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On Uniform Convergence in Markov Jump Linear Systems Problems
and the Kolmogorov Forward Equation

Jack Baczynski and Marcelo D. Fragoso

Abstract— Uniform convergence of standard transition
matrices is a concept which appears in some fundamental
results in Markov chain theory and therefore in optimal
control, Ho, control and stability problems of continuous-
time Markov Jump Linear Systems (MJLSs) with infi-
nite countable state space of the Markov chain. We iden—
tify some classes of standard transition matrices P =

(pij(t))i,jen that exhibits j-uniform convergence of ” ® _
pij(t)—pij (0)—p;;(0)t

as t — 0, using tools such as analy51s
of j-uniform convergence and a version in /1 of the forward
equation.

I. INTRODUCTION

Uniform convergence is a concept which appears in
some fundamental results in Markov chain theory and
particularly, in optimal control, H,, control and stabil-
ity problems of continuous-time Markov Jump Linear
Systems (MJLSs) with infinite countable state space of
the Markov chain ([5]-[8]). It is also worth mentioning
that i-uniform convergence of O”t b is naturally required
in the semigroup characterization of Markov chains (see,
e.g., [4]) and in obtaining a sufficient condition for the
Kolmogorov forward equation to hold (see [9]).

MJLSs are modeled as @(t) = Agpz(t) + Boyu(t),
with ¢ > 0, (0) = 2o and 6(0) = 6y, where z(t) €
C™ denotes the state vector and u(t) € C™ the input
control. {0(¢),t > 0} is a standard Markov chain, with
right continuous trajectories and a countably infinite
state space (see Section II). It introduces randomness in
the parameters by means of an arbitrary correspondence
i— n;, n; standing for A; or B; and 6(¢t) = i. A; and B;
are matrices norm bounded on i and (zg, fy) is a random
vector. Sometimes we require a new entry Cy(yw(t) in
the dynamics, where {w(t),t > 0} stands either for
a random process with finite energy (H,, problems)
or for a Wiener process. The concern in the jump
linear quadratic control problems afore mentioned is to
minimize, within a certain class of admissible control
policies, the performance
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where 1y is the distribution of the initial data
(2(0),0(0)), Q; and R; are penalty matrices, norm
bounded on ¢ and F stands for the expectation of
a random variable. In the case of jump H., control
problems the concern is to find necessary and sufficient
conditions for existence of a stabilizing control such
that, for a prescribed value ~,
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for every stochastic processes w with finite energy
and any initial random variable 6(0), where |ly|l, =
(5% E[lly(t)[|*)dt)'/? with |-|| being the Euclidean norm
in C and z(t) is obtained as a linear combination of
x(t) and u(t). From an application point of view, MJLSs
corresponds to the modeling of physical systems that
have their structures subject to abrupt changes (see,
e.g., [5], [10] and references therein).

In this paper we identify some classes of standard

transition matrices P = (plg(t))lje?;)that(o)exhll?é)ts J-
— pij(t)—pij Dij t

<7

uniform convergence of O”tt as
t — 0. We do this via an analysis of j-uniform
convergence and using a version in [y of the forward
equation.

II. PRELIMINARIES

We denote ¢ := (0, a] for arbitrary a > 0, sometimes
with a subscript, i.e., ¥; := (0, a;]. An R-valued function
r(t), defined in some interval ¥, is said to be of order
o (t)(or an o (t)-function) if %t) — 0 as t — 0. Functions
r;(t), j € N, defined as above, are said to be of order
o (s) uniformly on j if L 0ast — 0 uniformly
on j. Similarly, an R-valued function r(¢), defined in
some interval (ag,a] is said to be of order o (ag + h) if
T(ao—,;rh) — 0 as h — 0. The definition "uniformly on
77 will apply as above.

Concerning a standard transition matrix P(t) =
(pij(t))ijen of a continuous time Markov chain, we
write:

(1) A= (N\y
infinitesimal matrix, where
. . pij(t) — pi;(0)
pij(o) = 1t11%1 %’
= pij(O) + )\ijt + 05 (t) , t>0,

=p;;(0)); jen for the associated

and

(1)
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where p”(()) = 5ij7 with (S“ =1 and 51‘]‘ = 0, Z,j € N,
i # j. More generally, since p;;(t) is differentiable,

pij(t +h) = pij(0) + i ()t + 0145 (t + ),

t>0,h>0,ij5€N,

pij (t+h)—pij(t)
h

where p;;(t + h) = limj_o . Or else,

orij(t+h) _ pi(t+h) —pi;(t)
h N h
and 00,55 (0 + h) = 045 (h)

We sometimes write (p;;(t)) in lieu of (p;;(t))s jen-
We assume that \;; are finite for all ¢ € N and say that
an infinitesimal matrix is conservative if 37| Aij = 0,
Vi € N.

Most of the times we shall write STM to denote a
standard transition matrix and jSTM a STM whose
associated o;;(t)/t functions converge to zero uniformly
on j as t — 0, for each i € N. We denote FEq the
Kolmogorov forward equation.

We denote by [; the set made up of all infinite
sequences of real numbers = = (x1 %2,...) such that
Yooy lmi| < oo equipped with the usual norm ||z||, =
> ooy |zi| and by D(A) the domain of a linear operator
A.

—pij(t) = 0as h—0

III. CONVERGENCE BEHAVIOR OF %2, f;(t)

The lemma and corollaries of this section are classical
in the uniform convergence scenario. Nonetheless, since
they support the results that appears in Section IV, it
is worth stating them here.

Let the R-valued functions f;(t), j € N, t € ¥, be
such that

f;(t) — 0 as t — 0, uniformly on j. (2)

Lemma 1: Let 3272, f;(t), t € ¥, be finite and f;,
j € N, nonnegative. Then (2) is necessary to having
Z;‘;l fi(t) = 0ast— 0.

Corollary 1: Condition (2) is necessary to having
Sy [fi(#)] — 0 as t — 0, as long as this summation
is finite Vt € 0.

IV. MAIN RESULTS

Despite of the fact that all standard transition ma-
trices have their associated o;; (t) functions converging
to zero uniformly on j as ¢ — 0, this may not be
necessarily the case of O”T(t) Transition matrices that
exhibits uniform convergence on j of O”T(t) are those
conservative matrices associated to Poisson processes
(Lemma 6) and, more generally, a subset of transition
matrices satisfying the Kolmogorov forward equation
(Lemma 8). These classes are not exhaustive in the set
of standard transition matrices and we may ask whether
there exist conservative or nonconservative matrices
that in fact do not converge to zero uniformly on j
ast — 0.

We begin (Section IV-A) introducing a version in /; of
the forward equation, which is the underpinning result
used in solving Lemma 8.

A. A version in [; of the forward equation

We consider the Banach space [; equipped with the
usual norm and an arbitrary element A = (\;;); jen in
the class of the infinitesimal matrices associated with
standard transition matrices, and define the operator
A(-) such that, Va € Iy, A(z) = xA, where A is defined
in the usual way as the matrix product of x, viewed as
a row vector, by A, i.e., (A)ken = (Yoo TsAsk)ken.
To simplify notation, we make no distinction between
the matrix and the corresponding operator.

The space [y arises naturally in building an analog of
the forward equation in Banach space when our concern
is studying uniform convergence to zero in the row of

or else, to A

(O'ij(t))
t /i jen

(Pij (t)*Pij(0)> )
t i,jeN

For arbitrary ¢« € N, equation (3), in Lemma 4,
corresponds to the [; forward equation associated to the
i-th state as in (11). We shall consider, in this lemma,
[Agk| uniformly bounded. Note that if this condition
is dropped out, then A, seen as an operator, is not
bounded and generates neither a contraction nor a Cy
semigroup, whenever D(A) = [; (see the lemma below).

ij» J = 1,2,..., in the row of

Lemma 2: Let A be a linear operator in a Banach
space X and D(A) = X. If A is the infinitesimal
generator of a semigroup of contractions, say Ta(t),
then Ty (t) is a Cy semigroup, which implies A to be a
bounded operator.

Proof: Since T4 (t) is a semigroup of contractions,
we have that {f € X : limy 0 Ta(h)f = f} = D(A).
But D(A) = X (see, e.g., Section 2.2 of [2]). Therefore
T4(t) is a Cy semigroup. Consequently, A is closed.
Reminding that D(A) = X, we have, from the Closed
Graph Theorem, that A is bounded. [ ]

Remark 1: If we define A to be such that D(A) # Iy,
then A may be allowed to generate a Cy semigroup, but
in this case it may be difficult to assure, in Lemma 4,
¢ € D(A). The importance of these arguments stems
from the fact that, to obtain existence and uniqueness
of solution to (3), as well as differentiability, for any
initial value in D(A), we have to assure A to generate
a Cj semigroup (see, e.g., [11]).

Now an auxiliary result.

Lemma 3: A € Blt(l) iff |A\;;| is uniformly bounded.

Proof: First note that the limits a; =
Yoot wsAs; € R, j € N exists for arbitrary =z =
(z1,22,...) € . In fact, for every M, N and j, N > M,
S0 wad| < g foal Aol = 0 as M, N = oo,

so that {Zi\[:o IS)\SJ'}
NeN
the complete space R.

is Cauchy and converges in
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(if part): A is clearly linear. Now, let A(z) = zA =
(a1, az,...), so that

Ay = 32520 layl = 32520 13055 wshsg|

< I o0 3000 Timar oo 22054 fosl A

= limy oo im0 35054 s 554 s

Slimpyoe S0 2]as| [Ass] < 263000, Jas| = 2¢ ||

where ¢ > |As5| does not depend on s. This shows that
A takes values in [; and is bounded.
(only if part): From the proof above, the class of
the infinitesimal matrices A that belongs to Blt(ly)
is  nonempty. Thus, define ¢¥ = (0,0,...0,1,0,...) €
Iy with 717 placed arbitrarily in the k-th position.
A € Blt(l1) means that there is ¢; such that HA(fk)H1
< e [|8F]y = ex- But [|AEM)]], = 32525 [kl = Akl s
that ‘)\kk| <c VkeN [ |
Consider the [; valued function x(t) =
(x1(t),z2(t),...), t > 0. To avoid confusion with
&(t) == (@1(t), 2(t),...), &;(t) being the derivative of
each entry z;(t) in the usual R norm, we shall denote
the derivative of z(t) in the I; norm by ().

Lemma 4: Let A = (\;j)ijen be an infinitesimal
matrix with |Agx| uniformly bounded and let
t(t) = Az(t)) = z(t)A, ¢ >0, (3)

be the [y differential equation where A(x(t)) is defined
above and z(0) = ¢ = (0,0,...,0,1,0,...) € [; is the
initial data with ”1” placed in the i-th position. Then
there exists a unique solution z(¢) € I; of (3) which
is continuous and continuously differentiable in the
I norm. Moreover, z(t), continuous and continuously
differentiable in R, for each entry z;(t), is such that
z(t) = £(t) so it satisfies

(1) = A@(t)) = 2(t)A, t >0, (@)
with z;(0) = £'. In addition,
zj(t+h) —z;(t)

—z;(¢) Eoash—0, uniformly on

h
jeN, vVt >0. (5)
Proof: A is a linear and bounded operator in

Banach space (see Lemma 3), so it generates a Cj
semigroup. Hence, from semigroup theory (see, for
instance [11]) and noting that ¢ € I; = D(A), where
D(A) stands for the domain of A, the first assertion
follows. Now, this means that, for ¢ > 0 arbitrarily

fixed, there exists #;(t) € l; such that the following
limit exists.

x(t+h) —x(t)
h
This implies that

<M¢(t)>'&0a5hﬂo,j€N

—#(t) 5 0as h— 0. (6)

h

(t+h)—xz;(t
x](+2b x]()fjj(t)&Oash%O,jEN

(7)

Now, (7) means that &;(t) = £;(t), Vj € N, or else,
x(t) = £(t), for t > 0 (note that the limits in (6) and
(7), t > 0, may be considered from the right and from
the left, since h assumes positive and negative values).
Therefore, x(t) satisfies &(t) = z(t)A, t > 0, with initial
data z(0) = (0,0,...,0,1,0,...). Finally, convergence in
(7) is in fact uniform on j € N, so (5) follows. ]

Remark 2: Equation (3) is therefore equivalent to
both (4) and (5) in that the set of solutions (the unitary
set) that agrees with (3), agrees with (4) and (5), and
vice-versa.

or else,

B. j—uniform convergence of 0;; (t)

Lemma 5: Let (p;;(t))i jen be a standard transition
matrix. Then, for arbitrary 7 € N,

05 (t) = 0 (and |o;; (t)]) — 0 as t — 0 uniformly on
jeN

Proof: We may appeal to a particular case of
Theorem II.2.2 of [1] which says that 0 < p;;(t) <
1 —pii(t), Vj € N, j # ¢ and ¢ > 0, reminding that
1 —pu(t) = 0 as ¢t — 0, or else, to [12], Theorem 1
of Section II.2.2, to obtain that p;; (t) — 0 as t — 0
uniformly on j. Now, since 0 < Aj; < —Ay, it follows
that A;jt — 0 as t — 0 uniformly on j. It is easy to see
that 0;; (t) = pi; (t) — \ijt — 0 as t — 0 uniformly on
j # i. Clearly, since {j € N: j = i} is finite for fixed
i, the latter convergence is uniform on j € N. Now,
using the definition of convergence, it easily follows that
uniform convergence of o;; (t) is equivalent to uniform
convergence of |o;; (). |

C. Classes of examples of jSTMs

Lemma 6 (Poisson processes): Let (p;;(t))ijen be
the (conservative) transition matrix of a Poisson pro-
cess with parameter b > 0 arbitrarily chosen. Then,

(pij(t))sjen is a JSTM.
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Proof: 0ij (t) := pij (t)—Nijt = pij (t), where p;; (¢)
— bt ((b]t) o J = i+2,i43, .... Moreover, for ¢ € (0,1/b],
we have that 0 < bt < 1, which implies (bt)7 =% < (bt)2.
Hence, Oij(t) < O““’(t) for j =i+2,i+3,... and every ¢
in the j- mdependent interval (0,1/b]. Smce M
ast — 0 and {1,...i+1} is a finite set, the result follows.
|
Lemma 7 (processes with positive o;; functions):
Let (pi;(t))ijen be a standard transition matrix with
a conservative infinitesimal matrix and such that, for
every i, 0;; (t) is positive Vt € ¥; and j € N —S§;, with
S, being a finite subset of N. Then, (p;;(t)): jen is a
JSTM.

Proof:
0i5(t)

2;0:1 X

as t — 0. Since &; is finite,

oo (t)
Z] 1,j¢S; T

> O”( )| Hence, using the necessity part of Lemma

1, the result follows. [ |

— 0

For a conservative infinitesimal matrix

0;4(t
=0, Vt > 0, so that 77, Jt()

00 los; (D _
Z]:l,]fs Jt -
— 0 as t — 0 so this is the case of

— 0

The example that follows is supported by Section IV-
A.

Lemma 8 (STMs uniquely satisfying the FEq):
Let P(t) = (pij(t))ijen be a standard transition
matrix and A = (\;;);jen the associated infinitesimal
matrix. Suppose that [A;;| is uniformly bounded and
P(t) uniquely satisfies the forward equation

P(t) = P(t)A, t > 0, (8)

with P(0) = {d;;}, jen. in the class of continuous and
continuously differentiable functions, where continuity
and differentiation are considered in R, for each entry
pij(t), 4,7 € N. Then, P(t) is a jSTM, i.e., for each
i €N,

ij (B . .
OJT() — 0 as h — 0, uniformly on j € N (9)
This is true, in fact, V¢ > 0, i.e.,
S gm0
h h
as h — 0, uniformly on j € N. (10)

Proof: For i € N arbitrarily fixed, denote P;(t ) =
(pin (1), pio(t), ) and Bx(t) = (pia(0), pio(t), ). Pr(1)
clearly belongs to l;. To see that this is also the case
of the latter expression, i.e., that 327, |p;;(t)| is finite,
refer to equation I1.3(4) of [1] or, alternatively, Lemma
3, reminding that P;(t) satisfies (11). So, from (8),

Bi(t) = (A, t > 0, (1)

where P;(0) = (0,0,...,0,1,0,...) with ”1” placed in
the i-th position. Now, from Lemma 4, there exists
x(t) = (x1(t), x2(t),...), continuous and continuously
differentiable in R, for each entry z;(t), that satisfies
(11) with the initial data x(0) = P;(0), and such that
(5) holds. Since, by assumption, solutions to (11) are
unique, we have that P;(¢) = z(¢). In this case (5) reads
s (10). In particular, with ¢ = 0, we obtain (9). |

It is worth noticing that, if a jSTM satisfies the
forward equation, where limits are considered in R, for
each entry p;;(t), i,j € N, then, regardless of being
the unique solution or not, its associated o;;(t + h)/h
functions converge to zero uniformly on j as h — 0,
vVt > 0. To see this note that, by assumption, 3
0; =0 :Ryo — 9, such that, Ve > 0,

(R i(h) — Drj
—EgOk]}f ):ka( )hpk](o)—pkj(0)<57
0<h<6<6)7 VJEN7

for arbitrary k € N. Multiplying the above expression

by pir(t), we have, for ¢t > 0, that

Pik(t)Pr;j (h) — pir(t)Pr; (0)
h

—epin(t) < — pi(t)Pr;(0)

< epir(t).

Applying Zkleon all terms of the above expression,
passing to the limit as M — oo and reminding the
Chapman-Kolmogorov equation (the semigroup prop-
erty of P), we have that

p”(t + h —pij(t

—€ < szk pkj <

Since P satisfies P(t) =
R for each entry p;;(t), we have that p;;(t) =
pik (t)Pr;(0) and the above expression reads

Dij (t + h) — Dij (t) Oij(t + h)
< e = 7
X A pzy( ) h
d(e), Vj €N and t > 0.

P(t)A, where limits are in

k=1

<6,
0<h<

Reminding that & does not depend on j, the above
assertion follows.

Remark 3: Suppose that all solutions to (8), in the
class of the continuous and continuously differentiable
functions for each matrix entry, in the R norm, are
standard transition matrices (clearly, all of them are
associated to A). Then, they are one, say P(t), so
Lemma 8 applies. We justify this, noting that the min-
imal solution always exists and, being by assumption,
a transition matrix, it is unique (see, e.g., [1]).
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