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ABSTRACT

This paper proposes modifications to an industrial paper
machine cross-directional (CD) controller, initially designed
assuming process spatial invariance, near the sheet edges
where the assumption of spatial invariance is clearly vio-
lated. The resulting design problem is equivalent to a block-
decentralized static output feedback problem. The proposed
approach sequentially synthesizes each block, resulting in
an internally stable loop with nominal performance and
robustness criteria satisfied.

I. I NTRODUCTION

The assumption of spatial-invariance is necessary for the
application of the many new tools [1], [2], [5], [12] devel-
oped for the analysis and controller synthesis of spatially
distributed control systems. With this assumption, controller
synthesis can be significantly simplified. However, when
the controllers are implemented on real systems with a
spatial domain of finite width, the actual spatial boundary
conditions (BC) are invoked [3]. Because of the idealized
BC assumed in the design process, there is no guarantee
of performance or even stability around the boundaries.
A class of bounded, spatially distributed systems with its
boundary conditions, for which stability and performance
are guaranteed after implementing a controller designed
assuming spatial invariance of the process is presented in
[7].

An industrial example of a spatially distributed, large
scale, multivariable process is the paper machine cross-
directional (CD) control system. A paper machine pro-
duces a sheet of paper up to 11m wide. The objective
of CD control is to reduce the variations of the paper
sheet properties of interest (which include weight, moisture
content, and thickness) in the cross-direction (the direction
perpendicular to sheet travel) as efficiently as possible [3],
[4], [11]. Most often, each one of these properties is con-
trolled with a separate controller using 30–300 identically
constructed and evenly distributed actuators in the cross-
direction. The scanning sensor is mounted downstream from
the actuator array and measures the sheet properties at up
to 2000 locations across the sheet. The CD component of
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the measurement profile is subsequently spatially low-pass
filtered and downsampled to the actuator resolution.

Industrial CD controllers, of interest in this paper, are
essentially 2D (spatio-temporal) filters, causal in time and
noncausal in the spatial domain [5], [9], [12]. In particular,
we will consider the case in which these systems have been
tuned using a two-dimensional loop shaping technique1

[11], [12]. The spatial invariance approximation is central to
this technique. The two-dimensional loop shaping technique
has been successfully introduced to the industry, and to date
has been implemented on more than 100 paper machines
worldwide. However, as the process characteristics are
different around the edges from those in the rest of the sheet,
the initially computed spatially-invariant CD controllers are
modified near the sheet edges before implementation on a
paper machine [9].

The main contribution of this paper is a novel approach
to the redesign of CD controllers to accommodate spatial
domain boundaries, where the initial controller has been
computed assuming idealized periodic boundary condi-
tions. The objective is stated in terms of a static output
feedback (SOF) design problem via appropriately defined
linear fractional transformations (LFTs). The subsequent
design approach is based on a novel low-bandwidth SOF
controller synthesis algorithm. The algorithm is sequentially
implemented on two constant matrix components in the
existing industrial controller, modifying the CD control
law near spatial domain boundaries by directly taking into
account the relevant control engineering criteria: closed-
loop stability, performance, and robustness. The objective
of this work was to prepare for an industrial trial, that has
subsequently been completed [8].

The main characteristics of the paper machine CD con-
trol systems and the objective of this work are given in
Section II. The new approach to CD control near spatial
domain boundaries is detailed in Section III. An example
is presented in Section IV and conclusions in Section V.

II. PROBLEM STATEMENT

A. Paper Machine CD Control

The standard model of a paper machine CD control
system, subject to process output disturbances, is given by:

y(z) = G(z) · u(z) + d(z), u(z) = K(z) · y(z) (1)

1This is done for convenience as we will implement the proposed design
on a controller tuned in this way. The proposed design only requires the
original controller to be stabilizing.



wherey(z), u(z) ∈ Cn (C - set of complex numbers) are
the Z-transforms of the output (measurement) profile and
the input (actuator) profile respectively, andd(z) ∈ Cn

is theZ-transform of the process output disturbance. The
objective of the CD controllerK(z) ∈ Cn×n is rejection of
disturbancesd(z). The number of actuators30 ≤ n ≤ 300
as stated above.

The process model’s transfer matrixG(z) ∈ Cn×n can
be written as:

G(z) = [I − Az−1]−1Bz−d (2)

where the constant matricesA and B ∈ Rn×n have a
Toeplitz symmetric structure2:

A = toeplitz{a0, 0, 0, . . . , 0}
B = toeplitz{b0, b1, . . . , blb , 0, . . . , 0} (3)

The coefficients modelling the spatial response[b0, · · · , blb ],
the discrete-time polea0, and the process model deadtime
d are identified from input-output paper machine data, e.g.
using commercial software described in [6]. This structure
and the use of a band-diagonal Toeplitz matrixB in (2) is
standard in the modelling of CD processes [4]. The structure
of the industrial CD controller of interest in this paper,K(z)
in (1), is given by:

K(z) = [I − Dz−1]−1D · C · c(z) (4)

with real matricesC and D ∈ Rn×n, and scalar transfer
function c(z). The scalar transfer functionc(z) is a stable
deadtime compensator known as the Dahlin controller in
the process industries [11].

The two-dimensional loop shaping controller tuning tech-
nique, presented in [12], is based on approximating the
process model as spatially-invariant by imposing spatially
periodic boundary conditions. This amounts to approximat-
ing the process Toeplitz symmetric matricesA andB in (2)–
(3), with the corresponding circulant symmetric matrices
Acs, Bcs ∈ Rn×n:

Acs = toeplitz{a0, 0, 0, . . . , 0}
Bcs = toeplitz{b0, b1, . . . , blb , 0, . . . , 0, blb , . . . , b1} (5)

Such an approximation, physically speaking, is equivalentto
assuming that the paper machine produces a tube rather than
a sheet of paper. As a result of the assumed process spatial
invariance, an optimal controller will also be spatially-
invariant [12]:

Ccs = toeplitz{c0, c1, . . . , clc , 0, . . . , 0, clc , . . . , c1}
Dcs = toeplitz{d0, d1, . . . , dld , 0, . . . , 0, dld , . . . , d1} (6)

where the coefficients[c0, c1, . . . , clc ] and [d0, d1, . . . , dld ]
are determined by the controller tuning, and specify the
number of off-diagonal elements of the matricesC andD
respectively.

2Denoted using MATLAB notation.

However, the physical reality is that the controller must
be implemented on a process that is more accurately mod-
elled by the Toeplitz matrices given in (3). As a result,
the initially computed spatially-invariant controllerK(z),
given with (4) and (6), is modified near the spatial domain
boundaries before it is implemented in the industrial control
system. The current industrial practice designs these modifi-
cations based on signal processing techniques for extending
finite width signals: zero, average, and reflection padding
[9]. Subsequently, the same control law is implemented near
the boundaries as in the middle of the sheet. Unfortunately,
such anad hocmodification of the CD control law near the
edges does not take into account closed-loop characteristics
of the resulting control system, and can lead to seriously
degraded performance (even instability) near spatial bound-
aries [9].

B. Objective of this work

Let us define the modifications to the existing controller
matrices in (4) in terms of additive matrix perturbations
δC, δD ∈ Rn×n in Fig. 1. The elements ofδC andδD are
given by,

[δC]ij =







δcij , 1 ≤ i ≤ nC1 andn − nC1 + 1 ≤ i ≤ n
1 ≤ j ≤ nC2andn − nC2 + 1 ≤ j ≤ n

0, otherwise
(7)

[δD]ij =







δdij , 1 ≤ i ≤ nD1 andn − nD1 + 1 ≤ i ≤ n
1 ≤ j ≤ nD2andn − nD2 + 1 ≤ j ≤ n

0, otherwise
(8)

with lc ≤ nC1 ≤ n/2, ld ≤ nD1 ≤ n/2,
and 1 ≤ nC2, nD2 ≤ n. However, most often
nC1, nC2, nD1, nD2 � n, resulting in only the upper-
left and lower-right corners of the matricesδC and δD
being different from zero. The parameterslc and ld are the
respective widths of the matrix bands ofC andD in (6).
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Fig. 1. CD control system with control law modifications,δC andδD,
near the sheet edges.

By factoring out controller perturbationsδC and δD as
shown in Fig. 1, a lower linear fractional transformation
(LFT) as illustrated in Fig. 2, can be defined. The general-
ized plantP (z) in Fig. 2 consists of the closed-loop transfer
functions that can be obtained, after some straightforward
algebra, from the system shown in Fig. 1.

As pointed out in Section II-A, the modificationsδC
andδD currently used in industrial CD control systems do
not take into account relevant control engineering criteria
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Fig. 2. Problem reformulated in terms of linear fractional transformation
(LFT).

and can lead to very poor control near spatial domain
boundaries.

The objective of this work is to find a block-diagonal
compensatorE in Fig. 2, such that:
(1) δD, δC ∈ Rn×n are static matrices with
nC1, nC2, nD1, nD2 � n in (7) and (8).
(2) The resulting closed-loop system is stable.
(3) The closed-loop performance of the system, as
measured by the 2-norm of the process output vector at
low frequencies, is improved:

‖y(ejω, E)‖2 < ‖y(ejω, 0)‖2, ∀ |ω| < ωb, (9)

for someωb > 0.
(4) The gainM(ejω, E) : d → u is limited across all the
frequencies, i.e. for a given weightW (ejω) > 0:

σ(M(ejω, E)) < W (ejω), ∀ ω, (10)

whereσ(·) denotes the maximum singular value.
The first requirement above is the consequence of the

main objective of this work: designing a localized mod-
ification of the existing control law near the sheet edges
without changing the controller structure. The need for the
second requirement is obvious. The third requirement is
in accordance with the main objective of CD control: the
reduction of process output variations as measured by its
vector 2-norm. The fourth requirement is a result of the de-
sired preservation of the system robustness characteristics3.

III. SEQUENTIAL DESIGN OFSOF COMPENSATORS

In this work the design ofδD and δC in Fig. 2 will
be performed sequentially as it is very difficult to design
a static output feedback (SOF) compensatorE with an
additional block-diagonal structure constraint4. A novel
low-bandwidth SOF controller design algorithm, outlined
in Section III-A, is used for computing CD controller
modifications in Section III-B.

3In the two-dimensional loop shaping procedure, the process model
uncertainty is modelled as additive uncertainty, and subsequently‖K[I −
GK]−1‖∞ is a measure of system robustness.

4A wide variety of SOF problems are analyzed in [13] and references
therein.

A. SOF controller synthesis

In this work, we are concerned with a stable, finite-
dimensional generalized plantN(z):

N(z) =





N11(z) N12(z)
N21(z) N22(z)
N31(z) N32(z)



 , (11)

illustrated in Fig. 3. The signald(z) represents the ex-
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Fig. 3. Diagram of the lower linear fractional transformation Fl(N, K).

ogenous input,wa(z) and wb(z) represent the exogenous
outputs, y(z) represents the feedback signal, andu(z)
represents the control signal. Let the generalized plants
Na(z) andNb(z) be defined as5,

Na =

[
N11 N12

N31 N32

]

, Nb =

[
N21 N22

N31 N32

]

, (12)

then the input-output transfer functions,d(z) → wa(z)
and d(z) → wb(z), are given by lower linear fractional
transformations5:

Fl(Na,K) = N11 + N12K(I − N32K)−1N31

Fl(Nb,K) = N21 + N22K(I − N32K)−1N31 (13)

The objective is to design a compensator such that:
(a) the controllerK(z) = K0 is a static matrix,
(b) the feedback system withK(z) = K0 is stable,
(c) the compensator improves the closed-loop performance
as measured by the Frobenius norm,

‖Fl(Na(ejω),K0)‖F < ‖Fl(Na(ejω), 0)‖F , (14)

∀ |ω| < ωb, for someωb > 0,
(d) the performance at higher frequencies is not overly
degraded. In other words, a constraint,

‖Fl(Nb(e
jω),K0)‖∞ < 1, ∀ω (15)

is satisfied.
It can be seen that the above requirements (a)–(b) com-
pletely correspond to the requirements (1)–(2) in Section
II-B. Also, the requirement (c) above is closely linked to the
requirement (3), as the Frobenius norm is related to the sum
of all singular values [10], and‖y‖2 directly depends on the
singular values of the corresponding closed-loop transfer
function d → y.

SinceN(z) in (11) is stable, the internal stability of the
closed-loop system in Fig. 3 is equivalent to the input-
output stability ofK(z)(I−N32(z)K(z))−1 in (13). We can

5Transfer functions’ argument(z) is omitted for brevity.



then write down the familiar parametrization of stabilizing
controllersK(z) for the feedback system in Fig. 3,

K(z) = Q(z)(I + N32(z)Q(z))−1 (16)

for stable Q(z) (see for example [14]), leading to the
convenient form of the LFTs in (13),

Fl(Na(z),K(z)) = N11(z) + N12(z)Q(z)N31(z) (17)

Fl(Nb(z),K(z)) = N21(z) + N22(z)Q(z)N31(z) (18)

Consider the low-frequency requirement on the Frobenius
norm in (14). Using (17) we can write the LFT at steady-
state (ω = 0),

Fl(Na(ej0),K(ej0)) = N11(e
j0)+N12(e

j0)·Q(ej0)·N31(e
j0)

(19)
Now consider the following optimization problem motivated
by (19),

Q0 = arg min
Q∈R

J(Na(ej0), ρ,Q)

J =
∥
∥N11(e

j0) + N12(e
j0) · Q · N31(e

j0)
∥
∥

2

F
+ ρ ‖Q‖2

F (20)

A closed-form solution to this optimization problem for
a real static matrixQ0 is given in [8]. Subsequently, the
resultingQ0 from (20) is used to form the static controller
K0 (requirement (a) above),

K0 = Q0(I + N32(e
j0)Q0)

−1 (21)

The first term in optimization (20) is intended to address
the above specified performance requirement (14), while
the second term is intended to limit the magnitude of the
synthesized matrixQ0. The conditions onρ and generalized
plant N(z), such that the stability condition (b) and the
dynamical condition (d) above are satisfied, are determined
by Theorem 1 below. The closed-loop performance im-
provement (14), with the CD controller designed using the
above outlined algorithm is guaranteed by Theorem 2.

Theorem 1:(Stability and Full Bandwidth
Performance Limit) If N(z) in (11) is stable,
σ̄(Fl(Nb(e

jω), 0)) < 1 for all ω, and ρ > β in (20)
where

β =
√

r12r31 · σ̄(N12(e
j0)) σ̄(N31(e

j0)) σ̄(N11(e
j0)) ·

{
∥
∥N32(z) − N32(e

j0)
∥
∥
∞

+
‖N22(z)‖

∞
· ‖N31(z)‖

∞

1 − ‖N21(z)‖
∞

}

(22)

with the integersr12 andr31 denoting the rank ofN12(e
j0)

andN31(e
j0), respectively. ThenK0 synthesized from (20)–

(21) stabilizes the feedback system in Fig. 3 and

σ̄(Fl(Nb(e
jω),K0)) < 1, for all ω (23)

whereσ̄(·) denotes the maximum singular value.
Proof: Given in [8].

Theorem 2:(Low Frequency Performance Improve-
ment) If N(z) in (11) is stable, then for anyK0 6= 0
constructed from (20)-(21) that stabilizes the system in Fig.
3, there exists a frequencyωb > 0 such that

∥
∥Fl(Na(ejω),K0)

∥
∥

F
<

∥
∥Fl(Na(ejω), 0)

∥
∥

F
(24)

for all |ω| < ωb.

Proof: Given in [8].

The value for the weightρ in (20) is determined through
bisection onρ to produce aK0 in (21) such that the
requirements (b)–(d) are successfully traded off, and is
initialized with the value computed based on Theorem 1.
Subsequently, the bisection continues as long as the stability
and full bandwidth requirements are satisfied, and until
the difference between the two consecutive values of the
weightρ in (20) is smaller than some specified value of the
tolerance.

B. Computing CD controller modifications

The first step in the proposed CD controller modifica-
tion is a replacement of the initially computed spatially-
invariant controller matricesCcs and Dcs in (6) with
their corresponding Toeplitz symmetric matrices. Next, the
final controller modifications are computed using the SOF
algorithm in turn on theδD and δC matrices in Fig. 1
and 2, presented in Section III-A. Since the SOF algorithm
requires stable systems, the closed-loop stability of the sys-
tem with Toeplitz symmetric process and controller models,
is assumed. Based on numerous industrial data, as well as
simulation studies, this is not a restrictive assumption and is
only violated in certain pathological examples. However, if
the system with Toeplitz symmetric process and controller
models is not stable, then a stabilization procedure is
required. Such a stabilization procedure is presented in [8].

P(z)
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W7
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W6
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W5
ud
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yd

uc
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Pe(z)

Fig. 4. Isolating system inputs/outputs near one edge.

Since the two edges of the paper machine are modelled to
be identical, it is enough to retune the controller at one edge
only. Subsequently, the corresponding modifications at the
other edge can easily be found by symmetry arguments.
Factoring out the control system inputs and outputs near
one edge, based on the closed-loop system in Fig. 2, is
performed with rectangular weightsWi, i = 1, 2, . . . , 7, as
illustrated in Fig. 4. The weighting matricesWi are defined



as:

W2 = [InD1
0nD1×(n−nD1)]

︸ ︷︷ ︸

nD1×n

, W3 = [InC1
0nC1×(n−nC1)]

︸ ︷︷ ︸

nC1×n

,

W4 = [Iny
0ny×(n−ny)]

︸ ︷︷ ︸

ny×n

, W5 = [Inu
0nu×(n−nu)]

︸ ︷︷ ︸

nu×n

,

W1 =

[
Ind

0(n−nd)×nd

]

︸ ︷︷ ︸

n×nd

, W6 =

[
InD2

0(n−nD2)×nD2

]

︸ ︷︷ ︸

n×nD2

,

W7 =

[
InC2

0(n−nC2)×nC2

]

︸ ︷︷ ︸

n×nC2

(25)

The matricesW2,W3,W6,W7 are used to convert the
matrix sub-block design into a full-block design problem
(De = WT

6 · δD · WT
2 , Ce = WT

7 · δD · WT
3 ), i.e.,

[De]ij =δdij , 1 ≤ i ≤ nD1 and1 ≤ j ≤ nD2,

[Ce]ij =δcij , 1 ≤ i ≤ nC1 and1 ≤ j ≤ nC2, (26)

whereδcij andδdij are the same as those elements in (7)–
(8). In other words,Ce ∈ RnC1×nC2 andDe ∈ RnD1×nD2

are the non-zero, upper-left elements of the matricesδC
andδD in (7)–(8), respectively. The matricesW1,W4,W5,
on the other hand, are used to isolate the sheet edges for
consideration in the performance design.

The order of the transfer matrixPe(z) in Fig. 4 can easily
reach into the thousands for practical systems. However,
most of these states can be eliminated using the order
reduction procedure based on Hankel singular values as they
are mainly related to the inputs/outputs located in the middle
of the sheet and the other machine edge. Based on the
diagram given in Fig. 4, the linear fractional transformations
(LFT’s) for computing modificationsCe andDe in (26) can
be defined. They are presented in Fig. 5a and 5b. The design
of Ce and De is performed by alternately synthesizing
one matrix component while holding the other fixed. The
synthesis procedure is the SOF method of Section III-A.

Pe(z)

eD eC

PC(z)

eC eD

Pe(z)

PD(z)
(a) (b)

Fig. 5. Linear fractional transformations for sequentiallycomputing (a)
Ce and (b)De modifications.

IV. EXAMPLE

Simulation studies presented in this section were carried
out using the real industrial identification and controller
tuning software detailed in [6], [11] (residing on one

computer), and a hardware-in-the-loop simulator (residing
on another computer). The CD control system, presented
below, describes an array ofn = 36 slice lip actuators being
used to control the paper sheet basis weight profile6. The
parameters of the process model in (2)–(3) were identified
using software described in [6] with the size of the matrix
B in (3) bandlb = 6 and

{b0, . . . , b6} = 10−3 · {0.1652, 0.2044, 0.0789,

−0.0382,−0.0169,−0.0009, 0.0001}
a0 = 0.855, d = 2 (27)

The feedback controllerK(z) in (4) was designed using
the standard two-dimensional loop shaping technique [11],
[12]. The obtained controller parameters in (6) had matrix
band sizeslc = 4, ld = 1, with:

{c0, · · · , c4}={−0.2089,−0.2129,−0.0487, 0.0856, 0.0481}
{d0, d1}={0.9878, 0.0061} (28)

The parameters of the Dahlin controllerc(z) in (4) are also
produced by the two-dimensional loop shaping design, but
as not being central to this work, they are omitted here
for brevity. Subsequently, the initially computed circulant-
symmetric controller matrices are replaced with the cor-
responding Toeplitz symmetric matrices. After confirming
stability of the system with the process and controller
Toeplitz symmetric matrices, the procedure for modifying
CD control near the edges, presented in Section III, can be
implemented.

The closed-loop simulations have been performed with
the steady-state process output disturbance,d(z) in (1), as
shown in Fig. 6. Near one edge (left side), the disturbance
has a significant high spatial frequency content, and near the
other (right side), has a smoother appearance. The first type
of disturbance very often leads to system instabilities in real
life CD systems as the actuator array attempts to remove the
uncontrollable (high frequency) modes of the process output
disturbance. The second type of disturbance (introduced
near the right edge) is usually successfully attenuated by
the control systems. The closed-loop simulation results
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Fig. 6. Process output disturbanced (at zero temporal frequencyω = 0).

are shown in Fig. 7–10, and summarized in Table I. Fig.
7 illustrates the closed-loop steady-state process output
and actuator profile using reflection padding (one of the
techniques currently used in industry). Simulation results,
with the controller tuned in turn conservatively, balanced,

6More details about the system can be found in [8].



and aggressively using the new approach from Section III,
are given in Fig. 8 – 10. In all three cases, the sizes of the
rectangular weightsWi, i = 1, . . . , 7 in (25) were chosen
as, nC1 = 5, nC2 = 8, nD1 = 3, nD2 = 8, nu = 8, nd =
8, ny = 8, and the output vectorswa(z) andwb(z) in Fig.
3 as,wa(z) = [kP y(z) u(z)]T , wb(z) = 1

1+kR
u(z), where

y(z) and u(z) are the process output and control signal
respectively, andkP and kR are the tuning variables. For
the CD process model given with (27), 1

σ(G(ej0)) = 232.56,
whereσ(·) denotes the maximum singular value. The tuning
variables, in the case of conservative tuning were chosen
as: kP = 300, kR = 0.2, balanced tuning:kP = 1620,
kR = 0.2, and in the case of aggressive tuning:kP = 2400,
kR = 0.5.
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Fig. 7. Steady-state process output (a) and control signal (b), using the
current industrial technique - reflection padding.

It can be seen from Fig. 8 – 10 and Table I that, by
using the approach presented in Section III, a successful
trade-off between performance (a flat CD profile) and the
corresponding control signal magnitude, can be achieved.
From Table I, it can be noticed that in case of all three
tunings based on the new approach, the output profile has
been improved in comparison to the result achieved with
the existing technique. Also, in the cases of conservative
and balanced tunings, such a result has been achieved with
less actuator usage.

Current New approach
method (three different tunings)

Conservative Balanced Aggressive

‖y‖2 1.9913 1.8305 1.4467 1.0577
‖u‖2 3307 2376 2974 4436

TABLE I

2-NORM OF THE PROCESS OUTPUTy AND CONTROL SIGNAL u

STEADY-STATE PROFILES SHOWN INFIG. 7 – 10.

V. CONCLUSIONS

In this paper, a new approach to paper machine CD con-
trol near spatial domain boundaries has been presented. The
new technique directly takes into account relevant control
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Fig. 8. Steady-state process output (a) and control signal (b), using the
new technique - conservative tuning.
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Fig. 9. Steady-state process output (a) and control signal (b), using the
new technique - balanced tuning.
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Fig. 10. Steady-state process output (a) and control signal(b), using the
new technique - aggressive tuning.

engineering criteria: closed-loop stability, performance, and
robustness.

Cross-directional controllers are often designed under the
assumption of spatial invariance, which is clearly violated
near spatial domain boundaries (paper machine edges). As
a result, such controllers often result in an excessively
large control signal originating from the spatial boundaries
that can even lead to control system instability. The new



approach modifies the CD control law near the paper
sheet edges by sequentially applying a low-bandwidth static
output feedback design on two matrix components of the ex-
isting industrial controller, without changing the controller
structure or complexity.

An example was presented of poor control near the edges,
using the currently implemented technique in industry. It
was illustrated that by implementing the newly developed
technique, the results were substantially improved. With
the new technique, it is possible to achieve the desired
level of aggressiveness of CD controller near spatial domain
boundaries. The new technique has also been successfully
tested on a paper machine in a working paper mill [8].
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