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Nonlinear Observer Design for State and
Disturbance Estimation

Costas Kravaris, Vassilios Sotiropoulos, Costas Georgiou, Nikolaos Kazantzis, MingQing Xiao, and
Arthur J. Krener

Abstract—A new systematic framework for nonlinear
observer design that allows the concurrent estimation of the
process state variables, together with key unknown process
or sensor disturbances is proposed. The nonlinear observer
design problem is addressed within a similar
methodological framework as the one introduced in [8,11]
for state estimation purposes only. From a mathematical
standpoint, the problem under consideration is addressed
through a system of first-order singular PDEs for which a
rather general set of solvability conditions is derived. A
nonlinear observer can then be designed with a state-
dependent gain that can be computed from the solution of
the system of singular PDEs. Under the aforementioned
conditions, both state and disturbance estimation errors
converge to zero with assignable rates. The convergence
properties of the proposed nonlinear observer are tested
through simulation studies in an illustrative example
involving a biological reactor.

1. INTRODUCTION

TECHNICAL limitations and/or prohibitively high cost
associated with current sensor technology and
measurement procedures entail the non-availability of all
process state variables for direct on-line measurements.
Furthermore, key process parameters frequently represent
unknown or poorly known time-varying disturbances,
that are particularly encountered in areas such as catalytic
reaction engineering, bioprocess engineering and
environmental engineering [2]. The operation of sensing
devices is also subject to external disturbances, involving
for example a sudden or gradual decalibration of the
instrument. Therefore, there is an essential need for an
accurate estimation of the unmeasurable process state
variables together with key process or sensor
disturbances, especially when they are used in the
synthesis of model-based controllers or for direct process
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monitoring purposes [14]. For the combined state and
disturbance estimation task, an observer can be
employed. In the case of linear systems, both the well-
known Kalman filter and its deterministic analogue
realized by Luenberger's observer [2], offer a
comprehensive  solution to the problem under
consideration. However, most chemical and physical
processes are inherently nonlinear and nonlinear
observers need to be designed that are capable of directly
coping with the process nonlinearities. The nonlinear
observer design problem is much more challenging and
has received a considerable amount of attention in the
literature leading to various approaches with different
methodological characteristics [1,3-15]. The present
research work aims at the development of a new
systematic and practical framework for nonlinear
observer design that allows the concurrent estimation of
the state variables, together with key unknown process or
sensor disturbances. In particular, the nonlinear observer
design problem is formulated and addressed within a
similar methodological framework as the one introduced
in [8,11] for state estimation purposes only, and from a
mathematical standpoint, via a new system of first-order
singular PDEs for which a rather general set of necessary
and sufficient conditions for solvability is derived. A
nonlinear observer can then be designed that possesses a
state-dependent gain computed from the solution of the
above system of singular PDEs. Under the above
conditions, it can be proven that both state and
disturbance estimation errors converge to zero with
assignable rates. Finally, the performance of the proposed
observer is evaluated in an illustrative bioreactor
application through simulation studies.

II. PROBLEM FORMULATION

Consider a dynamic system
x=f (x, w)
y= h(x, w)
that represents the dynamics of a process, where x is the
process state vector, y is the vector of measurements and
w is the vector of unmeasurable process or sensor

disturbances. The dynamics of the disturbances is
governed by the exosystem

o

2

w=s(w)
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The problem of state and disturbance estimation
becomes a pure state estimation problem when one
considers the extended system:

x= f(x, w)
w=s(w) 3)
y = hix, w)

GeO
where [ [Jis the extended system’s state vector, which
avO

must be estimated via an appropriately designed
observer.

A special case of the above problem is the state and
sensing error estimation problem, where the disturbances
affect the sensing devices only, and in an additive way:

= /()
W= s(w) 4
y =hx)+q(w)

For the state and sensing error estimation problem,
special results will be presented, which significantly
simplify the design of the observer.

The approach that will be taken in this work is the
observer error linearization approach ([8], [11]), where
the observer is designed so that, after coordinate
transformation, the error dynamics is linear and with
prescribed eigenvalues.

Generally speaking, the degree of difficulty of the
observer design problem depends on the nature of the
eigenvalues of the linearization of the extended system,
in particular whether their convex hull includes the origin
(spectrum is in the Siegel domain) or does not include the
origin (spectrum is in the Poincaré domain).

The following definitions will be needed for the rest of
the paper:

* Given a set of eignevalues A,...,A

A, , a complex
number u is said to be nonresonant with this set of

eigenvalues if it is not related with them through any

relation of the form =73 m; A
i=

are nonnegative integers not all zero.
Given a set of eigenvalues A,,...,A

Ny

;» wWhere my ...,m,

a complex
number # is said to be of type (C,v) with respect to
this set of eigenvalues if there exist constants C >0
C
=>——— for any
Dn

m.
Ei; '

nonnegative integers m, ...,m, that are not all zero.

M=y mA

i=1

and v >0such that

As will be seen in the next section, nonresonance
conditions will arise if the spectrum of the linearization
of (3) is in the Poincar¢ domain, otherwise
(C,v) conditions will arise.

III. NONLINEAR OBSERVER DESIGN

Consider the system (3)
x=f (x, w)

W= s(w)

v = hx,w)
where
f:iR"XR" - R", s:R" -~ R", h:R"xR' - R" are
real analytic functions, with f (0,0) =0, 5(0) =0,
h(0,0) =0. A nonlinear observer for (3) can be designed
following the methodology introduced in [8,11]. A local
diffeomorphism z = G(x, w) is sought that maps the
system (3) into

:= Az +B(y) Q)

where 4 is a (n+/2)><(n+/f) matrix and B:RP - R"
is a real analytic function with B(O)Z 0. As long as such
a transformation can be found, (5) can be used as

observer dynamics and the inverse transformation can be
used to reconstruct the system states:

§:A2+ﬁ(y)

6
e “
o

It turns out that the unknown transformation map 6
must satisfy the following system of singular PDEs
[8,11]:

08

Bg@ﬂaf@ﬂ@+gg@Jns@o:Ae@J@+g@@m»cn

Therefore, the problem of interest reduces to the study of
the PDEs (7) and the properties of the solution. The
following Propositions are direct consequences of the
results in [8] and [11,12] respectively.

Proposition 1: Let

f:R"xR" - R", s:R" - R', h:R"xR' - RP

and B:RP xR"™" be real analytic vector functions with

£0.0)=0, s0)=0, #(00)=0, B0)=0 and
-y A _ 05 _on
F= (0,0), P o (0.0), s ™ ©), H . (0,0),
0 :a—h(0,0), :%(0). Denote by o(F) and o(S)
w dy
the spectra of S and F respectively.
Suppose:

1. There exists an invertible (n+€)><(n+£) matrix T
r PO
such that TEp ST AT +B[H 0]

2. All the eigenvalues of A are non-resonant with
o(F)Ua(s).
3. 0 does not lie in the convex hull of o(F)U o (S).
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Then there exists a unique analytic solution z = Q(x, w)
to the PDE (7) locally around (x,w)=(0,0). The solution

e 00 0
has th that 0,0) —(0,0)5=T and so,
as the property tha a&( ) aW( )g and so

6 is a local diffeomorphism.

Proposition 2: Under the notations of Proposition 1,
suppose:
1. There exists an invertible (n +Z)>< (n+f) matrix T

such that Tg ggz AT +B[H (]

2. There exist C > 0, v >0 such that all the eigenvalues
of A are of type (C, v) with respect to o (F)U o(S).

3. There exist C > 0, v >0 such that all the eigenvalues
of F and S are of type (C, v) with respect to
o(F)Ua(s).

Then there exists a unique analytic solution z = Q(x, w)
to the PDE (7) locally around (x,w)=(0,0). The solution

o 00 0
has th that 0,0) ——(0,0)5=T and so,
as the property tha Qg( ) ™ ( )g and so

6 is a local diffeomorphism.

Remark 1: Assumptions 1 and 2 of either Proposition

P
imply that El[H o], BF B H is an observable pair. On
O ¥ SO0

P
the other hand, if EH a], g: S E is an observable
O W SO0

pair, it is always possible to find matrices 4, B, T which
satisfy the matrix equation of Assumption 1, with T
invertible and 4 having prescribed eigenvalues.

Remark 2: Under the assumption that o(F) and o (S)

are disjoint sets, it is possible to show that the pair of

. . o
composite matrices {H 0], Eﬂ
0

PS E is observable if
SO O

and only if the following conditions hold:

a) (H, F) is an observable pair

b) ( HR + Q, S) is an observable pair, where R is the
solution of RS — FR = P.

Condition b) implies that no eigenvalue of S is a
transmission zero of ( F, P, H, Q).

It should be noted that observer (6) can be expressed
in the original coordinates via the inverse transformation
67", so that ¥ and W explicitly represent the observer
states:

%: FE W)+ L, (& w){B()-Bln(z. W)} (8)

Finally, it should be noted that the estimation error in
the transformed coordinates follows linear dynamics,
governed by the arbitrarily selected matrix A (design
parameter):

%[e(x, w)-6(:. ) = A8 (e w) -6 ) -

IV. NONLINEAR OBSERVER DESIGN FOR STATE AND
SENSING ERROR ESTIMATION

Consider now the special case where the disturbances
affect the sensing devices only, and in an additive way:

i=f(x)

w=s(w) )

v =h(x)+4(w)

Also, suppose that for the design of the observer,
linear output injection 3 (y) =By is used, where B is a
(n+£)xp matrix. Then, the system of PDEs (7)

becomes:

% () £ () + 52 ()5 () =
46 (x,w)+ B( (x) +a (w))

(10)

The solution of (10) can be expressed as:
9(x,w)=l,ll(x)+w(w) (11)

where ¢ and w satisfy the following system of PDE’s:

%_f(x) £(x)= 4 (x) + Bh(x) (12)

g_i’:(w)s(w) = Aw(w) + Bg(w) (13)

In this way, the system of PDEs for 8 (10) is broken
into two decoupled sub-systems of PDE’s of smaller
dimension, and therefore, the computational effort is
significantly reduced. PDE (12) is exactly the PDE for
the observer design for the disturbance-free part of the
system, whereas (13) is the corresponding observer PDE
for the disturbance dynamics.

For Q(x,w) of the form (11), with ¢ and w being
solutions of (12) and (13), the observer (8) takes the
form:

i= @)+ L Gy -1(G)-¢(3)
=)+ L, (& )y - h(E)- g (7))

where the corresponding gains are given by the following
expressions:

B () 220 5 (15)

(14)
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It should be noted that in most engineering
applications, there are two further simplifications:

i) the disturbances w are considered to be prototype
disturbances (e.g. steps, ramps, sine waves, etc.) that
follow linear dynamics, which means s([)] and q([)] are
linear functions:

s(w) =Sw

g(w)= 0w
where S and Q are matrices of appropriate dimensions.

Then the solution to the PDE (13) is also a linear
function:

w(w)= Qw (17)
where Q is the solution of the matrix equation
QS-4Q =BO.

ii) The dynamics of the process states x = f(x) is

(16)

hyperbolically stable, which means that the eigenvalues
of its linearization are in the Poincaré domain. Then the
results in [8] lead to the following:

~ R" and h:R" - RP be real

Proposition 3: Let f:R"

analytic vector functions with f(0)=0, h(0)=0 and
) oh
=L). =4(0).
X
Suppose:

1. There exists a (n+()*xn matrix T with Rank T = n
such that TF = AT + BH .

2. All the eigenvalues of A are non-resonant witho (F) .
3. 0 does not lie in the convex hull of o (F).

Then there exists a unique analytic solution z =y (x) to

the PDE (12) locally around x=0 with %—w(O) =T.
X

Remark 3: From a practical point of view, the proposed
observer design method requires the development of an
approximate solution method for PDEs (7) and (12). In a
similar spirit as in [8,11], one can develop a
comprehensive power series solution scheme by taking
advantage of the real analyticity property of all the
functions involved. The calculations for the power series
solution scheme can be executed, up to a finite truncation
order, using symbolic computations software.

V. BIOREACTOR APPLICATION

Consider a typical bioreactor, where biochemical
reactions take place, resulting in biomass production and
substrate consumption following Monod kinetics:

dx =—Dx+ Hinax S
dt K+s

9y, <)o ot

Y K+s
where x is the biomass concentration, s the substrate

(18)

concentration, s, the inlet substrate concentration, D the
dilution rate, K a reaction constant, Y the yield coefficient
and u,.. the maximal specific growth rate. The biomass

x is measurable on line, but the measurement could be
subjected to a systematic error w. This is assumed to
remain constant over a certain period of time, but
potentially undergoing step changes. The objective is to
estimate both the bioreactor’s state and the systematic
error (step disturbance) w. Therefore the dynamic system
under consideration is:

d. ’
_x=_Dx+lumaxSx

dt K+s

ds 1w, s

__D - max x

dt ( ) Y K+s (19)
d_w_()

dt

y=xtw

and the objective is to design a full-order observer for
this system, to estimate the unmeasured substrate
concentration s and the error w, following the method
developed in the previous section.

For the design of the nonlinear observer, the following
PDE needs to be solved:

a_‘/f(x,s) O Dx+MxD
Ox H K+s
oy 1up,s O
+—(xs S, —§) =X 20
as( )Q)(’ )YK+s 20
=AY (x,s)+Bx
around a reference equilibrium point (x,,s ,w,). Once

(20) is solved, the nonlinear observer is given by:

dx . S P

EZ_D)H-%X*—L (xs )(y -X —W)

ds N 1 R PEPEA

bl )y ) e
%V_ (550) (-5 -%)

where

0L, (£5w)03
O ()ACM)D @0 09 aem 22)
SO0 B e OWE

and where O(x,s,w)=w(x,s)+Qw with Q=—A4"B .

A MAPLE code has been written, which solves the
PDE (20) up to a finite truncation order N, calculates the
observer gains via (22) and conducts numerical
simulations, in order to test the observer (21).

In the present study, the following parameter values
were used in all simulations:

5,=50.0,D=0.4,K=2.0, ¥=0.5, ,,=0.9

and the reference equilibrium is:
x,=24.2,s.=1.6,w,=0.0
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which corresponds to zero sensing error.
The Jacobian of the dynamics of (19), evaluated at the
reference equilibrium forms an observable pair with

[1 0 1] , 1.e. system (19) is linearly observable.

The process (18) and the observer (21) were simulated
with the following initial conditions:

x(0)=20.0, £(0)=22.0
s(0)=7.0, §(0)=3.0
w(0)=1.0, w(0)=0.0

This accounts for a unit step change in the sensing
error, in the presence of non-equilibrium initial
conditions.

Figures 1-3 depict the effect of speed of the error
dynamics for the same truncation order. Three different
sets of eigenvalues were used, ‘slow’ (-0.05,-1.5,-3.0),
‘medium-speed’ (-0.35,-0.45,-3.9) and ‘fast’ (-1.5,-3.0,-
3.0), which are all non-resonant with the linearization of
(19). In all cases shown, the truncation order was N=5.

25

24

23

wit),xhatit)

o)

21

A [ 10 15 20 3 Bl

Tirne (t)

Fig. 1: True and estimated biomass concentration for different sets of
eigenvalues

s(t) shat(t)

0h 1 10 15 il 75 E
Time (1)

Fig. 2: True and estimated substrate concentration for different sets of
eigenvalues

wit),what(t)

Time (1)

Fig. 3: True and estimated sensing error for different sets of eigenvalues

From Figures 1-3, one can see that the response of the
observer with ‘fast’ eigenvalues converges to the process
response very fast, but with significant deviations during
the transient period, while the case of ‘medium speed’
eigenvalues shows a rapid response as well, but with
smaller deviations. On the other hand, the observer with
the ‘slow’ eigenvalues gives rise to a very slow approach
of the error to zero.

The selection of error dynamics eigenvalues is, of
course, application-dependent. If large short-lived errors
can be tolerated and the settling time for the error is the
most important performance parameter, fast eigenvalues
may be preferable. Notice however, that using
eigenvalues of higher speed than the ‘fast’ eigenvalues
shown here, results in responses with excessively large
deviations in the transient period, which appear
unacceptable for all practical purposes.

Also, it must be noted that it is not only the “speed” of
the eigenvalues (as measured by the eigenvalue that is
closest to the imaginary axis) that affects the performance
of the observer, but also the relative magnitudes of the
eigenvalues. In the particular problem, it was found that
using eigenvalues that are reasonably spread out,
generally yields better performance than eigenvalues of
similar magnitude.

Figures 4-6 depict the effect of truncation order on the
observer response for the ‘medium-speed’ eigenvalues. It
is seen that numerical convergence is achieved for N=3
and above. The effect of truncation order has also been
studied for ‘slow’ and ‘fast’ eigenvalues. The results are
not shown here for brevity. The results for ‘slow’
eigenvalues were quite similar in terms of numerical
convergence, whereas the ‘fast’ ones converged at higher
truncation order N=4.
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The case N=1 needs special attention, since it
corresponds to a constant gain observer, with gains being
equal to what a linear design would have given for the
linearized system. We see from Figures 4-6 that the
constant-gain observer is significantly inferior to the
nonlinear observer. The same behavior was found in the
case of ‘slow’ eigenvalues. On the other hand, as the
speed of eigenvalues increases, the response of the
constant gain observer gets closer to the one of the
nonlinear observer, while at the same time performance
deteriorates due to larger deviations in the transient
period.

Further simulation results (not shown) have studied the
effect of size of sensing error. It was found that, as the
size of the sensing error decreases, convergence with
respect to N becomes faster and the discrepancy between
nonlinear observer and constant-gain observer becomes
smaller, because the problem becomes less nonlinear.

25

24

23
wit) what(t)

2
Process

=1

2

27 5 10 15 £l % 0
Tirne ()

Fig. 4: True and estimated biomass concentration for different
truncation orders for the ‘medium-speed’ eigenvalues

s(t),shat(t)

0 g 10 15 20 % n
Time it)

Fig. 5: True and estimated substrate concentration for different
truncation orders for the ‘medium-speed’ eigenvalues

wit) what(t) 0O

Time (t)

Fig. 6: True and estimated sensing error for different truncation orders
for the ‘medium-speed’ eigenvalues

VI. CONCLUDING REMARKS

A new design framework for nonlinear observers
capable of offering reliable concurrent estimates of the
process state variables, along with key unknown process
or sensor disturbances, was presented. In particular, the
proposed nonlinear observer has a state-dependent gain
that can be computed from the solution of a system of
singular first-order PDEs. Within the proposed design
framework, both state and disturbance estimation errors
converge to zero with assignable rates.

[14]

[15]
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