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Abstract— This paper develops new classes of CDMA power

control designs by exploiting passivity properties of a gradient- pim 2L dUi LAk 5 dPi(pi) 4)
type algorithm proposed in the literature. The new control IPi T NN hypgto? i
algorithms offer further design-flexibility, which can be ex- ki

ploited for improved performance and robustness. In our first . - S
design, we extend the base station algorithm with Zames- and prove asymptotic stablity of the Nash equilibrium

Falb multipliers which preserve its passivity properties. In Under several assumptions on the functibin¢) and 7 (-),
our second design, we broaden the mobile power update laws and on the number of users.
with more general, dynamic, passive controllers. In this paper, we present new classes of power controllers
which include the design of (4) above as a special case.
) o These classes are obtained by exploiting passivity priggsert

In wireless communication networks, power must by the feedback interconnection of the-subsystems, in
regulated to maintain a satisfactory quality of service fofyhich the mobilei updates its own power based upon
users._lncreased power ensures Ior}ger transmissiona#stay feedback from the base station generated by a static
and higher data transfer rate, but it also consumes battef\orithm. In our first design, we generalize this baseatati
and produces greater amount of interference to neighboriRgyyic algorithm with Zames-Falb multipliers which preser
users. In code division multiple access (CDMA) systemsis nassivity properties and, thus, the system stability. |
this probleg: has been studied as an optimization problerg, second design, we broaden the mobile power update
where the/"* user minimizes its powep;, while maximiz- |35 with more general, dynamic, passive controllers. The

I. INTRODUCTION

ing its signal-to-interference ratio (SIR) additional design flexibility, offered by the new contrafie
Lhipi can be exploited for improved performance, robustness,
i (p) = S e £ 07 (1) etc. When applied to the first-order controller (4), our

fei iPk passivity-based stability analysis eliminates the retstm

on the number of users, employed in [4]. In this paper,
hi is the channel gain between thig* mobile and the we consider a single base station. For multiple statiores, th

base station, and? is the noise variance containing the>aMme switching-based analysis presented in Alpesal.

contribution of the secondary background interference. T@'] is applicable. The passivity-based methodology in this

regulate the power of each user, Debal. [1], Zander [2], paper is similar to our earlier work for wired networks [6].

and Yates [3], pose the constrained optimization problemHowever’ the physmal structure and the design set-up are
fundamentally different.

) The paper is organized as follows. In Section 2 we
present our passivity-based stability analysis, and desig

where~!“" is a threshold chosen to ensure adequate quali@j €xtended class of price algorithms for the base station.

K2

of service. An alternative noncooperative game-theoreti® Section 3, we present our generalized power update
formulation is given by Alpcaret al. [4], [5], where each laws for the mobiles. Conclusions are given in Section 4.

where L is the spreading gain of the CDMA system

minp;  subject toy; (p) > 7",
1

user tries to maximize Throughout the paper, we will ugarojection functionsto
ensure nonnegative values for physical quantities, such as
max J; = U; (v (p)) — P; (p;) - (3) Power. Given a functionf (z), its positive projection is
i defined as
In this fqrmulation, U; is a utility function for .the ith N f(z) ifx>0 orz=0andf(z)>0
user, which represents the demand for bandwidth, Bnd (f (%)), = { 0 if 2 =0 and f (z) < 0.

represents the cost of power. The authors then propose the
gradient update law If = and f () are vectors, therif (x)); is interpreted in

_ _ _ the component-wise sense. Whéfi(z))T = 0, we say
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I1. PASSIVITY-BASED STABILITY ANALYSIS
1
In this section, we first present a passivity-based stgt w _ 22\ 4
proof for the algorithm (4), and next exploit this pass J g .
ity property to derive broader classes of controllers. s,
following assumption is used throughout the paper: - v
Standing Assumption: The functionP; (-) in (3) is twice h W
continuously differentiable, nondecreasing, and styicthn- i
vex inp;, i.e.,
q 1 y '
OP; (p; 0% P; (p; P\Y)=— 2 o J— )
R S -
Opi Op;
and Fig. 1. First-order gradient algorithm of CDMA power coritro
Ui (i) = uilog (vi + L), (6)
) ) In this representation the forward block corresponds to the
whereu; is a constant, andy; and L are as in (1). mobiles and the feedback path corresponds to the base

station.
As shown in Alpcanet al. [4], [5], this assumption
ensures that a unique Nash equilibrium exists for the game
(3). The choice of the logarithmic utility function in (6) is

inaful b " ts th . hievabl Denoting byp* the unique Nash equilibrium, and hy,
meaningful because it represents the maximum achieva qe andw*, the corresponding values in (10), (11) and (12),

bagdvgidttt:\ ?S in Shannon’s Theorem [7]. Noting from (ulve prove in Proposition 1 below that the forward block
and (6) tha is passive from(w — w*) to (p — p*). Next, because the

feedback block is a nondecreasing functionypft satisfies
u; (Z hipr + 02> the sectorproperty
dU; (i) N ki 7
B S+ o?) (4-4) =y 2 0. (14)

and substituting (7) in (4), we rewrite the controller (4) adBecause pre-multiplication by. and post-multiplication
by its transposeh”, preserve passivity, stability of the
equilibrium follows from the Circle Criterion:

, (8) Proposition 1: Consider the feedback system (9)-(13),
represented as in Figure 1. The forward system from
(w — w*) to (p — p*) is passive, and the equilibrium= p*

where the projectiom); is added to ensure positivity of is globally asymptotically stable.

pi- To prepare for our passivity analysis, we et be the  Proof: The derivative of the storage function
number of the mobiles,

+
) dP; (p;) uiAih;
i = | =\ +
P dp; > hipr + 02
%

Pi

N 1 1 2
hi=[h hy - hy " 9) V(pfp):§zui)\i(pﬁpi) (15)
1 along the solution of (13) is
=9y =——> (10) g 13)
y+o
=nT 11 — oy [ Nows
Y p 11y v z; .y (pi — p}) ( i b, + uz)\zwl>m
1 dP; (p;
w:=—h-q (12) < s (pi — p}) (_>\i dlgp ) + Ui)\iwi) :

and represent (8) as in Figure 1, where the diagonal entries ) L .
53, of the forward block are given by This follows because, if the projection is actiyg,= 0 and

—Ai%(f” + u; \;w; < 0, which means that the left hand
N side oflO the inequality is zero, and the right hand side is
<_)\‘dPi (i) N ukw,) . (13) non-negative. Next, by adding and subtractingw;, we

Ei : 'i =
b dpi get

Pi
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q=—-7(s) [#] . (21)

y+o?
VY A i-p)) | ~A O L A el 4w, If Z (s) is designed to be an inverse-Zames-Falb multiplier
' \\,—« as in (19) withZ (0) = 1, then the equilibrium is the same
dPZS:") as the one in (9)-(13), and is GAS.
—E:%ﬂmpﬁ<d?g”+d7£?)>+@fVWwwﬂ,
)
(16) !
where the first term satisfies ( ) e > . b
1 dP; (p;) dP; A
S —i-p) |- o) | BB o vy gy Zy
- U; dpi dpz \J
since eachp; is strictly concave. Thus, we conclude h hr
| 1
) * * * | |
V<p-p) (w—w), Vp#p" (17) ! | : /I\
q =— -« )
which proves passivity fronfw — w*) to (p — p*). Finally, | Z(s) = () y+o? | N
substitutingw — w* = —h - (¢—¢*) and y — y* = ! :
RT (p — p*), we conclude from (14) that o |
T T Fig. 2. The modified base station price update.
(p—p") (w—w") = (p—p") [~h-(g—q")]
w11 *
= - -p)] (@-q)
= —(y—y*)(g—¢") <0 (18) Proof: At the equilibrium,
. . . _ O 1 1 1 «
which, combined with (17), proves GAS ~7(s) { . 2] = —7(0) — = —— S =,
Y +o y o y* +o

Note that, unlike the proof in [4], we have made no
assumptions on the number of users. A further advantaﬁé’iCh implies the equilibrium is unchanged. Due to the
of our passivity approach is that it gives us further desighnearity of Z (s), we can represent the return system as the
flexibility. We now use this flexibility to present a broadercascade of the inverse-Zames-Falb multipie(rs) and the
class of algorithms for the base station. To this end, wlonlinearity
exploit the monotone increasing property of the feedback . . 1 1
nonlinearity in Figure 1 and augment it with the following 1—q =ely) —el)= Tyt o2 + v +02
class of multipliers which, as proved in Zames and Falb [S]d b ). Si e _ .
preserves passivity of the feedback block: riven by (y —y*). Since @ (y —y") = ¢ (y) — ¢ (y")

Definition 1: The class of proper transfer functiorigs) |sr(;‘|r(satr—tth|(r)? igcg:jsr:nzta?nn:s-rl?;go?zﬁi' Ilite]rcg"toh\,: tfggmmf[ﬂf
is called inverse-Zames-Falb #(s) is strictly stable and property S P
system Is passive, I.e.,

T
VL) = mo = ) ), 49 [ a-oyw=vyae>—pz o). @
wheremy, n are positive constants and the impulse response 0
of F(s), f (t), satisfies where z; is the internal state of (s) and u(-) is a
nonnegative function (see [8], [9] for proofs of this prop-
F(t) >0, > £(t) < mo. (20) erty). We now show the closed loop stability by usikig

_ 0. _ in Proposition 1. The derivative oF along the solution
Our new base station algorithm is the cascadé 0f) and  again satisfies (16). Integrating both sides and denoting
the nonlinearityp (-) in (10), as depicted in Figure 2 with pi=p—p*, we get
the dashed feedback block. Its stability follows from the
same arguments as in Proposition 1, because a monotone
first-third quadrant nonlinearity (10) cascaded with iseer
Zames-Falb multiplier (19) is passive [8], [9]:

Theorem 1:Consider the feedback interconnection

where

shown in Figure 2, where the mobile power control law .
is given by (13) and the base station price update (10) is 7 (5 (1)) :— > 1 (ps — p?) (dPi (pi) dP; (Pi))
replaced by u; ‘ dp; dpi

+f (p—p*) T (w—w*)dt

£)d
(B(e)de— [ <y y*)(g—q")dt,
i (23)

V(HT) -V E0)<— [ W
— [T w(

%
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is positive definite as in (16) and the equality in (23) folfow in Appendix C in [10], the forward system frofw; — w;)

from (18). Substituting (22) in (23), we obtain to p is passive. Now consider the return system, and let
V)<V )+ upx / W (p . .
(p( )) (p( )) ,u Z Vg(y—y ): fyy* SO (y )) (26)
<V 24 — (v 1
(B ( ))+M($Z()) (24) _fy*( €+02+u+ )d{
which proves boundedness pf. To provep — 0, we note
from (24) that whereV; (0) = 0, V5 (0) = (yTlgz - y-ﬁ-;o)‘ =0,
Y=y~
T and V2V, = > 0, so V4 is a non-negative definite
~ < ~ ) . ( + 2)2 2
/0 Wp®)dt <V (p(0) +p(xz(0)) function. This return system from to (¢ — ¢*) is passive
Then, using boundedness ¢f we can apply Barbalat's since
Lemma [11] to conclude thai — 0 asymptotically. Since ) 1 1 ) o
Z(s) is stable, its internal states also converge to the Vo=~ (y T2y +02) y=(q—4q)9.
corresponding equilibrium values.
O
I1l. AN EXTENDED CLASS OF POWER CONTROL We note that stability of the equilibriump*, proved in
ALGORITHMS Proposition 1, can also be established from Proposition

In Section 2, we extended the price update law for thé, because the negative feedback interconnection of two
base station using the passivity property of the forwargassive systems is stable. The advantage of this passivity
block from (w — w*) to (p — p*), and the monotone non- perspective is that it allows us to design a broader class of
decreasing property of the feedback block in Figure 1. Ipower control schemes for the mobiles. A natural general-
this section, we first prove another passivity property ifization is to replace the first-order control law (8) by a more
Figure 1, this time fromw — w*) to p, and next use it to general class of passive systems:
generalize the power update law for the mobiles. Theorem 2:Consider the feedback interconnection

Proposition 2: Consider the feedback system (9)-(13)shown in Figure 2, where the base station price update is
represented as in Figure 1. The forward system fromgiven by (10) and the mobile power control law (13) is
(w — w*) to p, and the return system frogto — (¢ — ¢*)  replaced by
are both passive.

Proof: For the forward system, we let

&= (Aifz‘ + B; (-Ai% - %))Z , &G EeER™

Vi(p—p*)=Y wxy M (Pi(pa) = Pip])) —usdiw] (pi—p;)) AP (pi) o
: pi = (Cz‘fi + D; (_/\i% - qz)) _
whereV; (0) = 0. The derivative of each component Bf be (27)
with respect top; is If the i*" subsysten(4;, B;, C;, D;) has the structure
oV, 1 dP; (p;

Pi Uil Di —aj 0 b
which, when set to zero, has the unique solutiop at p*. —Q42 bi2
Because the second derivative is Ai = » Bi = : )

82‘/1 1 0 — b
_ _P// > O, Qi n; i,m
op?  uy ! 1) Ci=|ca ca - cin |, Di=6i,

(28)
with a;; > 0, b;; > 0, ¢;; > 0, §; > 0, Vi, j, then the
equilibrium (¢, p) = (0, p*)of the interconnected system is

we conclude that/; is a positive definite function.
Next, we note that the derivative &f is

GAS.
Vi =3 o (/\i%épi) *uz‘)\iwf) Di Proof: We first show that the modified system (27) is

4 P, ( ) o passive fron(y; — w*) top. Con§|der the following positive

XZ: Wi ()‘ g wl) Pi + (wi —wi) pi definite function for thei mobile:
+

1 4B() AP oy no

; Ui )\7, uz)\ wl) ( )\2 dp; + Uz)\zwl)pi Vl,; (g’mpl - p:) = ‘Zl 25; 12]
+ Wi 7= * * *
(e gy i Ou(R0) = ROD) w0 p).

Because the first term is negative definite, as can be showhe derivative ofl;, along the solution (27) and (10) is
from the uniqueness of equilibrium® and the discussion (after adding and subtracting; from w;:
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Vi, (& pi = p7)
Z: 'J‘( aij{ij"l‘bij(_)\ipil(pi)+ui>\iwi))§ij}

i

+
v (X P} (pi)—uiXiw; ) (Z Czjﬁij+5i(AiPi/(Pi)Jrui/\iwi))

+w;
=1

Pi
+(w; —w; )pi.

(29)

We first note that

b iy (=aij€is + bij (“NP] (pi) + uihiwi))
s +
= (4 + ety (AP () + udw))

4 30)

IV. CONCLUSION

In this paper we have first proven a passivity property
for the first-order gradient design of [4] for CDMA power
control and, next, used this property to develop more génera
classes of passive controllers. These extended congoller
preserve stability properties of the first-order designe Th
additional design flexibility can be exploited for several
objectives, such as for improved robustness to disturtsance
(such as unmodeled secondary interference effects from
neighboring cells) and to time-delays (propagation dglays
as well as for improved performance. As a starting point,
in the companion paper [13], we have characterized the
robustness of the first-order gradient design against rdistu
bances and time delays. Our next step will be to develop
systematic designs of the Zames-Falb filters for the base

which is immediate if the projection is inactive. If the stations, and of the extended power update laws for the
projection is active, thert;; = 0, and both sides of the mopiles, to improve these robustness properties.

equality are zero. Next, we claim that

n; +
()\iPil(pi)_ui)\iuh') (Z Cij&ij"l‘éi(_)\iPi/(pi)JFui)\iwi))

Pj
ng

S(Aipi/(m)*uq‘,)\iwi) Z cij&ij
j=1
+5z‘(/\riP;(Pi)—ui)\iwi)(—XiPL/(Pi)-i'ui/\iwi):_<

i

If the projection is inactive, the inequality holds since

If the projection is active, then

i: cij&i; + 6;
=1

(=X P} (pi) + uidjw;) <0,

which implies—\; P/ (p;) +u; \;w; < 0 sinced; > 0. Thus,

di (NP} (pi) — widiwi) (=N P} (pi) + ui)\iwi);; =0,

and the left hand side of (31) is zero and the right hand[

side is non-negative.
Substituting (30) and (31) in (29), we obtain

Vi, (& pi — D7)
Si — TR 40 (M Pl (o) —uidiws ) (<A P (pi) ui iws )
+(JU=)i1*wf )Pi

from which it follows that

M
—i <Z Vli + Vz)

<Z azg 115 455 (,\ P (pi)— ui)\iwi)(7)\1'Pi/(pi)+ui/\iwi):"

Following the same argument after equation (25), we con-

(1)
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clude that the right hand side of the inequality is negative

for (£,p) # (0,p*) and, hence, the equilibriurfD, p*) is

GAS.
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