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Abstract— Observers design is addressed for a class of Under some regularity assumptions on the system and
continuous-time, nonlinear dynamic systems with Lipschitz measurement equations and on the innovation function, a
nonlinearities. A full-order state estimator is considered that procedure is developed to design such an observer, which

depends on an innovation function made up of two terms: a be imol ted b f | f imati
linear gain and a feedforward neural network that provides a can be impiemented Dy means of a class of approximating

nonlinear contribution. The gain and the weights of the neural Networks such as feedforward neural networks.

network are chosen in such way to ensure the convergence of In order to guarantee the convergence of the estimation
the estimation error. Such a goal is achieved by constraining error, a quadratic Lyapunov function is sought for a param-
the derivative of a Lyapunov function to be negative definite  gtarized innovation function that is made up of two terms: a

on a sampling grid of points. Under assumptions on the . . .
smoothness of the Lyapunov function and of the distribution of linear gain and a feedforward neural network that provides

the sampling points, the negative definiteness of the derivative @ nonlinear contribution. The design parameters (i.e., the
of the Lyapunov function is obtained by minimizing a cost linear gain and the weights of the neural network) can
fsun'fti&g tggrtnDﬁr?a|itzee‘cshr§?eu<e>gnaslt|:)6\llivnt% tt\:éuifs tf;]%t (S;Z‘ﬁfﬁf& be chosen in such a way to constrain the derivative of a
uita - i ; ; ;
tional burden Fr)quired by ?he network’s weights optimizatirc))n. ql,!adratlc !_yapunov functlon.to be negative on a sampling
Simulations results are presented to illustrate the effectiveness grid of pomt's On_ the Cartesian prOd.UCt_ of the Sta,te Space
of the proposed method. and the estimation error space. This is accomplished by
minimizing a cost function that penalizes the constraints that
l. INTRODUCTION are not satisfied in correspondence of the sampling points.
Various methods are reported in the literature to construtttis worth noting that the selection of the design parameters
observers. A Lyapunov function is usually considered tis made completely off line (see also [11]). This is the main
guarantee the convergence to zero of the estimation erradvantage with respect to neural approaches to estimation
Unfortunately, there is no general methodology to find sucfor nonlinear systems (see, among the most recent ones,
Lyapunov function. [12], [13], [14]) that rely on the on-line adaptation of the
The first convergence results on observers for nonlineaeural weights.
systems were presented in [1] and [2]. The state-space transtnder assumptions on the distribution of the sampling
formation approach (see [3], [4]) allows one to easily find apoints and smoothness of the Lyapunov function, the neg-
observer with linear error dynamics in the transformed stat@tive definiteness of the Lyapunov function’s derivative is
space. In this context, high-gain observers were consideredsured, thus the resulting observers provides a convergent
[5] and frequently used in cascade with a regulator foestimation error. In particular, it is shown that convergence
output feedback control. The design of constant-gain olis obtained by using special deterministic sequences that
servers has been faced in [6], [7]. To deal with the probleraim at optimizing the dispersion of the sampling points
of uncertainties, variable-structure observers were proposéa measure that quantifies “how uniformly” the points are
[8]. In [9], [10] the design of sliding-mode observers forspread).
nonlinear systems was addressed. The paper is structured as follows. Section Il is devoted
In this paper, state estimation problems are consideréd the description of the basic assumptions on the class
for continuous-time, nonlinear dynamic systems with Lip-of nonlinear systems considered. The proposed observer
schitz nonlinearities by means of a full-order observeis constructed using approximating networks described in
that is constructed using a suitable innovation functiorSection 1ll. Section IV presents a design method for such
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observer. Simulation results are shown in Section V. Bridiunctions~ that not only satisfy Assumption (2), but that
comments and the conclusions are given in Section VI. also have a special structure, corresponding to linear com-
binations of functions with a fixed structure and depending

Il. SYSTEM DESCRIPTION AND BASIC ASSUMPTIONS ) .
on a vectorw, € R' of parameters. More precisely, for

We consider a class of systems described by every v € N we define the following class of functions.
i=Az+ f (2) By C(K,R") we denote the space of continuous functions
y=Cu, (1) defined on a compact sek C R™, equipped with the

supremum norm.
Definition 1: Approximating networks of order are
functions belonging to the set

Ayé{%:Kx]Rl—wR” such that

(I) ’ij(E’ij) = chj %‘(fa’ﬂ% 2 K x Rl

where x € X C R" is the state vectorX is compact,
y € R™ is a vector of measurementd € R"*" and
C € R™*" are matrices, andf : X — R"™. We make the
following assumption.

Assumption liLet B, 2 {reX : |z <z,z>0}.

1=1

Then, — R, eyl < AA € R, w € RYLi =
() f: X — R™ is Lipschitzin B, , i.e, there exist 1,...,v, =1,...,n, wyj 2 col(cij, ki @ 1 =

L% € RT such that]| f(z1) — f(22)|| < LF [l21 — 1o, v);
xa||, for all a1,z € B, ; (i) ¢;(-, x;) bounded in aggregate, i.e., AM €
(i) the pair (A, C) is observable. RT such that Vi = 1,...,v,Vk; €

O R, suplpi(§, )| < M;
1335

(i) @i(-, ki) is Lipschitz, i.e, Vi =

1,...,v 3L, € RT such  that Vk; €

R, [@i(€, ki) — i€ ki)| < Lilé = €] ;

(iv) @i( ki) =0, i=1,...,v, Vr; €R". }.
O

Assumption 1 (i) guarantees the existence and uniqueness
of a local solution of the differential equation describing
the dynamics of the system (1) (see, for example, [15]).
Assumption 1 (ii) says that we focus on observable systems
that have the state-space representation (1) or that are
diffeomorphic to (1) (see, for an introduction, [16]).

A full-order state estimator for (1) is given by

Note that items (iii)) and (iv) in Definition 1 take into
) account the requirements of Assumption 2.
F=AZ+f(R)+Ly—-C)+~v@y—C2), (2 Thus, the estimator (2) takes on the form

where L € R™™ is a matrix andy : R™ — R" IS i= Ad+ f(2)+ L(y— C2) + 7 (y— Ci,w,) , (3)
a function. The following assumption defines admissible z
functions~. where v, : R" xR' = R" € 4,

The definition above characterizes approximating net-
works as a particular kind of linear combinations of
variable-basis functions. More precisely, for edcl; (-, )
is a given basis function and;; and the components
of k; are free parameters, lumped together in the vector

The Lipschitz condition in Assumption (2) is a suffi- w., 2 col (wyj ,j=1,...,n) € RNW  where N'(v) =
cient requirement for having a unique local solution ofnkv + nv. In practice, as the inner parametersn each
the differential equation (2) describing the estimator. Th&asis function allow a wide flexibility, typically variable-
condition v(0) = 0 in Assumption (2) guarantees that, inbasis functions are obtained by varying such parameters
the absence of disturbances, if there exists 0 such that in a unique “mother functiony(-,-). The properties of
#(T) = «(T), then &(t) = x(t) for every t > T (see, Variable-basis approximation and their application to opti-
e.g., [17]). The innovation function has been chosen witmization problems have been extensively studied in [18],
the above-written form for the sake of simplicity, althougH19], [20], [21].
it can be of a more general type [17], e.g., with a function As eachv, is a sum ofv Lipschitz functions bounded

Assumption 2:Let z = y—Cz € ZCR™ and B, =
{z€Z : ||zl <Z,2>0}. Theny : Z — R" is locally
Lipschitz in B, and such thaty(0) =0. |

v (Cx,C%) such thaty(z,2) =0, Vz € Z. by A M, it is Lipschitz. Then, we have the following
[Il. PARAMETERIZED ESTIMATORS VIA APPROXIMATING Proposition 1: For each v, approximating Networks of
NETWORKS order v are admissible innovation functions. )

We face the problem of designing an estimator for system
(1) by searching for a matrixX, and a functiony associated  Once a type of approximating networks, i.e., a mother
with a suitable Lyapunov function for the estimation errofunction ¢(-,-) is chosen, the Lyapunov function for the
e(t) = x(t) — &(t) of the observer (2). Towards this end,estimator (3) depends on the values bfand w,. As to
we further restrict the class (2) of observers by considerinpe functione, it is suitable to make a choice generating
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sets A, that have a closure as large as possible: looselylV. DESIGN OF THE PARAMETERIZED ESTIMATOR BY
speaking, the larger such a closure, the wider the choice SAMPLING SEQUENCES AND OPTIMIZATION

at our disposal for a Lyapunov function. So we shall use | ¢t £ - r" pe a compact set where the estimation

approximating networks that are dense in the space @fror takes values and defing,; ¢ X x E as a set of
continuous functions on compact sets, i.e., in the neural, sample pointss; A (5, ¢:)T for i = 1 M in the

network parlance, that enjoy the *universal approximations ; esian product of the state and estimation error spaces

property”. Well-known examples of approximating net-4q consider

works are feedforward neural networks of the perceptron N

type, with at most hidden units and bounded parameters V (s;,w,) = 2[f(x;) — f(z; — ¢€;)

and radial-basis-functions with at masthidden units and — 7 (Cenw)]TPe; —el Qe

bounded input weights and variances. The proofs of the fact i—12 M. (5)

that such functions are provided with the density property T

in the spaceC(K,R"™), where K C R™ is compact, can In the following, we show how it is possible to prove the

be found, for example, in [22] and [23]. asymptotic convergence of the estimation error by imposing
To guarantee the possibility of finding an estimatothe negativity of the derivativa/ (s;,w,) of the Lyapunov

implemented with a “small” number of basis functions function on the points of,,. This corresponds to finding a

also for vectorsz to be estimated with a large numberw, (i.e., optimizing a suitable approximating network)

of components, we shall employ so-called “polynomiallysuch that

complex approximating networks”. Such networks have the . ,

desirable property that the number of basis functions Vi(siwy)<0,1=12,.... M 6

required to guarantee a fixed approximation accuracy hasin order to ensure that the derivative® (s, w,) is
to grow, under mild conditions, at most polynomially with egative forany s that belongs to a compact <6t ExX.

the n_umbe_r of variables (in the case of the estimator (3 ve exploit the regularity of?’ and choose a sampling rule
the dimensionn of the measurement vector); see [18], [19]‘that guarantees a suitably dense coveringSof

[zég;g;(iﬁ;ag cture of the approximating network is To this end, definew; ,, as the parameters vector ob-
' uct pproximating OrK | tained after optimizing the networky, over M sample
fixed, the parameterd and w, are chosen, and the output .

: ey O . N
y is known, the evolution of the estimated state vectoPCiNtS, and 1etV*(s) = V(s,w; ). By the Lipschitz

# is completely determined by (3) according to the intiaPOtiNUIY of the functionsf and~, it follows that for any
conditions. Of course, the selection df and w, must 5% € S the functionV* is Lipschitz too, i.e., there exists

.- K . + 7% _H (o o
ensure the stability of the estimation error. Ly € R such thatiV*(s) — V*(s')| < Lv|[s — ¢/, -

By (1) and (3), the dynamics of the estimation error is AS V7"(si) < 0forall s; € Sy, i =1,.... M, there
given by existsey > 0 such that

e= (A~ LO)e+ f(z) — f(&) —m (Cew,) . (4) v = = max V(s ()

If a quadratic Lyapunov functio’ = ¢T Pe is considered Then, for anys € S, we can write

with a symmetric positive definite matri¥ , we obtain e e - ~
V*(s) <V*(S)+ Ly|s—3|| < Lysupl|ls—§|| —ey
seS

V = ' [(A-LO)"P+P(A—-LO)|e

+ 2[f(@) — f(&) — % (Cew)]" Pe
By Assumption 1 (ii) the pair(A4, C) is observable, so, for
any gain matrix L such thatA — LC' is Hurwitz and any
symmetric positive definite matrix) , there exists a unique

symmetric positive definite matri¥’ solving the Lyapunov V*(s) < Ly (Su) — ev
equation N

.~ A . . .
where s = arg min |Is — s;]| is the sample point closest
_/L_

. A .
to s. The quantityd (Sy;) = i — s;|| is called
s quantityd (Sar) = sup min s = i

the dispersionof the sequence ol/ points [25] and is a
measure of their uniformity of distribution. Thus

. So, V*(s) is negative definite provided that the sample
(A-LC) P+P(A-LC)=-Q. sequence and the number of poidts are such that

Therefore, in order to guarantee the asymptotic stability of 0 &
the estimation error, we can impoge< 0, i.e., Ly
2 [f(z) — flz—e)— (Ce’wy)]T Pe—eTQe<0 Therefore, by [15][Theorem 3.1, p. 100], the estimation
error converges to zero.
along the trajectories of both the system and the estimationIn other words, we must guarantee that (i) the points of
error dynamics. In the next section, we shall address this,; are spread in the most uniform way o# (in such a
specific issue. way that 8(Sy,) is small), without leaving regions of the
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space “undersampled” and (ii) that the points are “closase of low-discrepancy sequences for function learning by

enough” to each other. neural networks is described in [29].
The discussion above enables us to state the following All such sequences attain deterministically a rate of
result. convergence for the dispersion of ordér(M—1/2") <

0(Sm) < O(vV2nM~1/27), where the numbetM of
Theorem 1:Consider observer (3) for system (1) andpoints required to attain a desired dispersion can be com-
suppose that Assumptions 1 and 2 hold. If there exist guted exactly. With respect to pure Monte Carlo sampling, it
gain matrix L, two symmetric positive definite matricés s proven that these discretization schemes suffer less from
and @, a set S,y C E x X of sampling points, and a the formation of clusters of points in particular regions of

parameters vectonw;, ), such that the space, which undermines the uniformity of the sampling.
(A-LC)"P+P(A-LC) = -Q (8) V. NUMERICAL RESULTS
V (si;wha) <0, s € S, ) We consider the Van der Pol equation given by
i=1,2,.... M, PR
0 (Sar) < ;TV (10) 9= —9z1 +2(1 — 23)zo (12)
\4
y=xa

then for anye(0) € E the estimation error of the observer

(3) converges to zero Although system (12) is not stable, it admits a limit cycle;

so the hypothesis of the compactnessXois satisfied.
The design of an observer for (12) was made by choosing

— T i i i
In order to satisfy the constraints expressed by (9), = (0.03,-0.06)" andQ equal to the identity and solving

need to choose an approximating netwoyk of a suffi- t (?I_ﬁorrespcl)ndlnl? ITyagupov equitlon 0 nﬁld ith
ciently large order and optimize its parameters by minimiz- | € reSL]f tsh ° t_a_lnle .Oml(og 7I :;2(0) B AO W't_ a
ing a cost function that penalizes non-satisfied constraint%e ection of the initial estimated valugs(0) = 2(0) = 3

Following [26], we use the cost y using a 3-neuron feedforward neural network with 100

and 700 sampling points for training are shown in Fig.s 1
M . 2 and 2, respectively. The results in the same conditions with
J = Z (maX {0, 14 (Sz‘awu,M)D : (1) a 10-neuron feedforward neural network with 100 and 700
=1 sampling points are shown in Fig.s 3 and 4, respectively.
In the particular case in which the approximating net- From the figures it turns out that the performances
works ~, are given by neural networks, the way of op-at steady state are quite good for all the cases. The
timizing their parameters is quite different from standardransient behaviors of the estimators depend on both the
neural-network learning, where the goal is to minimize th@approximation capability of the neural networks and on
distance of the network’s output from given target valueghe effectiveness of the training. The number of sampling
In our approach, as done in [26], we use an optimizatiopoints may considerably affect the performances, as a larger
sometimes referred to alistal training so we have to em- neural network requires a larger set of sampling points.
ploy ad-hoc techniques, which are often modified versiorihe bad behavior shown in Fig. 3 for an observer with a
of standard minimization algorithms. For example, in [26]10-neuron feedforward neural network trained using only
the satisfaction of the constraints is obtained by minimizing00 sampling points may be ascribed to an overfitting
a suitable quadratic penalty function using a specializegghenomenon, due to the small number of discretization
version of the Levenberg-Marquardt algorithm. Note als@oints with respect to the number of neural units.
that this approach is somehow dual to the approach reported
in [26] to design closed-loop neural controllers for nonlinear VI. CONCLUSIONS
systems. For our simulations, we used a Monte Carlo A new method to design observers for a class of nonlinear
techniqgue combined with a clustering algorithm, typicallysystems has been presented. The observer depends on an in-
employed in global optimization problems (see [27], [28])novation function that is made up of two terms: a linear gain
Condition (10) is related to the dispersion propertieand a feedforward neural network that provides a nonlinear
of the grid S;;. Monte Carlo sampling with uniform contribution. The gain and the neural network weights are
distribution can satisfy these requirements, as long ahosen in such way to guarantee the convergence to zero of
the sample sizeV/ is large enough. The best dispersiorthe estimation error by searching for a sufficiently smooth
properties, in the sense described above, belong to spedighpunov function. We have shown that such a convergence
deterministicsequences callekbw-discrepancy sequenges can be obtained by constraining the derivative of the Lya-
commonly employed in the fields of number-theoretic methpunov function to be negative on a well-shaped sampling
ods, statistics and quasi Monte Carlo integration. Examplegid of points, as this, together with additional conditions
of such sequences ar@,n) — sequences, the Halton on the linear gain, ensures the asymptotic stability of the
sequenceand theHammersley sequend@7], [25]. The estimation error. For what concerns the sampling points, the
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Fig. 1.

Numerical results with a 3-neuron feedforward neural network and 100 sampling points for training.
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Fig. 2.

Numerical results with a 3-neuron feedforward neural network and 700 sampling points for training.

use of so-called low-discrepancy sequences, which ensufe] S. Raghavan and J. K. Hedrick, “Observer design for a class of
deterministic convergence with favorable rates when the

number of points grows, has been discussed.
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