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Adaptive Robust Output Feedback Controllers
Guaranteeing Uniform Ultimate Boundedness
for Uncertain Nonlinear Systems

Liu, Fenlin, Cai, Yanrong, and Luo, Junyong

Abstract—The problem of robust output feedback
stabilization for a class of nonlinear systems with
partially known uncertainties is considered. A class of
continuous adaptive robust output feedback controllers
that can guarantee uniform ultimate boundedness of the
resulting closed-loop systems in the presence of
uncertainties is proposed. In contrast with some results
presented in the control literature, the adaptive law for
updating the estimate values of the unknown parameters
is continuous, and the existence of the solutions to the
resulting closed-loop systems in the usual sense can be
guaranteed. Moreover, due to the continuity of the
output feedback controller and adaptive law, the
proposed adaptive robust output feedback controller is
easily implemented in practical robust control, and no
chattering will appear in practical systems. Finally, an
illustrative example is given to demonstrate the
utilization of the results.

I. INTRODUCTION

HE problem of stabilization for uncertain systems has
been widely researched over the last few decades. There
are two major approaches to deal with the problem. One is
the state feedback stabilization, through which many results
have been achieved when all state variables of systems are
available (see [1-3]). However, it is often impossible or
difficult to measure all state variables in practical systems.
Another approach is the output feedback stabilization (see
[4-9]). Sabrei and Khalil [9] studied a class of systems with a
nominal linear part and matched uncertainties, and derived a
sufficient condition for the existence of stabilizing static
output feedback control. Steinberg and Corless [6] showed
that if the nominal system is strictly positive real, the robust
stabilization in the presence of matched uncertainties is
achievable via linear static output feedback. Later, Zeheb [8]
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and Steinberg [7] demonstrated that for single-input/
single-output systems, the robust stabilization problem
could be solved by a linear static output feedback if the
nominal systems are minimum phase and have relative
degree one. These results were extended by Guo [4] to
multivariable systems with an equal number of inputs and
outputs. And the nominal systems are minimum phase and
have a non-singular high-frequency gain.

In all of the robust control schemes mentioned above, the
bounds of uncertainties are assumed to be known and the
designed controllers are based on the assumed bounds of
uncertainties. However, it is often difficult to estimate the
bounds of uncertainties for practical systems. If the actual
bounds of the uncertainties exceed the assumed values used
in controller design, the stability of the system could not be
guaranteed. To ensure the stability, one has to use large
bounds of uncertainties in the controller design, which
definitely leads to large conservativeness.

When the bounds of uncertainties are unknown, there are
robust control schemes that are applicable to systems with
uncertainties satisfying the matching condition [10-12]. Wu
and Shigemaru [11] and Wu [12] studied the robust
stabilization of linear time-varying systems and nonlinear
systems with unknown bounds of uncertainties and
presented a class of continuous adaptive robust state
feedback controllers that can guarantee the resulting
closed-loop systems uniform ultimate bounded. Liu and
Zhang [10] investigated the problem of decentralized output
feedback stabilization for a class of interconnected systems
with unknown bounds of uncertainties and suggested a class
of nonlinear output feedback controllers that can guarantee
the resulting closed-loop systems uniform ultimate bounded.
Other works in robust control of uncertain systems have
been reported in [13-15].

Based on the framework described in [10-12], this paper
discusses the adaptive robust feedback stabilization for a
class of nonlinear systems with uncertain parameters. The
uncertainties are bounded, but the bounds of the
uncertainties are unknown in controller design. The
proposed controller can guarantee the resulting closed-loop
systems uniform ultimate boundedness. Moreover, due to
the continuity of the output feedback controller and adaptive
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law, the proposed adaptive robust output feedback controller
is easily implemented in practical robust control, and no
chattering will appear in practical systems. Finally, an
illustrative example is given to demonstrate the utilization of
the results.

II. PROCEDURE FOR PAPER SUBMISSION

Consider a class of nonlinear systems which are described
by

x=F(x,0)+G(x,0)(u + E(x,0)) (la)

y=H(x,t), (1b)

where x(e)e R", u € R" and y e R" are the state, control

input and measurable output respectively. F(e): R" x R
—R", G(®):R"xR—>R" , H(®):R" xR — R"
are known. The uncertain () is assumed to be bounded.
The question is how to design an output feedback
controller that can guarantee the stability of the non-linear
system (1). Before investigating the robust control of the
system (1), the following assumptions are proposed:
Assumption 1: for all xeR"and £>0, there exists known
function p(e):R” xR — R” and an unknown const

vector @ € R” such that

|EC, 0| < p" (v, ()
where p(e)=[p, (o), p,(o),-+.p ()" » 0" =[6,,0,,
...,9;]7 , and where p,(y,t)>0,i=12,---,p for all y
such thatHyH > 0 . And the function p. (e) > 0,i=1,2,---, p

is also assumed to be continuous uniformly bounded with
respect to time and locally uniformly bounded with respect
to the output y.

Assumption 2: The known functions F(e), G(e), po(e) and
H(e), as well as the unknown function &(e), verify the
Caratheéodory conditions, i.e. for all # and x in a bounded
domain D of the (¢, x)-space.

1) they are continuous in x for almost all ¢

2) they are Lebesgue measurable in ¢ for each x;

3) there exist Lebesgue summable functions m, (¢),i =1,

2,3,4,5 such that
‘F(x, I)H <m,(¢), HG(x,t)H <m,(2), HH(x)H <m,4 (1),

[§.0<m @), [pr.0)<ms(@)-

Therefore, equation (1) can be considered as a Carathéodory
equation provided that u is defined as a Carathéodory
function of y and ¢. Furthermore, we assume that each one of
these functions is locally Lipschitz continuous in its first
argument x (y). Thus, under these basic assumptions, the
system described by equation (1) is well posed in the sense
that the local existence and uniqueness of the solutions can
be proved.

Assumption 3: There exists a C' function 7, (e): R" x R
— R" and an output feedback function , =y (y,t), such
that for all (x,71)e R" x R

¢ (HxH) <V,(x,t)<c, (Hx

oV, (x,t) N oV, (x,t)
ot ox

< —c3(Hx‘

\E 3

[F(x,0) + G(x, )y (y,1)]
) “)

where y(y,t) is continuous for y and ¢, and the scalar

functions ¢, (e), i =1,2 are of K,-class and c3(e) of K-class.

Assumption 4: There exists an nonsingular mxm matrix
function D(y,t) such that
oV,(x,t)
Ox
where Vy(x,f) is given by Assumption 3.

Remark 1: Assumption 1 defines the uncertainty bands for
&(x,f) (similar to the constraint in [12]), which are partially
known (for output y). i.e. they are linear in some unknown
constant vectors. Assumption 2 is a technical assumption for
mathematical completeness, which can guarantee the
existence and uniqueness of the solutions of state equation
(1). Assumption 3 shows that the nominal system can be
stabilized via output feedback in the sense that a Lyapunov
function exists. Indeed, in order to guarantee the robust
stability of uncertain systems, their nominal systems must be
stabilizable via output feedback. Assumption 4 is the
generalization of the fundamental conditions for discussing
the output feedback stabilization. It is closely related to the
passiveness of the systems[4-10, 16, 17].

G(x,t)=[D(y,0)y]" ®)

III. ADAPTIVE ROBUST CONTROL SCHEME

For equation (1), we propose an output feedback
controller described by

u(t) =u,(t) +u,(t), (6)

where
Uy :'//(y’t)’ (7)
__ (0 Dy (3

1

[DGL0ye" (.80 + &
where the scalar ¢ >0, and the vector () e R” is the
estimate of the unknown parameter vector 8 € R”, hich is
updated by the following adaptive law

; A 1

0(t) = =T 0() + Z[D(y.)¥[Co(y.0)- ©)

where the parameter Jis any positive constant, I' € R ”*” is
any constant symmetric positive definite matrix, and (z,)

is finite.
Applying (7) and (8) to equation (1) yields a closed-loop
system of the form
x=F(x,0)+ G(x,0)(y(y,t) +u, +E(x,1)) . (10)
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Moreover, we define

0=00)-6". (11)
Then, equation (9) can be rewritten as the following error
equation

0(1) == (1) ++|D(y,0)y[Tp(y.0)-oT 0" (12)
In the following, we denote (x,d) as the solution for the

closed-loop system (10) and the error equation (12).

Remark 2: Under the assumptions stated in §2, it is
obvious that both the closed-loop system (10) and the error
system (12) are continuous, and the existence and continuity
of the solution to equations (10) and (12) in the usual sense
can be guaranteed. Moreover, the controller (6) consisting of
(7), (8) and adaptive law (9) can be easily implemented in
practical control design.

Remark3: From Assumption 1 and 2, it is obvious that the
output feedback controller (6) is locally uniformly
continuous. Moreover, from equation (6) we can easily
prove that

[u@] <y .0+ " (.00 - (13)
which shows that the control u(¢) is locally uniformly
bounded when the solution to the adaptive law (9) exists.

The following theorem shows that the solution (x,8) to
the close-loop system (10), the error system (12) is
uniformly ultimately bounded.

Theorem 1: Consider the closed-loop system (10) and the
error system (12) satisfying Assumptions 1-4. Then the
solution (x,0) (t;1,,x(t,),0 (t,)) to the closed-loop
system (10) and the error system (12) is uniformly ultimately
bounded in the presence of the uncertain &(x(),t).

Proof: For the close-loop system (10), the error system (12),
we define a Lyapunov function candidate as
V(x,0)=V,(x,0)+ 07 (OT 'O (1) » (14)
where Vy(x,f) is a Lyapunove function for the nominal
system of the system (1), and I is any symmetric positive
definite matrix. Then, taking the derivative of ¥ (x,8)
along the trajectories of the closed-loop system (10) and the
error equation (12) leads to
dv(x,8) oV, (x,t) L V()

dr ot o D
+ 60w 01+ D G 0w, (0
L E(D) +20 T (OO0 (1) (15)
and witllequation (4), (5) and (12) , we get
LD <, (b + PO w0

+(D(y,1)y)" E(x,1) =250 T ()6 (1)
+07 )|D(y.Oy|p(y.0)-286760".  (16)
Substituting the inequality (2) into (16), we obtain

DO < e, ey + (D00 0, )
+ Dy, ) y||E (x| - 280 T (18 (¢)
+ DG y|eT (08 (1) + 25H§H\9*
<—c;([x]) + (D(y.0) ) u, (1)
+[D(y.yp" (v.00" =250 ()0 (1)
+[D 05" (v,08 (1) + 250 |0
=—c,(|x) + (D) u, (1)
+[D(r.Oy]p" (v.00(6) 250" ()0 (1)
+[D 0" (.08 (1) + 28] o
~[DGoye” (v.08 @)
)+ (D(y.0)) u, (1)
+[D(r.0yy]p" (v.00()
—28607 (1 (1) + 25”5 “||9‘|| . (17)

=—c, (Hx

It can be obtained from the equation (8) that
(D(y.0)) u, () + DOy (v.0)6(t)
__ D@00 (DG.0)e (1,000)?
ID(y.0)y|p" (y.0)0@) + ¢
+[D(y.0y|p" (v.00(0)
_ @0yl rnd@e (18)
[DGL 0y (r,.00@) + &

Therefore, it follows from the equation (18) and the
inequality

0<% <p vazo0.650 (19)
a+b

that

(D(y,0)y) u,(t) + |[D(y.O)y|p" (».0)0(t) < - (20)
On the other hand

—280 7 ()0 (t) + 25

o'|=-sfpof -sfgof

d

gl h<-slgo| +sle[- @D

Then, with (20) and (21), the inequality (17) can be rewritten
as

PC) < e,y + ol o] 1o+ ol
— 2 e+ =

where

Fi=[" 071 E(R] = e (x) + 5] @)

2
s

g=c+sl| (23)

where is of K-class.
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From (22), it is obvious that the Lyapunov function
¥ (x,0) decreases monotonically along any solution of the

equation (10) and (12) until the solution reaches the compact
set

Q,~{wd)|e s oo <z} @

Therefore, it can be concluded that the solution (x,8) (1;

ty,x(2, ),5(10 )) of the closed-loop system (10) and the

error system (12) is uniformly ultimately bounded with the
bound £ given by (24).

Remark 4: It is worth pointing out that the parameters &
and o can be selected by the system designer. Therefore, by
choosing these parameters correctly, we can guarantee better
stability results for adaptive systems. In fact, it can be seen
from equation (23) that a smaller £ can be guaranteed by
choosing parameters ¢ and ¢ which are small enough.
However, we should note that making ¢ small will lead to a
high adaptive gain, and letting &0, the controller (6) will
be reduced to a standard saturation-type controller, resulting
in a tradeoff between the better stability results and large
gains, and the loss of continuity of the controller.

Remark 5: In contrast to some results in the control
literature ([16,17]), the adaptive controller (6) has good
continuity. Thus, it can be easily implemented in practical
engineering.

In the rest of this section, as a special case of the results
obtained above, we consider the uncertain linear system
described by

x(t) = Ax(t) + Bu(t) + £(x(2), 1)) » (25a)
y=Cx, (25b)
where xeR". u and yeR" are the states, input and output, and
A, B and C are constant matrices of appropriate dimensions.

Here, for the system (25), we make the following standard
assumption.

Assumption 5: The matrix pair (4,8,C) defined in
equation (25) is stabilizable and detectable. Transfer
function G(s)=C(sl-4)"'B is minimum phase. The nominal
system of the system (25) is nonsingular high-frequency
gain, i.e. det(CB)=0.

Lemma 1: Consider the system satisfying Assumption 5
as described
{x = Ax + Bu, (26)

y=Cx,
Then, there exists positive definite matrix P and
nonsingular matrix K such that
(A+al -+ BBKC) P+ P(A+al

- LBBKC)+ <0,
BTP=KC,

27
(28)

where o, 8 and y are constants. And the closed-loop
system consisting of the system (26) and u = -1 gKy s
asymptotically stable.

Lemma 1 can be derived directly from the theorem 2.11
and theorem 3.3 in Guo [4].

Thus, for the system (25), the following adaptive robust
feedback controller is presented

u(®)=p, (¥, 1)+ p,(y(0),1)» (29)

where
P (y(),t)=—5 Ky (1) (30)
P (1) 1) = — (p" (1:0)0(1)* Ky 31)

[&yllp” (v:)6 (@) + &
where the matrix K is defined by the equations (27) and
(28), ¢ is any positive constant, §(e) e R” the estimate of
the unknown parameter " € R” with adaptive variable
satisfying

0(t) = =S O(t) + |Ky [T p(y.1) »
where is 0 is any positive constant, ' e R”*” is any
symmetric positive definite matrix, d(z,) = 4, is finite.

(32)

Remark 6: The controller described in equation (29)
consists of two parts p;(e) and p,(e). Here, p(e) is a linear
feedback controller which is used to stabilize the nominal
system, and p,(e) is a bounded, continuous adaptive output
feedback controller which is used to compensate for the
system uncertainties, which are partially known, to produce
some type of stability result.

Applying equation (28) and (29) to (25) yields a closed-
loop system of the form

x(t)=[4 -1 pBBB" Px(2)

+ BLp,(»(0), 1) + §(x(0),0)] - (33)
On the other hand, the equation (32) can be rewritten as the
error equation

0(t)=-oTG (1) +|ky|[Cp(y,)-T0",  (34)

where
0()=0()-0". (35)
Thus, the closed-loop system consisting of the system (33)
and the error equation (34) is uniformly ultimately bounded,
which can be verified by the following Theorem 2.
Theorem 2: Confider the closed-loop system (33) and the
error equation (34) satisfying Assumption 1, 2 and 5. Then,
the solution (x, 5)(t; ty,x(ty), 6‘N(tO )) to (33) and (34) is
uniformly ultimately bounded in the presence of the
uncertain &(x(¢),t) .
Proof: As in the proof of Theorem 1, we define a Lyapunov
function candidate for the equations (33) and (34) as
V(x,0)=x"()Px(t)+ 0T (OT ' (1), (36)
where P € R™" is the solution to the equations (33) and
(34), T is defined by the equation (32). Similar to the proof
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for Theorem 1, taking the derivative of V' (x,8 ) along the
trajectories of the equations (33) and (34) leads to
dv (x,0)
dt

<S5V (x,0)+ &> (37

where

g:min{ZOc, oA i (F)}, §:2g+5‘9* . (38)

From the equation (37), it is obvious that J/ (x,d ) decreases

monotonically along any solution of the equations (33) and
(34) until the solution reaches the compact set
Q=) | Vd) <, ) (39)

where
v, =5z (40)
Therefore, it can be concluded that the solutions (x,8)
(t;t4,x(2,), 6?~(t0 )) of the equations (33) and (34) are

uniformly ultimately bounded with the bound given by (40).

IV. SIMULATIONS

Consider the uncertain nonlinear system as described

X=f(x0)+ g0 +&(x,0),y=x,, (41)
where
-x, —e'x, 0
f(@) = X1 rg(x,t)=|-1}p
—x, —(1+2e)x, - x, 1

E(x,t)=6(1 + x)tsin tsin x,,
where € is an unknown uncertain parameter. If
u, =y, Vo(x,t)=x]} + (1 +e?)x; + (x; —4x, +x,)°
the system (41) satisfying Assumption 1-4. From the

equations (6)-(9), the following adaptive output feedback
controller is obtained

(P (00@)’ D(y, 1)y
D 0y|e" (v,000) + &
0(0)=~8T0(1) + £ |D(».0¥[Tp(r.0)
where D(y,t)=-2(1+e™), p(y,t)=(1+ y*)tfsin¢| .
Letting #=-1, §=001 , T=0.1 , #(0)=0 and
&=0.1 , the initial condition x(0)=(5,3,-5) , the

simulation results of the system responses and the adaptive
variables are shown in Figs. 1-2.

N/

0 05 1 15 2 25 3 35 4

tls

Fig 1. The system (40) responses

09
08
07
08
el
0.4
03
02

01
tfy

0 04 1 14 2 24 3 14 4

Fig 2. The adaptive variable é(t) .

V. CONCLUSION

The problem of robust output feedback stabilization for a
class of nonlinear systems with partially known
uncertainties is considered. A class of continuous adaptive
robust output feedback controllers that can guarantee
uniform ultimate boundedness of the resulting closed-loop
systems in the presence of uncertainties is proposed. In
contrast with some results presented in the control literature,
the adaptive law for updating the estimate values of the
unknown parameters is continuous, and the existence of the
solutions to the resulting closed-loop systems in the usual
sense can be guaranteed. Moreover, due to the continuity of
the output feedback controller and adaptive law, the
proposed adaptive robust output feedback controller is
easily implemented in practical robust control, and no
chattering will appear in practical systems.
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