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Abstract— This communication is devoted to the control of than the maximum deceleration (for safety reasons). In a
Iir_1ear systems with constrained cor_ltr_ol and rat_e_ with additive previous work the problem of non-symmetrical constrained
disturbances. Necessary and sufficient conditions such that o] and increment or rate is successfully addressed
the system evolution respects rate constraints are used to .
derive stabilizing feedback control. The control law respects [11]. Henceforth, th'§ work extgnds these results to the
both constraints on control and its rate and is robust against C€ase of non-symmetrical constrained perturbed systems and
additive bounded disturbances. An application to a surface shows its applicability on a real process, namely, a surface
mount robot, where the Y-axis of the machine uses a typical mount robot. Necessary and sufficient conditions of positive
ball screw transmission driven by a DC mofor to position jyariance for incremental domains with respect to (w.r.t.)
circuits boards is achieved. .

autonomous perturbed systems are then derived. Further,
] ] a link is done between a pole assignment procedure and

Keywords: Invariance, Pole assignment, DC Motor cONthese conditions to find stabilizing linear state feedback

trol. controllers respecting both non-symmetrical constraints on
control and rate with additive disturbances. In the other
. INTRODUCTION hand, for the application, surface mount robots are of great

Usually, real or physical plants are subject to constraineidterest in the modern industry. This interest is justified
variables. The most frequent constraints are of saturatidoy the presence of positioning systems in practically all
type: limitations on the magnitude of certain variablesindustrial applications. In the prolific literature many works
Hence, this topic is of continuing interest and one coul@dbout these systems classically controlled by motors can be
find many approaches to study this problem. Not exhau$und, [9] and references there in,. Hence, stabilizing state
tively, the positive invariance concept [3], [4]; [5]; [6]; feedback to an assembly machine for mounting electronic
and the references Therein), thd loptimization concept components is derived. The Y-axis of the machine uses a
[8], and so on ... can be cited. Other type of rate oball screw transmission driven by a current controlled DC
incremental constraints were introduced while consideringiotor that have constrained control and rate with additive
predictive control and practical applications [7], [13]. Indisturbances.
fact, for some processes, the rate of variables change is
limited within given bounds. These limits can arise fromA. Notations:

physical limits or from linearization approximations that, | .. € ®" is a vector,i(.) denotes its derivative w.r.t.
if exceeded, could damage the process or destroy lingie Further, for a scalar € } we defineat = sup(a, 0)
its of linear model validity. Most synthesis methods arg,,q ,- — sup(—a,0), we note thenz™ = (zF) and
based on symmetric constraints. However, in most reaglg, — (27) for j = 1,...,n. Furthermore for]a matrix
life applications the constraints are not symmetric, from, _ (a)--Ji =1 n’ th’e Tilde transforr'ns are defined
economical and safety reasons. For example, in process v T
control applications, the nominal working point of the
valves is usually near the upper or lower limits; in mechan- ~ At AT
ical systems the maximum acceleration is usually smaller { } ’
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where At = (a™);; andA~ = (a™);5,4,7 =1,...,n and

o o A1 AQ
A=
hered; = i and A, = 0
w 1= a}; fori# j 2= a; for i # j

Also, o(A) denotes the spectrum of matrik ID, denotes

First, recall the definition ofD p-positive invariance of
domain D, which is very useful for the sequel.

Definition 1: Domain D, given by [7) is Dp-positively
invariant w.r.t. motion of systenj if for all initial condi-
tion z, € D,, the trajectory of the system(¢, ¢,,2,) € D,
for all p(t) € Dp, t>t,
Let us now extend to the case of perturbed systems a tech-

the stability domain for eigenvalues (that is, the left compleRical lemma that is established in [11]. Relating that result

half plane).
II. PROBLEM STATEMENT
Consider the linear continuous-time invariant system :
#(t)=Az(t) + Bu(t) + E p(t) 1)

wherezx(t) € R" is the state of the systemt) € R™ is
the input constrained to evolve in the following domain

Du = {U(t) € éRm; —Umin S u(t) S Umax

Umin, Umax € IR} )
The control rate is constrained as follows:
—Amin < U(t) £ Amax ®)
p(t) is an additive bounded disturbance as
—Pmin < P(t) < Pmas 4)
Further, We denote
o= ]oa=[ i) m= ]

to a pole assignment procedure enables to find stabilizing
controllers for systems with non-symmetrical constrained
control and rate.

Lemma 2:The evolution of the autonomous systef) (
respects rate constraints iff matriX satisfies:

HZ+EP <A (10)
where
. Zmax o Amax _ Pmax
Z= Zmin ’ A= Amin ’ P= Pmin ’
Proof: If part Assume that conditionl() is satisfied.
Then,
—Zmin S Z(k) S Zmax (11)

next, decompose matrik = HT — H—, pre-multiplying
(11) by HT and—H~ , gives

the problem is to find linear stabilizing state feedback as Further, the perturbation is bounded :

u(t) = F z(t), FeRmen ®)

—H" zin < HY2(t) < H Zmax 12)
_H_Zmax S _H_Z(t) S H_Zmin (13)
—Pmin S p(t) S Pmax (14)

ensuring closed-loop asymptotic stability of the systerthe same reasoning with matrix and the perturbatiop(t)
despite perturbations with non violation of rate and contrdeads to the following inequalities

non-symmetrical constraints.

1. PRELIMINARY RESULTS

The solution of the previously stated problem, without ad-

_E+pmin S E+p(t) S E+pmax (15)

7E7pmax S 7E7p(t) S Eipmin (16)

ditive disturbances, is achieved in [11]. This paper presents ) ) N _
Consider the linear time invariant perturbed autonomou®!lowing:

system
i(t) = Hz(t) + Ep(t), 2(to) =2 (6)
wherez € R™ is the state constrained to evolve in
D, ={ze R, —znin < 2(t) < Zmax
Zmin, Zmax € IntRT'} @)
andp(t) is the perturbation bounded in the domain
Dp = {p(t) € R, —pmin < P(t) < Pmax
Pmins Pmax € IntRY } (8)
Consider also that the rate is constrained as follows:
~Auin <D < Amax ©)

_E+pmin - E_pmax - H+Zmin - H_Zmax S HZ(t) + Ep(t)
and
Hz(t) + Ep(t) < H+Zmax + HﬁZmin + E+pmax + Efpmin

according to condition() this is is equivalent to
_Amin S Z(t) S Ama)p

Only if part, Now, assume that the derivative ef(t)
respects the constraints, and conditid®)(is not satisfied
for an index1 < i < n such that

[H Z); + [E P); > A, 17)
expanding17) :
i> Ainax
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Then, the following state vector for the system can be Proof: For the rate constraints, conditions can be

selected derived from the previous lemm2, and the D p-positive
i i hee >0 invariance conditions are recalled in theorem above [10].
max )
(;S(t): 0 if hij:O Jg=1..n . . ; "
i i Relating the previous lemnfato the so called inverse pro-
—Zp i 1T Ry <0

cedure a pole assignment procedure [1] makes possible to

It is easy to check thap(t) is an admissible state for the solve the problem stated above. Consider the time invariant

system. Further the following admissible perturbation magystem given byd) and without loss of generality (see

occur : Remark below), assume that mateix has (n — m) stable
P i €5 >0 eigenvalues. Resolution of equation

A(t) =9 01 e =0 J=1p XA+ XBX = HX (20)

—Prmin if €ij < 0

gives a state feedback assigning spectrum of makfix

. b N .
Calculation of thei** component of the derivative of this (0(H) C ID.) together with the stable part of spectrum

state gives of matrix A in closed loop. For this equation to have a
[Lot)]; = [He(t) +Ept); valid solution, matrixdd must satisfy :
n p
= Zhijd)j(t) + Zeij"ij(t) O'(H) n U(A) =0
= =1 BG A0, i=1,...m (21)

= [H+Zmax + H;Zmin + E+pma;ﬂ + E_pmin]i
taking into account inequalityl®), it is possible to write

[d
dt _ _

which contradicts the assumption. n { x1 - Xx» } arelinearly independent
Remark 3:: As matrix H and vectorZ have positive where x;,i = m + 1,..,n are eigenvectors associated to

components, inequalityl() can never be satisfied if the stable eigenvalues of matrix, and x;,i = 1,...,m are
difference (A — EP) is negative. Hence, the interestingq.o 1 1o by ’ b T

conclusion is that inequalitylQ) permits to compute the
maximum perturbation set that can be admissible with these xi = Nl — A)*lgg,“ i=1,...,m
rate constraints that is the set given by :

¢i,i=1,...,m are linearly independent

for (; eigenvectors of matrixd. There exits a unique
S(t)]; > Al solution to equation20) if and only if

max

Hence, the solution is given by:

-1
Since, matrixE and vectorA are known from the statement F=l0m0 0005 X Xty |7 (22)
of the problem, it can be concluded if such rate constraints
requirement can be fulfilled or not and if it is admissible or Remark 6: Without loss of generality, it was assumed
not. that the system possesges— m) stable eigenvalues. Else,
Evolution of the autonomous systeif) (will respect both it is always possible to augment the representation as : let
constraints on the statg(t) and constraints on its rate if y ¢  be a vector of fictitious inputs such that
domain D, given by [7) is Dp-positively invariant and
conditions given in the previous lemma are satisfiBgh- ~VUmin <V < Umax — App <00 <AL
positive invariance condition has already been proposed forherevmin, A¥ . anduy.,, AU are freely chosen con-

v
the continuous time case in [10]. Let us recall it hereaftef'© _min max
) straints. In this case, vectots and A become:

D = {p(t) € R, —pmin < (t) < pmax /E P = A} (18)

Theorem 4:[10] Domain D, is D p-posistvely invariant

Umax Aoz
w.r.t. motion of the perturbed syster®)(iff matrix H Umas AY
satisfies : U= Ui A= Anin
I,TC Z + E P < 0 (19) Umin Amin
Now, it is possible to derive the following : The augmented system is then given by
Lemma 5:Domain [7) is Dp-positively invariant w.r.t.
motion of system/@) and rate constraint®) are respected Sx() =Az()+ [ B 0] [ u(-) } (23)
if and only if v(-)
07+ BEP< A It is easy to see that for the obtained square system the
07 + BP< 0 problem qf_(n_— m) stable eigenvalues is eliminated and
¢ = controllability is not changed.
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IV. MAIN RESULTS Step 5. Use F' or extractedF’ from the firstm rows of F, for

With this background, we are now able to solve the the control.
problem stated in Section 2. Consider the linear time Comments 8t is true that the set of positive invariance
invariant stabilizable perturbed system with constraints om this case is not the absolute maximal but it is maximal
both control and rate of the contrd)¢(4). Using the state with respect to the chosen feedbakk In fact for a given
feedback matrix feedbackF', the maximal set where no violation of

u(t) = Fa(t), FER™" o(A + B F)eID; (24)

control constraints may occur is the st as proposed
above. Nevertheless, piece-wise techniques [2] or maxi-

induces the following domain of linear behaviour in themization procedure for the set of positive invariance [12]

state space can be used to overcome this difficulty.
Remark 9: The introduction of the variablecan be seen
Dp = {z € R", —tmin < F2 < Umax as an optimization parameter that can be used to choose
Umin, Umax € INtRT'} (25) matrix H. Further, its introduction in this case makes more

If the state does not leave the domé2s)( the control signal
does not violate the constraints. That is, theBetis Dp-

possibilities as a margin to find a mattk fulfilling all the
required conditions.

positively invariant w.r.t. motion of systeni). This gives A  the maximal disturbance set

the following result:
Proposition 7: Perturbed Systeni) with state feedback

(24)

statex, € Dy with respected constraints on both the contro

and

As stated in remari8, the maximal disturbance set such
that asymptotic stability of the closed loop system with no
Yiolation of constraints on both rate and control can be
estimated. Consider the perturbed system

is asymptotically stable at the origin from all initial

its rate if there exists a matrtdf € R™*™ satisfying

conditions [21) such that: i(t) = Az(t) + Bu(t) + E p(t) (29)

z =

With this transformation, domaiDr is transformed to
domainD, given by 7). Further, with conditions26), it is
easy to note that domaib, is D p-positively invariant w.r.t.

control are respected. Bearing in mind thdtd + BF') €

) FA+ FBF = HF stabilized by state feedbadR4). The maximal disturbance

allowed set can be estimated :
) HU + FEP < A Corollary 10: The maximal disturbance set such that
i) 7 2 (26) closed loop asymptotic stability, rate and control constraints
HU+ (FE)yP <0 p asymp Y,

Proof: Introduce the following change of coordinates"® not violated is given by :

F oz itis possible to write Dgam _ {p(t) c §Rp/ _ p%?ﬁ‘ < p(t) < ngi} (30)
) = Fit) where vectorP™e* satisfies :
= F(A+ BF)z(t) + F E p(1) . _
= H Fux(t) +F Ep(t) { FE Pt =min(A, —H.U) (31)
= Hz(t)+F Ep(t) (27)  the minimum here is taken component-wise.

Proof: Assume that we look to stabilize the system by
state feedback witp(t) a perturbation vector with unknown
limits. From condition 26), one can write :

FEP < —H.U

the system27) while the constraints on the increment of the { FEP < A — HU

ID, and that the linear behaviour is guaranteed, it is possible

to conclude to the asymptotic stability of the closed—loo%ince matricest and f, have special constructions and

system.

their respective spectra are involved in closed loop dynam-

Steps to follow for design of such controllers are proposeﬁiS one must have
in the algorithm below : ' '

Algorithm: HU >0, HU <0 (32)
Step 1. Check if matrixA has(n—m) stable eigenvalues, else . . . .
! which is equivalent to write

augment system (see Remik
Step 2. Choose matri¥{ € R™*™ or, H € "™ if the system FEP < A (33)

is augmented, according t@%) and such that FEP<— U (34)

HU s —eU. e>0 (28) hence, the maximal disturbance set that can be seen as the

Step 3. Compute the gain matri¥’ or F, by using(22) limit of fulfilment of the previous two conditions. Further,
Step 4. if condition (26) is satisfied continue, else return tofor any vectorl’ € RP such thatl" < P™?* it is easy to

Step 1 and change matri¥. check that condition26) is satisfied. ]
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V. APPLICATION TO A SURFACE MOUNT ROBOT following gain matrix £:

Application of the previous results to an assembly ma-
chine or a surface mount robot is considered. The Y-axis F=[-15.7878 —1.6327]
of the machine uses a ball screw transmission driven by
a current controlled DC motor. The rotation of the DCAt this step, one has to check that all required conditions
motor is converted into a translation motion by ball screw26) are fulfilled. In fact :
A positioning table attached to the ball nut carries different

loads. The process is simplified as a two mass system : HU + (—’FVB)P <A
Tl + b = Koy, — T = T (35)
. by — T 37 6’ Pmin max
Ty + 012 l/p ( ) |: 4o :l + |: 12pma1 :| = |: Am”‘ :|

wheref,,, andz; are the motor angle and table displacement

respectively,,, is the motor current]; is the load torque that is,4a 4+ 12pmq. = 60 < 80 which is satisfied. Then,
due to the torsion of ball screW; is the friction torque,

p is the screw pitch,J,, is the motor inertia plus ball H,U + (77;3)13 <0

screw inertiap,,, b; and K,,, are respectively the damping -

coefficients and the constant torque,is the stiffnessmn;

is the equivalent mass of load, table and nut [9]. Converting

the motor angle position to linear position and rewriting the { —do } { 12pma } _ [ —36 } <0

model in the state space gives : —da 12ppmin —36
x(t) = Ax(t) + Bu(t) — Bp(t) (38)  Finally, all required conditions are fulfilled, asymptotic
stability is obtained with the obtained state feedback. Sim-
where : ; R
ulation results are summarized in figures below.
0 1 0
A_{o —9.67]’ B_[7.35] (39)

andz = [ p0 pf ', u(t) =in(t) andp(t) is the lumped s
disturbance of the load torque, friction and other external .
disturbances. The current input of the DC motor, its rate
and the perturbation are respectively constrained as ;

5

—4<u(t) <4, —80 <u(t) <80, —1<p(t) <1. s2s

Comments 11The origin of the rate constraints is that *°
the limit variation ofi(¢), the control current, is taken as
a peak to peak value at a sampling time. As the system,
possesses 1 stable eigenvalue, it is not necessary to augment ‘ ‘ ‘ ‘
the system. Further, for this system, the constraints are ° ' ‘ ' T e
symmetric from the original example, this fact simplify ‘ ‘ ‘ :
a number of conditions but we insist to present the the-
oretical non-symmetrical case for the seek of generality. -1
Furthermore, the resulting closed loop can not be unstable..s
as it is our goal to stabilize the system. Hence, assuming_,,|
the perturbation is limited within the given set is always_
true although it is a function of the state of the system as -

presented. e )
Matrix H reduces to a scalar in this case, let us sefeet -3 ]
—a, wherea # 0, is any positive number which satisfies -« .
all the required conditions2(). —as |

ﬁCU = [—4@ — 4o }t S 0 5% o1 02 03 oa (3;58 Y o7 o8 Y 1
It is clear thata here may be any positive number. Let Figure 1 - States: () and,(t) motion from the initial
us choosex = 12. Solution of equationd0) leads to the conditionzo(t) = [5 — 50]".
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" 12]
Figure 2 : input and rate’s input evolution in time.

The maximal allowed disturbance set, which does ndt?!
change stability and does not violate imposed constraints,
in this case, can be easily deduced as follows :

(—F B) P™™* = min(A, —H.U)

i)

In this paper, the regulator problem for linear perturbed
systems with non-symmetrical constrained control and rate
is studied. Necessary and sufficient conditions, established
for linear autonomous systems such that their motion re-
spects rate constraints together widh-positive invariance,
are the key to solve this problem. These conditions linked
to the inverse procedure, a pole assignment method for
constrained control, are the cornerstone of this work. In fact,
this link enables to give a simple algorithm to compute a
robust stabilizing state feedback respecting non-symmetrical
constraints on both control and rate. The maximal dis-
turbance, such that robust asymptotic stability, rate and
control constraints are not destroyed is easily deduced. An
application to a positioning table is successfully achieved.
It is shown that the algorithm to find robust stabilizing
controller is quite simple to apply.

(40)

simple calculation leads tB"** = { (41)

VI. CONCLUSION
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