
the first pendulum increases to zero, and the first pendulum
IS swung up.

So far, the swing-up of the first pendulum by using the
control input ug of (8) is shown. But moving distance of the
cart is not considered in the control input ug of (8) and it
may exceed the width of the rail. Hence, a new control input
to suppress the moving distance of a cart is introduced.

Now, the feedback control input ., to control the cart
into the center of arail,

u, = —Ki-11 (Kl > 0) (11)

is considered, where, 21 = [z, 2|1 and K; is feedback gain
matrix which control x; to 0.

To ensure V < 0, u. has the same sign as that of (8).
Therefore, a control input is proposed by combining (8) and
u, as

Uq1sign(F10 cos0) +u, (sign(ug) = sign(u.)

or |ug| > |u.|)
(sign(ug) # sign(u.)

and |ug| < [u.|)

12

v= ualsign(Elécos 0)

(12) is the control input which swings up the first
pendulum and controls the moving distance of a cart.

In this section, in designing the control law which swings
up the first pendulum, influences of the second pendulum
and viscosity friction are ignored. However, these influences
exist in fact, and it is predicted that the energy of the first
pendulum decreases by these influences. In case of single
inverted pendulum, previous method presented in [1],[4] is
also designed ignoring the influence of viscosity friction.
This influence is avoided by setting up a large input gain
and giving energy to a system larger than the energy loss
of the system by the influence of viscosity friction.

Considering the case of the seria double inverted pen-
dulum, influence of viscosity friction makes aways loss of
the energy of the first pendulum. However, there are two
cases that the influence of the second pendulum may lose
the energy of the first pendulum, and it may give energy
to the first pendulum. Therefore, we assume that we can
aso ignore the influence of second pendulum by making
the input gain u,; large.

When the first pendulum swung up in the neighborhood
6 = 0 by controller (12), the controller will be switched to
the controller of Step 2.

IV. SWING UP THE SECOND PENDULUM WHILE
STABILIZING THE FIRST PENDULUM (STEP 2)

In this section, a control method which swings up the
second pendulum while stabilizing the first pendulum is
proposed. The proposed method consists of two control
laws, to stabilize the first pendulum at the unstable equi-
librium point, and to swing up the second pendulum.
For the stahilizing controller of the first pendulum at the
unstable equilibrium point, a state feedback stabilization
controller is derived by using sliding mode controller[6].
And for swinging up the second pendulum, a modified
energy control method described in [1] is used.

First, the control law which stabilizes the first pendulum
is considered. By neglecting ¢ in (1), the dynamics of 6
becomes

10 + (1 —i—cz)é—Mggsin@—l—Mg cosfz=0 (13
The control input u, is defined as
up =% (14)
The following state variables are chosen as
Ty = w21, 22, 23, T2a]”
=1, 6, z 2" (15)

With (14) and (15), the linearized state-space equation
of (13) around the unstable equilibrium point of the first
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pendulum ((6, 6) = (0,0)) is

To = Aoz + Baug

0 1 0 0 0
Mag _ citen 0 0 _ M-
= Iy Iy Ty
0 o0 o0 1|™T| o |™
0 0 0 0 1

(16)

A dliding mode controller is used to keep robustness for
stabilization of the first pendulum. The control input w4
which stabilizes (16) is

Uy = —(SQBQ)_l(SQAQJ)Q =+ RQSign(Ug) + KQO'Q)(].?)

o3 = Sox2 (18)
where Ry > 0,K2 > 0 and S, is the solution of the
following Riccati equation with €5 > 0

Py(Ag +e]) + (Ag + o) Py — PaBoBI Py + Q2 =0
S, = BI'P,

Next, the control law which swings up the second pen-
dulum is considered. The energy control method is used as
the controller which swings up the second pendulum as a
same way to Step 1. In Step 2, the pendulum to be swung
up is the second one and the control input to swing up is
the displacement of the joint of the two pendulums (Joint
2), whereas, in Step 1, the pendulum is the first one and the
control input is the cart position. Hence, in Step 2, the joint
position is controlled in the same way as the cart position
in Step 1.

The coordinate of horizontal component zo of Joint 2 is
given by

29 = 2z+ Lsin6

Thus, the acceleration of z5 is

%)= 5+ LBcosf — LO?sinb (29
From (1) and (2), it is obtained as
i A1a(for + fa22) — Aaa(f11 + f122) (20)
A1 Ay — Ao Ay
where
A =1Ig, Ap =14

A1g = A9y = My cos (0 — ¢)
fi1 = M;$?sin 0—o¢)+ (a1 + 62)9
— (32& — Msgsin 6
fi2 = Mscos6
fo1 = —M;6%sin 0 — o) — 02(6‘ — d)) — M3gsin ¢
faa = M3cos ¢

From (19) and (20), the relation between %, and % is derived
as
_ (52 + L92 sin 9) (A11A22 — A12A21)
A11Azg — A2 Aoy + (A12f22 - A22f12)L cos 0
_ (A12fo1 — Aga f11)L cos b
A11Azs — A12A21 + (A12faz — A2a f12) L cos 6
(21)

3

When u, is assumed to be the acceleration of the joint and
the second pendulum is assumed to be single pendulum, the
dynamics of the second pendulum is as follows.

é = %(gsin¢— Z9 coS @)
Iy

= 202 (0 in g — sy cos )

I
Therefore, the control input which swings up the second
pendulum using the energy control method as in Stepl is

(23)

(22)

Uyy = uagsign(Egd'Jcos o) (ug2 > 0)

where, Fs is energy of the second pendulum.

When the angle of the second pendulum is large, the
influence of the first pendulum is large and complex, and
deciding a swing-up input to the second pendulum is diffi-
cult. Therefore the control input is applied during a small
moment just after the second pendulum passes through the
vertica line, as shown below.

Uqasign(Eadcos @) (sing - ¢ < 0
and cos¢ < cos )
Uz, =4 0 (sing - $>0
and cos¢ < cos )
0 (cos ¢ > cos )

(24)
From (21), acceleration uo of the cart which makes accel-
eration of the joint position to be « ., which swings up the
second pendulum is

_ (Uzy + LO?sin0)(A11 Agzy — A12Asy)
- AnAsy — Az Aoy + (Arzfor — Az fia) Leos
_ (A12f21 — Azaf11)L cos®
A11 A2 — A12A21 + (Ar2 faz — A2z f12) L cos 0
(29)

U2

By combining 1 of (17) and u» of (25), the following con-
troller is obtained, which swings up the second pendulum
while stabilizing the first pendulum.

U = Uy + u2

(26)

The dliding mode control input u; which stabilizes the first
pendulum has strong robustness to disturbances and the
swing-up input uo can be treated as disturbance, Therefore,
it is not influential to stabilization.

When the second pendulum is swung up in the
neighborhood ¢ = 0 by controller (26), the controller will
be switched to the controller of Step 3.
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V. STABILIZE TWO PENDULUMS (STEP 3)

The state (6,0, ¢, ¢) = (0,0,0,0) is an unstable equilib-
rium point of the both pendulums to which both pendulums
will be stabilized. Choose x5 as the following state variables

xr3 = [3331, Z32, L33, T34, T35, $36]T
=106, 6, ¢, ¢, 2, 4" (27)

With (3) and (27), the linearized state-space equation of (1)
and (2) around z3 =0 is

T3 = Asxs + Bsu

IV 0 1 0 0 0 O -| IV 0 -|
az1 Gz a2z azs 0 0 bo
0 0 0 1 0 0 - 0 u
| a1 aa2 asz asa 0 O 3 by
0 0 0 0 0 1 0
0 0 0 0 0 O 1
(28)

where the elements of matrices A3 and B3 are given as
follows.

W Ml
Toly — M2
Mico + Iy(cr + c2)
92 =TT, — M3
a3 = 7M1M3g
Tols — M2
oy — I¢()1 + Mjco
Iyl — M2
4y = My Mag
Tply — M2
gy — ITgco + M1(01 + 62)
Iply — M2
Ml
Toly — M2
i = oo+ My
Iy1y — M2
) MMy — Moy
T T Il — M?
) MMy — Mol
YT T Iy — M2

By the result of the control in Step 2, the state variables
(w31, w32, x33) are in the neighborhood of (0,0,0). How-
ever, the state variable x34 is not in the neighborhood of
0, because the second pendulum is swinging. Therefore,
a dliding mode controller keeping robustness is used as
stabilizing controller for the two pendulums. The input
control » which stabilizes (28) is

u = —(5333)71(53‘43%3 + Rgsign(ag) + K303 (29)
(30)

where R3 > 0,K3 > 0 and Ss is the solution of the
following Riccati equation with e3 > 0

P3(Az +e3]) + (A3 + e31)T Py — P3B3BIPs + Q3 =0
S3 = B Py

o3 = 5373

VI. NUMERICAL SIMULATION

In order to show the performance of the proposed scheme
in this paper, computer simulation of the swing-up control
of the serial double inverted pendulum is conducted. The
parameters in (1) and (2) are selected to be those of an
experimental system of serial double inverted pendulums
in our laboratory. These are given in Table IlI. And the
parameters of the control law are given in Table IlI.
Simulation result is shown in Fig. 2. Fig. 2 illustrates the
responses of 6, 6, ¢, &, z, u and the number of steps. The
initial states of the system are given by (6(0), ¢(0), 6(0),
$(0))=(0,0.1,0,0.01). And the times when controllers are
switched are

o Stepl — Step 2

At the condition of "cos € > 0.8’

e Step2 — Step 3

At the condition of 'cos ¢ > 0.94'
The figure shows that, first, only the first pendulum has
swung up by (12) of the controller of Step 1, and next, the
second pendulum has swung up while the first pendulum is
stabilized at the upright position by (26) of the controller
of Step 2, finaly both pendulums have been stabilized
at the upright position by (29) of the controller of Step
3. Especidly, at Step 2, stabilizing the first pendulum is
not influenced by the input which swings up the second
pendulum. And the cart does not move greatly from the
center of arail at each step.

TABLE Il
VALUE OF SYSTEM PARAMETERS

m1 || 0.18 [kg] ma || 0.10 [k
n1 || 0.078 [kd] na || 0.05 [kq
I 0.19 [m] Iy 0.115 [m]

Jny || 28 x107° [kgm?] | Jn, || 2.0 x 1076 [kgm?]

I 0.0089 [kgm?] I 0.0018 [kgm?]
c1 0.0001 [kgm?2/s] o 0.002 [kgm?/s]
L 0.38 [m] g 9.8 [m/s?]
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TABLE Il
VALUE OF CONTROL PARAMETERS

Step 1 Uql = 14, K, = [6.5,6.5}
Step 2 || ua2 =50, p=m/6,
Ro =3, Ko =1.0, e2 =1.0
Step 3 R3 =3, K3=10, e3=1.0
5 T T
g
foy
)—
-5 1 |
10 ? I ?

Theta dot
=)

! ; y ;
N () /\W/\—/\
-1 | |
0 : - b
30 WWMWYI\_/_
=200 . :
3 ? 10 5
: |
oot 1
”’ |
1 | |
0 5 10 15
Time[s]

Fig. 2. Time responses of a swing-up control of a serial double inverted
pendulum

VIlI. CONCLUSIONS

In this paper, a control scheme which swings up a seria
double inverted pendulum is proposed. This problem is
divided into three steps, Step 1 is to swing up the first
pendulum, Step 2 is swinging up control of the second
pendulum while stabilizing the first pendulum and Step 3
is stabilizing the both pendulums at the upright position,
and the control laws for the three steps are proposed.
In Step 1, the energy based controller for swing-up the
first pendulum is used and added by the position control
of a cart to the energy based controller. In Step 2, a

controller which combines the controller to swing up the
second pendulum by the energy control method and the
diding mode controller to stabilize the first pendulum is
proposed. In Step 3, a controller is proposed to stabilize
both pendulums by using a dliding mode control method
keeping strong robustness. Finally, a numerical simulation
is given to show the effectiveness of the proposed scheme.
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