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A Time-Varying Iterative Learning Control Scheme
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Abstract - This paper presents an Iterative Learning Control
scheme that uses a time-varying Q-filter. The purpose of the
time-varying Q-filter is to utilize the enhanced robustness
given by a low bandwidth filter, while taking advantage of the
superior performance properties of a high bandwidth Q-filter
where needed. Simulations are provided to demonstrate the
benefits of the proposed scheme. In addition, stability and
convergence issues involved with using a time-varying filter
are investigated. Finally the ILC algorithm developed here is
implemented on a Microscale Robotic Deposition (uRD)
system to provide experimental verification.

Keywords:  lterative Learning Control, Time varying
control, Stability, Robustness, Convergence

I. INTRODUCTION

ANY of the applications of Precision Motion Control

(PMC) are repetitive or periodic in nature. For
example, robotic applications such as pick and place
assembly operations involve repeated iterations of motion
trajectories [4], [6], [8]. In these scenarios, it is common to
have disturbances that repeat each time the command is
given. Conventional feedback controllers, which are more
suitable for set-point regulation, would result in repeated
errors in these applications. Because of the increased
significance of transient performance, feedforward control
strategies are usually applied. It is natural then to seek to
learn from the previous iterations somehow to improve the
performance of the current iteration. Iterative Learning
Control (ILC) is one such feedforward algorithm that
utilizes previous control and error signals to modify the
control input of the current iteration, nominally aiming to
converge to zero tracking error. For instance, an Iterative
Learning Controller showed 97% improvement over
feedback controllers in the Microscale Robotic Deposition
system described in Section 4 [3].

Figure 1 shows a schematic of an ILC scheme. Here the
subscript j represents the trial or repetition number, and the
reference signal y,(?) is defined on the interval /0, 7T]. At
any given repetition, j, a control input of u;(z) is applied to
the system to produce output y(2), t[0 T], where T is the
length of the periodic reference. The input and output of
the /™ trial are stored in memory and used along with the
fixed reference to calculate the input for the j+/™ trial.
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Thus the goal of the algorithm is to design an update law to
produce the lowest possible error as j tends to infinity. In
most ILC systems, it is assumed that the plant initial
conditions are reset at the start of every period (x;(0)=xy).
Also, the system is assumed to be stable, or stabilized,
using feedback control.

” p| System >
l Yi
Learning S
Uj+1 Controller |¢—————

Fig. 1. Learning Control Configuration

As the scale of the operations grow smaller and
tolerances tighter, nonlinearities arising due to friction
components (coulomb, viscous, and stiction) or force
ripples resulting from imperfections in the underlying
components take on a more significant role [1], [8], [9].
What's more, often times the controllers are designed based
on local linearized models of inherently nonlinear systems.
Under these conditions robustness of the controller is
highly desirable, in addition to its ability to render the
required performance. Thus it is clear that development of
ILC algorithms that provide additional robustness and good
performance will be directly advantageous to many of these
emerging technologies. The time-varying ILC scheme
presented in this paper is one such algorithm that can
extend the robustness and performance boundaries given by
traditional linear time-invariant (LTI) ILC algorithms. The
general ILC problem formulation and the structure of the
time-varying ILC scheme are presented next.

A general first order ILC update law is of the form:

u,,(0)=1,(u,.e) (1)
where
e,(t)=y,()-y,() )

Three attributes that are considered are:
1) Stability / Convergence: Existence of u(2) such that

limu, (¢)=u"(¢) 3)

Jjo®©

2) Performance: Existence of & > 0 such that the
converged error e () satisfies

e (t)"p <e (4)
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3) Robustness: Satisfaction of stability / convergence
condition in the presence of plant (P) uncertainties:

P=P1+A) (5)

The general traditional formulation for a linear ILC
update law can be written in the following form [5].

u, ()=0lu, )+ L.e ) (6)

Here learning parameters Q and L, are LTI operators. It
has been shown that such formulation results in a trade off
between robustness and performance [4]. For example,
using Laplace transforms to represent the signals u, e and
the LTI Transfer Functions Q(s), L.(s), it can be shown that
increasing the bandwidth of Q(s) results in improved
performance at the cost of robustness, and vice versa.

This paper proposes to circumvent the frequency domain
bandwidth conditions by using a time-varying Q-filter. The
ILC update law proposed uses one form of a time-varying
Q-filter:

u,, ()=00u, () +L.e 1) (7)

The scheme presented here modifies the traditional
formulation to give the designer an additional degree of
freedom by allowing him or her to vary the balance
between performance and robustness at each point in the
period. This can be very beneficial systems with either (1)
localized nonlinear behavior entering at specific regions
within the period or, (2) system model accuracy varying
during the period — i.e. A = A(f). Another scenario where
the time-varying Q-filter is advantageous is when the
reference signal, y,(?), has significant changes in its
frequency content during the course of the period. For
example, in such case the bandwidth of the Q-filter can be
increased when y,(?) has high frequencies for enhanced
performance. In the case where there are high uncertainties
at known portions within the period, the bandwidth of the
Q-filter should be decreased for additional robustness.

The remainder of the paper is organized as follows.
Section 2 introduces the ILC scheme and develops the
stability/convergence conditions for discrete-time systems.
Next, the design procedure for such a scheme is
demonstrated using a motivational example in Section 3,
after which experimental results on the uRD section are
reported in Section 4. Section 5 concludes the paper.

II. ILC ANALYSIS

A discrete formulation of the system is used in this
investigation as it is more natural for digital
implementation. Consider a stable linear, time-invariant,

causal discrete-time plant P of the form:
Y(z) = P(2)U(2) ®)

where z” is the standard delay operator. P(z) has state
space representation (9), and its input output behavior can

be written in the form of a convolution sum shown in (10).
Here k is the discrete time index and »n is the number of
time steps in a period.

x(k+1) = Ax(k)+ Bu(k) k=0,1,--,n—1 .
y(k) = Cx(k) k=1-n ©)
y(k):CA"x(O)+§CAk”'"Bu(i) k=01,n (10)

Assuming zero initial conditions, P(z) can be written as
follows [6], [7]. Here p;, sometimes called the Markov

parameters of the plant, are given by C4A""'B .

P(z)=pz'+p,z +p,z7° +-- (11)

Note that it is assumed the plant is of relative degree 1
here. For a transfer function of relative degree 7, the first
nonzero element will be multiplied by z”. Again, letting n
be the number of time steps in the period 7, and j be the
iteration number, define vectors y,, y, and i, as follows:

y,M v, u,(0)
TR R S A T (12)
y;(n) Ya(n) u,(n-1)
Then the linear plant (8) can be written as follows:
y,=Pi, +d (13)

where d is a vector of the form (12) containing the effects
of periodic disturbance, and P is a matrix of Markov
parameters of the plant.

12 0O - 0
e 0

L (14)
P, P b,

The most general ILC update law can be written in the
form:

i,,=0@,+L¢,) (15)

where O and L, are nxn matrices that determine the updated
control vector of the j+I" iteration based on the current
control and error vectors.

Theorem 1: A necessary and sufficient (N&S) condition for

- o . L
convergence of u to u as j— oo is given by.

(U -L,P))<1 Vi=12,n (16)

Proof:
A shift operator is defined as follows and applied to Iz
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57=1-1, (17)
55=5 -3, =|pa +d|-|pa  +d]=Psa (s
The shift operator is applied to the control vector next.
O =, —u,
—0li, +1¢ -0l +Leé, ] )

o i+L,-5,)-1.6,-5,.)
=054 -L3p)=0(I-LP),i

It is now obvious that §u converges to zero if and only if

all eigenvalues of the matrix Q(I-L.P) lie within the unit
circle. L]

The above theorem is a well-known N&S' condition for
convergence of the ILC law. The matrices Q and L, in (15)
were of the most general form. For an ILC update law
described by causal, LTI discrete transfer functions,
matrices Q and L, will be of the form

I, 0O - 0 q, 0O - 0
] ] 0

L= :1 0 TN 0= q:1 q;o (20)
B , 9,1 9.» q,

It is assumed the transfer functions L.(z) and Q(z) are of
relative degree zero, or the matrices have been shifted
accordingly. In this case, the stability transfer function Q(I-
L.P) is lower triangular, with identical values across its
diagonal. This leads to the following theorem.

Theorem 2: The N&S condition for convergence of the ILC
system defined by (13) and the update law (20) is

lg,(1=1,p)| <1 Q1)

Proof:

The eigenvalues of a lower triangular matrix are its
diagonal elements. The diagonal elements of Q(I-L.P) are
qo(1-lgpy). u

A: Time-Varying Q-filter:

Define a time-varying Q-filter that switches between two
causal LTI filters Q,(z) and Qy(z) as shown in (23). Here
q.: and g, ; represent the Markov parameters of filter O, and
Oy respectively

Theorem 3: The N&S conditions for convergence of the
ILC system defined by (13) using the update law (15) with
O filter of the form (23) is given by:

(22)

9.0 (1 _lopl )| <1 and |q1740 (1 _lop|)| <1

Proof:
Same as Theorem 2. u

" q., 0 0 0]

qa,l an 0 0 Qa
0= T oo D } 0,

Qo 9y 4o O } 0,

_qa,nfl 9in2 9., qa,()_ (23)

It can be seen that this result can easily be extended to a
system switching between m Q-filters. It is noted here that
the use of non-causal filters results in full matrices Q and
L., and (16) gives the N&S condition for convergence in
such case.

B: Performance and Robustness

Theorem 4: For the ILC system described by (13) and the
general update law (15), the converged u" and & are
given by:

4’ =limg, =1 —Q+QLEP]"QL6(% —3)

Jo®

24)

& =timé, =[1-P[1-0+oL.P|"oL |5, - d)

Jjoo

(25)

Proof:
Using (15) and (13), for the converged #" and é°, we
have:

i =0 +Le) & =5, -3 (26)
i :Q(ﬁ* ~L.Pi' —Lea?+Ljd) (27)
-, 0= [1—Q+QLEP]’1QL€()% —C}) (28)
& =5, -(pir+d)
b, -d)-rli-ovorrronls,-a)
&= [1 -Pli-0+0L.Pl'OL, Kﬁd ~d ) (30)
|

A measure of performance is given by the smallest £ >0
such that (4) is satisfied, and a robustness measure can be

viewed as the largest A such that P defined in (5) satisfies
(3). Given variations in y,; and d within the period, the rows
of O can be adjusted to minimize the converged error for a
given set of y, and d. Similarly, if plant uncertainties are
high during known parts of the period, changing g, for the
corresponding rows ensures stability for the perturbed
system. Some suggestions on how to design a time-varying
Q-filter that takes advantage of this freedom are given in
the following section.
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III. DESIGN AND IMPLEMENTATION

A schematic of the LTI ILC is shown in Figure 2. The
ideal design for a model based ILC design is to let L, = P’
and O = I. It can be readily checked that this satisfies the
stability conditions and results in zero steady state error.
However, in real systems, exact inversion of the plant
dynamics is almost never realizable, especially using a
causal L,. Thus it is recommended to use a low pass filter,
0, to ensure stability conditions are met even in the face of
uncertainties. However, introducing the Q-filter results in
loss of zero steady state error, thereby initiating the trade-
off between performance and robustness. This trade-off, as
well as the benefit of utilizing a time-varying Q-filter are
demonstrated using an example in 3.1

— L.(z)

¢

| }_. 06 [—>
Ujr1

u; ILC using Fixed Q
Fig. 2. Causal, LTI ILC structure

0i(z)
—»|L.(z) 01(2)
e.
’ : Ujir
= 0,
I [LC using time-varying Q

Fig. 3. Causal, LTV ILC structure

The time-varying ILC scheme proposed in this paper can
be represented as shown in Figure 3. The time-varying Q-
filter, Q,, effectively switches between fixed filters Q,,
0,...,0,, during the course of each iteration. It is assumed
that the switching order is fixed for all iterations. The
matrix representation of O, will be of the form (23). The
filters Q;, O»,...,0,, are chosen as follows. Let Q;be a low
pass filter with cut-off frequency @, where @,<@.<...<w,.
The switching order is to be such that Q; is the nominal
filter (lowest cut-off frequency for highest robustness) and
filters of higher bandwidth are used when necessary to meet
performance requirements. Thus the switching order of Q;
is based on the desired bandwidth at any given time, as
shown in Figure 4. A smooth bandwidth profile is
recommended to preserve continuity of signals. The design
of the bandwidth profile can be based on the frequency
content of y,; and known periodic disturbances, d.

MR A
low

! »
T »

T
Fig. 4. Example bandwidth profile for Q,,

A: Simulation Example

The following example problem is based on the
linearized dynamic model for a linear motor used by the

URD system described in [2],[3]. Given a true plantIN’ , and
a simplified model P(z), the goal is to design an ILC
algorithm for output tracking. The simplified model (31),
designed for sample time of 0.001sec, does not include the
high frequency structural resonances and is assumed to be
stable. The true plant transfer function is given by (32) and
the desired trajectory, y,, is shown in Figure 5. Note that
robustness of the ILC update law is critical here because the
design is based on a simplified linear model, as is common
in practice. ILC update laws using two different fixed Q-
filters, and a time-varying one that varies between the two
values, are offered to demonstrate some of the advantages
of using a time-varying Q-filter. These update laws are
simulated on the simplified plant model and the true model
for comparison.

10[8.64z° —6.242> —8.462 + 6.40)

z* =3.662° +5.06z° —=3.14z+0.74
=0.0009z"" +0.0025z7 +0.0041z~ +---

P(z)=

€2))

P(z) =0.0008z"" +0.002227 +0.0030z" +---
_107[0.8227 —3.82 +6.32° =3.22* —3.32° +5.52° ~2.92+0.56]
2 —7.2827 +23.42° —43.44z° +50.96z° —38.712° +18.62° —5.172+0.63

(32)

0.5

0 0.2 0.4 0.6 0.8 1
time (sec)
Fig. 5. Desired Trajectory, y,

We let L.~ P as follows to preserve causality:

P ()

=2 _10°x[0.0984-0.3724z" +-] (33)
(z/085+1)

L,(z)

It is noted that the stability condition (21) can be met
using the above L, without the use of a Q-filter. However,
this can still result in bad learning transients where the error
can grow to be very large before converging [10]. A low
pass Q-filter tends to improve the transient performance at
the cost of increased conservatism. Furthermore, a low-
pass Q-filter is important in actual systems for additional
robustness as well as noise attenuation. Two first order
butterworth filters of cut-off frequencies 100 rads/sec and
2000 rads/sec each are chosen as follows:

0.048(z +1)
z—0.9047

0,.(2)= =0.05+0.09z7" +--- (34)
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0.609(z +1)

=0.61+0.48z" +--- 35
z+0.218

thgh (Z) =

As was mentioned above, the N&S condition (21) can be

met using either filter. The RMS values of converged

errors for either case can be calculated using (25).
Go(1=1,p,)=0.0071; &, =0.0716

low,RMS

(36)

Qs (1 =1,p,)=0.0913; &7, .. =0.0028

high, RMS

G37)

Figure 6 shows the RMS value of the error of the
nominal system as a function of iteration number for both
the above cases, as well as error evolution using a time-
varying Q-filter. The time-varying Q-filter, Q,,, of the form
(23), is composed of a set of first order butterworth filters
with bandwidth ranging from that of O, to that of Oy, as
shown in Figure 9. It is verified that condition (22) is
satisfied by the set of filters in Q. Details on the design of
Q,, are given shortly. It can be seen that the performance
using the time-varying Q-filter is comparable to that of the
ILC update law using fixed high bandwidth Q-filter on the
ideal linear plant.

é;,,m =0.0031 (38)
0.2
- QIow
— thgh
— Q,
% 0.1+ &
(0] \!
N e e e e e e e e e e e e e o e
07 L L L L
0 20 40 60 80 100

iteration number
Fig. 6. RMS values of e(t) per iteration using P

Next, the same ILC laws are applied to the actual plant,

P, and the evolution of the error is plotted in Figure 7.
Clearly, the ILC law with time-varying Q-filter performed
better than either fixed filter here. The ILC update law
using the fixed high bandwidth filter exhibits very poor
learning transients. The RMS value of the error reaches a
peak value of approximately 2500 by the 200" iteration
before convergence. Some insight can be gained from the
converged error plots shown in Figure 8. The fixed law
with Oy, shows good learning transients but results in large
errors between t=0.3sec and t=0.45sec, coinciding with the
high frequency content in y,. The fixed law with Oy,
which would have had better tracking performance, results
poor learning transients. The time varying update law
results in tracking comparable to the fixed law using Ojien,
along with learning transients similar to the fixed law using
QOjow- This clearly demonstrates that the time varying Q-

filter can simultaneously provide better robustness and
performance than either LTI Q-filter.

0.2
" - QIow
—Q
z high
2 Q
.5 ] tv
7]
801
o) L
o
S
S
5]
0 L L L
0 20 . 40, 60 80 100
iteration number
Fig. 7. RMS values of e(t) per iteration using P
T
~ 03} N === W Qo
ko) 'l ‘. — W Qtv
B 0.2 i ]
oy i
[0) ) 1
Z 0.1 ! ! ]
8 [
] LN
0 P
0 0.2 0.4 0.6 0.8 1
Fig. 8. Converged value of e(t) using P
2000 ‘
— Q, w,(t)
2 I QIow Wc
2 —— Qpign We
kel
©
100‘ L L L L
0 0.2 0.4 0.6 0.8 1

Fig. 9. Bandwidth profile of time-varying Q-filter.

A time frequency distribution of y, reveals high
frequency content during the interval 7e(0.3,0.45). It is

obvious that high frequency control is necessary during this
interval for accurate tracking of y, Therefore, the time-
varying Q-filter used in the above example consists of a set
of low-pass filters with varying bandwidth as shown in
Figure 9. Once again, the idea is that the bandwidth is
increased when needed to improve performance while
nominally remaining at the low value for increased
robustness.

IV. EXPERIMENTAL RESULTS

The Microscale Robotic Deposition (URD) system uses
robotic positioning to deposit an ‘ink’ for 3-D construction
of complex parts of small dimensions [2],[3]. A schematic
of the system is shown in Figure 10. Very precise X-Y-Z
axis positioning of the robot end effector is required for the
accurate manufacturing of the desired parts. The algorithm
described in this paper is applied to control the X-axis
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position here. The simplified model used for the X-axis
positioning system dynamics is shown in (39). The actual
system, in addition to having high frequency resonances,
experiences friction and other nonlinear effects.

Y

N

1
— Nozzle

Fig. 10. Schematic of uRD system

z°=2.90z* +1.982° +1.67z° —2.682+0.93
z°—5.722° +13.73z" —17.742° +13.02z> —=5.152 + 0.86
(39)

P,(z)=38.8x10"

The ILC update algorithm uses a PD learning law as
described in [2] with K,y =1.779 and K;x =111. The
reference trajectory shown in Figure 5 is used for a Imm
change in y. The time-varying Q-filter used is of the form
shown in Figure 9 with the cut-off frequency of O, at 50
rads/sec, and that of Oy, at 300 rads/sec. Figures 11 and
12 demonstrate the improved performance obtained by
increasing the bandwidth for a short period, re[~0.3, 0.45].

0.05

I QIow
— Qtv
3
E
()
z
[O)
(S —————————
0 L L L L
0 10 .20 30 40 50
iteration number
Fig. 11. Experimentally obtained RMS values of e(?)
0.04
T
- 0
0}
oy
o
g
8 === QIow
-0.08! — Q
1

Fig. 12. Converged values of e(?)

V. CONCLUSIONS

This paper presents a new tool for PMC applications by
developing the time-varying Q-filter. Convergence
conditions as well as performance and robustness criteria
were formulated for the proposed ILC scheme. The design

issues involved were highlighted using an instructional
example based on a Microscale Robotic Deposition system
at the University of Illinois. Finally, actual data from
implementing an ILC with time-varying Q-filter is shown
to verify the effectiveness of the proposed scheme.
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