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Practical Adaptive Neural Control of Nonlinear Systems with
Unknown Time Delays

Fan Hong, S. S. Ge and Tong Heng Lee

Abstract— I n this paper, practical adaptive neural control is
presented for a class of nonlinear systems with unknown time
delays in strict-feedback form. Using appropriate Lyapunov-
Krasovskii functionals, the uncertainties of unknown time
delays are compensated for. Controller singularity problems
are solved by employing practical neural network control
based on decoupled backstepping design. It is proved that
the proposed design method is able to guar antee semi-globally
uniformly ultimate boundedness of all the signalsin the closed-
loop system and the tracking error is proven to converge to a
small neighborhood of the origin. In addition, the residual set
of each states in the closed-loop systems can be determined
respectively.

|. INTRODUCTION

Recent years have witnessed tremendous efforts in adap-
tive control of certain class of nonlinear systems. Adaptive
control is well known for its great capability in compensat-
ing for linearly parameterized uncertainties. To overcome
these uncertainties and obtain global stability, some re-
gtrictions have to be made to system nonlinearities such
as matching conditions [1], extended matching conditions
[2], or growth conditions [3]. To overcome these restric-
tions, a recursive and systematic backstepping design was
developed in [2]. The overparametrization problem was
then removed in [4] by introducing the concept of tuning
function. Several adaptive approaches for nonlinear systems
with triangular structures have been proposed in [5], [6].
Robust adaptive backstepping control has been studied for
certain class of nonlinear systems whose uncertainties are
not only from parametric ones but also from unknown
nonlinear functionsin [7], [8] and among others. For system
& = f(x) + g(z)u, the unknown system function g(x)
causes great design diffculty in adaptive control. Based
on feedback linearization, certainty equivalent control u =
[—f(x)+v]/g(x) is usually taken, where f(z) and j(z) are
estimates of f(x) and g(x), and measures have to be taken
to avoid controller singularity when g(xz) = 0. To avoid
the singularity problem, stable neural network controllers
have been constructed in [9] by augmenting a robustifying
portion, in [10], [11] by estimating the derivation of the
control Lyapunov function, and by introducing a family of
integral Lyapunov function in [12] which do not require the
estimate of the unknown function g(x).

Robust control of systems with time delays has attracted
much attention due to its mathematical challenge and ap-
plication demand in real-time control. The existence of
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time delays may make the stabilization problem become
much more dif€cult. Lyapunov-Krasovskii functionals [13]
combined with the LMI technique [14] has been used to
establish a framework for the stability and control of time-
delay systems. Robust control of time-delay systems using
the above-mentioned technique are also intensively inves-
tigated. However, for nonlinear systems with delay in the
state, few results are reported. In [15], [16], the authors have
studied a class of nonlinear time-delay systems in strict-
feedback form and systematic and practical backstepping
design has been presented. Under the mild assumption on
the upper bound of the unknown time-delay, the proposed
design based on the Lyapunov stability is delay-independent
in the sense that the design is totaly free of unknown
delays. The controller singularity problem is solved by
introducing the practical design and using integral Lya
punov function. However, due to the integral operation, the
controller is very complicated to practical implementation.
The derivation is aso much involved due to coupling of
the integrations and the time-delay terms. Motivated by the
results [12], [17] in which the systems properties has been
fully exploited such that rather ssmple control scheme has
been developed without using integral-Lyapunov functions
and singularity problems has been avoided as well, we
present in this paper a direct NN controller for a class of
time-delay systems in strict-feedback form. By making a
simple assumption for the affne term g,,(z) of control that
g, (x)/0x, = 0, the controller design can be simplifed
using quadratic Lyapunov functions rather than integral-
Lyapunov functions. The main contribution of the paper
lies in: (i) the introduction of the practical control and the
re-construction of compact sets, which effectively avoid the
singularity problem and, at the same time guarantees the
feasibility and validity of the neural networks approxima-
tion; and (ii) the employment of decoupled backstepping
design, by which the stability analysis of the proposed
practical control can be carried out in a nested manner to
guarantee the closed-loop stability and and the residual set
of each state in z; coordinate can be iteratively individually
determined.

Il. PROBLEM FORMULATION

Consider a class of single-input-single-output (SISO)
nonlinear time-delay systems

@i(t) = 9i(Zi(t))2it1 () + fi(@i(t)) + hi(Zi(t — 7)),
<i<n-1

T () = gn(Tn(t))u + fru(Tn(t) + ho(Zn(t — 7)) (D)
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where z; = [z1,29,...,75]7, © = [21,29,...,7,]T € R"
and u € R are the state variables and system input respec-
tively, g;(+), f:(-) and h;(-) are unknown smooth functions,
and 7; are unknown time delays of the states, i = 1,...,n
The control objective is to design an adaptive controller
for system (1) such that the state x1(¢) follows a desired
reference signal y,4(t), while al signals in the closed-loop
system are bounded. De£ne the desired trajectory Z 4(;11) =
[Yd, Ud, -- ,yfi)] ,1=1,...,n — 1, which is a vector of yqy
up to its ith time derivative yfj).

Al). The system states z(t) and part of their time
derivatives, z, _1(t), are al available for feedback.

A2). The signs of g;(-) are known, and there exist con-
stants 9max 2 Jmin > 0 such that 9min S |gz()| S Jmax
and 9g, (z)/0x, = 0.

A3). The desired trgectory vectors z4;, ¢ = 2,...,n are
continuous and available, and z4; € Q4 C R with Qg
known compact sets.

A4). The unknown smooth functions h;(z;(t)) satisfy the
following inequality [h;(Z;(t))| < 22:1 |75 ()]s (Z:(t))
where g;;(-) are known smooth functions.

Ab). The size of the unknown time delays is bounded by
a known constant, i.e., 7; < Tmax, 1 = 1,...,1n

The Assumption A2) implies that unknown constants
g; are strictly either positive or negative. Without losing
generality, we shall only consider the case when g;(-) > 0.
It should be emphasized that the bounds g, and gmax
are only required for analytical purposes, their true values
are not necessarily known since they are not used for
controller design. Note that the requirement for z,,_;(¢)
is a constraint but realistic for many physical systems as
we are not requiring &,, which is directly inauenced by the
control. In addition, dg,(z)/0z, = 0 means that

n—1

i) = (22 "at0 = 5 B0

which is only dependent on the state . Obviously, ¢;(z;),
i =1,..,n— 1 is aso dependent on the state = only. As
g:(-) are smooth function, we know that Vz; € Q with Q
being a bounded compact set, there exist constants g;; > 0
such that |g;(-)| < g:q- This nice property could be used to
simplify the later controller design.

1. PRELIMINARIES

In this paper, the Radial Basis Function (RBF) neural
network (NN) as a kind of linearly parametrized neural
networks (LPNNs) will be used as a function approx-
imator to approximate the unknown nonlinear function
hZ) : RY — R & hp,(Z) = WTS(Z) where the
input vector Z € Qz C R, weight vector W =
[wy,ws, -, w]T € R!, the NN node number [ > 1; and
S(Z) = [s1(Z2),--,s(Z)|F, with s,(Z) being chosen as
the commonly used Gaussian functions, which have the
form s,(Z) = exp[—(Z — )T (Z — i) /], i = 1,2, -+,
With g = [11, piz, - -+, pig)” being the center of the recep-
tive £eld and 7; being the width of the Gaussian function.

Universal approximation results in [18], [19] indicate that,
if 1 is chosen suffciently large, W7 S(Z) can approximate
any continuous function, h(Z), to any desired accuracy over
a compact set Q0 C RY to arbitrary any accuracy in the
form of h(Z) = W*TS(Z) + €(Z), VZ € Qz C R
where W* is the ideal constant weight vector, and e(Z) is
the approximation error which is bounded over the compact
set, e, [e(Z)] < €*,VZ € Qz wheree* > 0 isan unknown
constant. The ideal weight vector W* is an “artifcial”
quantity required for analytical purposes. W* is defned as
the value of W that minimizes |¢| for dl Z € Qz C RY,
i.e, W* = argminy g {supcq, |M(2) - WTS(2)]}.

The stability results obtained in NN control literature are
semi-global in the sense that, as long as the input variables
Z of the NNs remain within some pre-£xed compact set,
Q7 C R, where the compact set 2, can be made as large
as desired, there exists controller(s) with sufEciently large
number of NN nodes such that al the signals in the closed-
loop remain bounded.

Suppose that = € Qz, where Qz isacompact set. DeEne
sets Q.. C Qz and QY as

Qe :=A{x | |z] < e}, QOZ =Qz — Q. 2

where constant ¢, > 0 and “—" is used to denote the
complement of set B insst A as A— B := {z|z €
A and z ¢ B}.

The following lemma shows the compactness of set 2 ,
which is useful to re-construct the compact domain of neural
network approximation later.

Lemma 1: Set QY is a compact set.

Proof: See [15], [16]. ]
V. DIRECT NEURAL NETWORK CONTROL FOR
FIRST-ORDER SYSTEM

To illustrate the design methodology clearly, we £rst
consider the tracking problem of a £rst-order system

21(t) = g1(z1()u(t) + fr(@1(t)) + ha(21(t —11)) (3)

where u(t) is the control input. Defne the tracking error
21 = x1 — Yq, We have

21(t) = g1 (x1(t))u(t) + fr(ze(t)) + ho(zi(t — 1)) — ga(t)

Based on feedback linearization, the certainty equivalent
control is usually taken the form u(t) = (rl)[ filz) +
v(t)]. In the case that ¢g1(-) and f1(-) are unknown, their
estimates §; and f; shall be used instead to construct
the controller and singularity problem may occur when
g1(x1) = 0. To avoid the singularity problem, we shall
estimate the unknown term, e.g., gl(zlg as a whole rather
than estimate the function g, (-) and f3(-) individually.
Another design difEculty comes from the unknown time-
delay , which can be compensated for by introducing the
Lyapunov-Krasovskii functiona in the form of

Vo (t) = / Ua(t))dr (@
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with U(-) > 0 being a properly chosen function. The time
derivative of Vi (t) is

Vu(t) = Ula(t)) = U(z(t — 7))

among which the term U (z(t — 7)) can be used to com-
pensate for the unknown time-delay terms related to 7,
while the remaining term U (z(¢)) does not introduce any
uncertainties to the system.

Consider the scalar smooth function V,,, =
and the Lyapunov-Krasovskii functiona Vi, as

t
2gilin ./‘r1 Ul (Il(t))dT (5)

1(t)ei(x1(t)) > 0. Noting Assump-

2
7291@1) i(t)

VU1 (t) =

with Uy (z1(t)) = 3=
tion A4), we have

Ve (t) + Vi, (1)

< O {utt) + - a(0) ~ )]} - 5H00)
+gil|z1<t>|\m1<t — et - )
+2gmin [U1(x1(t)) = Ur(z1(t — 1)) (6)

The terms 2, (¢) and |z1(t — 71)|o1(x1(t — 71)), which are
entangled in their present form, shall be separated such
that the terms with unknown time delay can be dealt with
separately. Using Young's inequality, (6) becomes

Vo (8) + Vo, (1)
1
< zl(t){u(t) + g_l[fl(xl(t))

1
D20 + 53—

~ jalt) + 5201}

Joi (w1(t — 1))

291 201
+2gi[$%(t)91 (z1(t)) — 22 (t — )03 (x1(t — 11))] (7)

AS g1 > gmin, it follows that ﬁx%(t—ﬁ)g%(xl(t—ﬁ)) <
L %(t—n)gl(xl(t 71)). In addition, from Assumption

/igéu)mwe have — ‘hzl < "gg'fl < 58422, Thus, (7) becomes
Ver0) + Vi, (0) < 21 (Oult) + Q(Z1(0)] + 242 @
where
QUZ1(1) = [ (1) =~ a(®) + 3(0)
gt el (1) ©
with Z; = [21,94,9)7 € Qz, C R® and Qz =

{Zl,ifdg‘zl ER, Zgp € de}.

From (8), it is found that the controller design is free
from unknown time-delay 7, at present stage. For notation
conciseness, we will omit the time variables ¢ and after
time-delay terms have been eliminated.

Since fi(-) and ¢1(-) are unknown smooth function,
neural networks shall be used to approximate the function

Q1(Z1). According to the main result stated in [20], any
real-valued continuous function can be arbitrarily closely
approximated by a network of RBF type over a compact set.
However, it is apparent that Q1 (Z;) is not continuous over
the compact set 2z, as it is not well-defned at z;(t) = 0.
Therefore, we shall re-construct the compact set over which
the neural network approximation is feasible and valid. To
this end, let us defne sets Q.. C Qz, and QY as follows

Q. ={z]|lz| <, }, Q% =z —Q

Czl . Czl

From Lemma 1, we know that %, is a compact set, over
which function @, (Z;) is continuous and well-defned and
can be approximated by neural networks to arbitrary any
accuracy as follows

Q1(Z1) =

where €,(Z7) is the approximation error. Note that as the
ideal weight W;* is unknown, we shall use its estimate TV,
instead in the later controller design.

As can be seen from the previous discussion, the control
effort will be activated only in the compact set Q%l so that
we would like to relax our control objective to boundedness
of states around the origin rather than the asymptotic
convergence to origin. Accordingly, the following practical
adaptive control is proposed

’U,(t) _ { (;’kl(t)zl — WlTS(Zl),

F(t) = ko + kup + 22 L2 (1) (1 (1)) dr(12)

1 t—Tmax

=T1[8(Z1)21 — o (Wy — WY)]

WiTS(2)) + e1(Zy) (10)

21 € Q%l

z1 € Q) (11)

Czy

W, (13)

where kj, = kip — 524 > 0, kiy > 0, 19 > 0, marix
'y =TT >0, 0y is asmal congtant to introduce the o-
modi£cation for the closed-loop system.

Theorem 1. Consider the closed-loop systems consisting
of the £rst-order plant (3), the adaptive control (11)-(13),
for bounded initial conditions z; (0) and W, (0), &l signals
in the closed-loop systems are SGUUB, and the vector 7
remains in a compact set 2% specifed by

— {Zl
Taz € Qaz, 21 ¢ Q%}

whose size, 11 = max{v/2gmaxCo1, ¢z, }, can be adjusted
by appropriately choosing the design parameters.

Q%l Z% S Hi, ||W1H2 S 2001/)\111in(r1_1)7

(14)

Proof: Consider the Lyapunov function candidate
Vi(t) as
Vilt) = V() + Vi, (0 + ST OFT () (19)
with (-) = (*) — (-). Its time derivative along (8) is
Vi < zifu+ Q1(Z1)] + Iid 2+ W{Ty 1Wl (16)

min
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Now, the stability analysis will be carried out in the
following two regions: (i) z; € Q%l, and (i) z1 € Q..

Region (i) z; € Q%l: In this region, the control is
invoked. Substituting (10), (11)-(13) into (16) by noting the
following inequalities

%2
2

A= 4k11
L jw -y

7]43112’1 + Zlel(Zl) < knzl + |2’1‘6

—WI Wy —

/t 1
=T
t—11 2

we have

wy) < *§||W1H2 +

2(1) 2 (a1 (r))dr < /

—Tmax

LB )A (w1 (7)dr

Vi (t) < —aVi(t)+ M (17)

with positive constants A; := o1 ||W; — WP + 4k11
and ¢; = m1n{2k;10gmm,610gmm, )\"71_1} Let p; =
A1/cq, it follows that

0 < VA(t) < p1 + [Va(0) — p1]le " < p1 + V1(0) (18)
Region (ii) z1 € Q. 1 Inthisregion, |z1] < ¢y, 1€, 21

is aready bounded, and W; = 0. Since z; = z; — y4 and
yq 1S bounded, z; is bounded. In addition, the adaptation
for W, has stopped and T is kept unchanged in bounded
value.

From (15) and (18), we have

Z% S 2gmax001a HVV1||2 < 2001/)\mm( 1) (19)

with Co; := p1 + V1(0). Noting that (19) holds for |z;| >
¢.,, we readily have the compact set QY specifed in (14),
over which the NN approximation is carried out with its
feasibility being guaranteed. ]
V. DIRECT NEURAL NETWORK CONTROL FOR
NTH-ORDER SYSTEM

In this section, adaptive neural control is extended the
higher-order system (1) using backstepping design and the
stability results of the closed-loop system are presented.
The n-step backstepping design procedure is based on the
change of coordinates: zy = z1 — yq, 21 = T; — @1,
1 =2,...,n, where o;(t) isan intermediate control functions
developed for the ith-subsystem based on an appropriate
Lyapunov function V;(t). The control law (¢) is designed
in the last step. Note that the controller design based on
such compact sets Q9 will render «; not differentiable
a points |z;| = c.,. This problem can be easily £xed by
simply setting the differentiation at these points to be any
£nite value, say 0, and then every signa in the closed-
loop system can be shown to be bounded. Theoretically
speaking, by doing so, there is no much loss either as these
points are isolated with £nite energy and can be ignored.
For ease and clarity of presentation, we assume that al the
control functions are differentiable throughout this Section.
A modi£cation of the proposed design isprovided in [21], in
which the control functions strictly meet the differentiable

condition required by backstepping design and much more
involved stability analysis is also given.

For uniformity of notation, throughout this section, detne
estimation errors W; = W; — W, compact sets €2, and
QY as Q. = {zil|zi] < e}, QY = Qg — Q.. where
constants ¢, > 0, W; € Rl are the estimates of ideal NN
weights W7 € R', and the integral Lyapunov functions
V.. (t), the Lyapunov-Krasovskii functionals Vi, (), and the
Lyapunov function candidates V;(t) as

1 2

V, = —— 2 20
2g:(Z;) (20)
1 t
Vi, = / Ui(z(r)dr  (21)
2gmin t—T;
1 T —117
Vi=V,, +Vu, + §WZ Fi W, (22)

where positive functions U; (z;) = 3%, 303 (Z;).

In the following steps, the unknown functions Q;(Z;),
i = 1,...,n, which will be defned later, will be approxi-
mated by neural networks as

Qi(Z;) = WiTS(Z) + ei(Z:),YZ; € QY (23)

where €. are the upper bounds of the NN approximation
errors, i.e., |e;(Z;)| < €, with Z; being the corresponding
inputs to be defned later.

The following adaptive neural control laws are proposed

o —kz(t)zz — WZTS(ZZ)7 Zi € QOZ1
@i = { 0, 5 e (24)
t
Balt) = ko + kg + 22 / Zx )% (:(7))d25)
i t*mex
W, = Di[S(Z)zi — ou(Wi — WO)] i=1. (26)

with g;0 > 0, matrix I'; = I'7 > 0, Wi0 being con-
stant vector, constants ko, k;; > 0 satisfying k7, 2
kio — 9id/(2gmin) — 1/2 > 0, constant o, > 0 to
introduce o-modifcation to closed-loop systems (when
i = n, a, = u(t)). DeEne positive constants ¢; =

min{ijogmin, €109min; W} A O-ZHW»L* _
WO+
The unknown functions Q;(Z;) is defned by
. 1
Qi(Zi) = m[fi(fi) — 1+ izi]
1 i
s G We@m®) @)
min~1 ]:1
with Z; = [T, Zi—1, 63;11, 83;21, . gjs:,wi_l] € Y
C R%*~1, where
. — da1
Qi1 = . i T wi-1
=1 %
a1 . = Doy
.1 = - T i; —AW
T oz, +; ow; 7
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Step 1: Let us £rstly consider the z;-subsystem as z; =
ry —yqand zp = 23 — 0y

21(t) = g1(@1(1))[22(t) + a1 (D)) + fr (21 (1))
+h1($1(t—7‘1)) —yd(t) (28)
Consider the Lyapunov function candidate in (22). Fol-

lowing the same procedure as in Section IV by applying
Assumption A4) and Young's inequality, we obtain

Vi < zilon + Qi(Z0)] + 251% 2

+2129 + WFF;lVVl

(29)
Applying Young's inequality again for zjzs, i.e., z122 <
321 + 322, we have

g1a | 1

1 A
oty talen+QuZy)+ W T,
Ymin 2 2 (30)

VlS(

where Q1(Z;) is given in (9).

Considering the practical adaptive intermediate control
given in (24)-(26), the stability anaysis is carried out in
the following two regions defned by the compact sets Q%l
and €2, respectively.

Region 1: z; € QY . Substituting (24)-(26) into (30)
yields Vi (t) < —e1 Vi (t) + A1 + 423, from which we know
that if zo can be regulated as bounded, the boundedness of
Vi(t), z1, 1 and W, can be obtained as can be seen from
Theorem 1. The regulation of z5 will be conducted in the
next steps.

Region 2: z; € €2, . In this region, |z1| < ¢, isdready

bounded, and W = 0. Hence, z1 = 21 + yq is bounded,
and T, is kept unchanged in bounded values. As V., (t)
and Vi, (t) are smooth functions, for bounded z; and z,
V., (t), Vi, (t) andV4 (t) are bounded.

Sepi (2 <i <n-—1): Similar procedures are taken for
1=2,---,n—1asin Step 1.

The dynamics of z;-subsystem is given by

zi(t) = gi(Zi(1))[zi41(8) + i (t)] + fi(Z:(2))
+hz(ﬂ'_§z(t — T,')) — di_l(t)
Consider the Lyapunov function candidate V;(t) in (22).

Using Young's inequality and noting Assumption A4), the
time derivative of V;(t) is

Vi < 25— 0 + 5l

+ziloy + Qi(Z;)] + VNVz'TFi_lﬁ/i

where Q;(Z;) is given in (27).

Consider the practical adaptive intermediate control given
in (24)-(26). Similarly asin Step 1, the stability analysisis
carried out in the two regions defEned by the compact sets
Q9. and Q. respectively as follows.

For z; € QO, we have Vi(t) < —;V;(t) + A + 222,
from which it can be seen that the stability of z;-subsystem
in this case is dependent on z;,1, which will be dealt with

(3D

in the next steps. For z; € Qe , the boundedness of z;, z;
and W; directly follows.

Sep n: This is the £nal step, since the actual control
appears in the dynamics of z,,-subsystem as given by

Zn = gn(Tn())u+ fro(Zn(t) + hn(Zn(t — 7)) — dn_1(t)

Consider the Lyapunov function candidate V,,(¢) given in
(22). The time derivative of V,,(¢) is

 gnlx)

297 (x)
where Q,,(Z,,) is given in (27).

Considering the practical adaptive control given in (24)-
(26). Similarly asin the previous steps, the stability analysis
is carried out in the two regions defned by the compact sets
QY and Q. respectively as follows. For z, € Q) , the
£nal control u(t) isinvoked and the time derivative of V,,(t)
is Vn(t) < —¢, Vi (t) + Ay, from which we can conclude
that V,,(¢) is bounded, hence z,,, W,, are bounded. For z,, €
€2.,., the boundedness of z,, directly follows. Hence, z;, x;
and W;, i = 1,....,n — 1 are bounded. As W,, = 0, W,, is
kept £xed in a bounded value.

Theorem 2: Consider the closed-loop system consisting
of the plant (1) under Assumptions A1)-A5), the practical
adaptive neural control (24)-(26). For bounded initial con-
ditions, the following properties hold:

(i) dl signds in the closed-loop system are semi-
globally uniformly ultimately bounded and the vector Z =
(2T, ..., ZF]" remains in a compact set Q := QY U...U
QY specifed as

QO = {Z| ZZ? < 29maxCOaZ HW1H2 <

i=1 i=1

Tai € Qaiyi = 2,12 ¢ Qe i = 1, ,n} (32

Vn < Zqzz(t) + znlon + Qn(Z,)] + WEF;lVAVn

2C)y
)\min (F_l) ’

%

where Cy > 0 is a constant whose size depends on the

initial conditions (as will be deEned later in the proof);
(ii) the closed-loop signal z(t) = [z1, ..., z,])T € R™ will

eventually converge to a compact set defned by

Qs = {2|ll2]* < u}

with ;4 > 0 is a constant related to the design parameters
and will be defned later in the proof, and 25 can be made
as small as desired by an appropriate choice of the design
parameters.
Proof:
candidate

(33

Consider the following Lyapunov function

V() = SIV(0) + Vi (0 + SWITLW

i=1

(34)

where V,,(t) and Vy,(t) are defned in (20) and (21)
respectively. The following three cases are considered.
Casel): z; € Qc..,i=1,...,n.In this case, the controls
o; =0and W, = 0. Since z; = 21 —yq and y, is bounded,
1 is bounded. For i = 2,...,n, z; is bounded as z; =
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2 +a;_1 and a;_; = 0. In addition, W; is kept unchanged
in abounded value, i = 1, ..., n. Observing the de£nition for
V., (t) and Vy,(t) and noting that g;(-), ;;(-) are smooth
functions, we know that for bounded z;, z; and W;, V., (t)
and Vy, (t) are bounded, i.e., there exists a £nite C'p such
that V (t) < Cp.

Case 2): z; € Q% , i = 1,...,n. In Step n, we have
Vi(t) < —cuViu(t) + \p. L€t p, = A\, /cn, it follows that

0 < Viu(t) < [Va(0) = pale™ " + pr < Vu(0) + p, (35)

From (22), we have 22 < 2gmax [V (0)4pn], and |V, ||? <
2[V,(0 )+pn]/)\mm( 1), Similarly, we can conclude that

fore =1,---,n—1, 22 < 20max(Vi(0) + pi), ||VVZ||2 <
2(‘/1(0) + p'L)/)‘mm(F ) with pPi = [)\’L + gmax(‘/ifla)) +
Pi— 1)]

Case 3): Some z; € Y, and some z; € Q.. In this
case, the corresponding «; or v and the adaptanon law for
w; will be invoked for z; € QF while a; =0 or u = 0

and W =0 for z; € ch Let us defne Vi(t) = >, V;
and VJ( ) =2, V. For z:7 € Q.. , we know that V;(t)
is bounded, i.e., VJ() < Cjy W|th C; being £nite, and
for zi € QF, we obtam that V( ) < —cVi(t) + M+
122, Letusdefne p! = [\ + % max{2?,,}]/c!, we have
Vi < Vi(0) + pr with V7(0) = sz( ) and pr =3, pi.
Therefore, it can be obtained that V (¢) = V;(t) + V;(t) <
Vi(0) + pr + Cj.

Thus, from Cases 1), 2) and 3), we can conclude that
V(t) < Co with Cp = max{Cp, > ;" (Vi(0)+p:), Vi(0)+
pr + Cy}, from which we know that V;( ), z; and Wi, i=
1,...,n, are bounded, and the boundedness of the systems
states z;, i = 1, ..., n directly follows.

Considering (34), we know that >0 | 27 < 2gumax V (1),
S WP < 2V() /Amin(T7 Y ..., T, 1) from which, we
readily have the compact set 2%, defned in (32) over which
the NN approximation is carried out with its feasibility
being guaranteed.

In addition, in Casel) as z; e Q. ,i=1,...n, we know
that ||z]|* = Ez LY e In Case2) we have that
limy o ||2]|? = ngax >, pi- In Case 3), We have that
limy oo D; 22 = 2gmaxpr and > z2 <Y, c2 . Therefore
ast — oo, we can conclude that ||z||2 < U Where p =
max{2¢max Zi:l Pi> 20maxPI, Zi:l Zi}, i.e., the vector z
will eventually converge to the compact set 25 defned in
(33). This completes the proof. ]

VI. CONCLUSION

Practical adaptive neural control has been addressed for
a class of nonlinear systems with unknown time delays in
strict-feedback form. The unknown time delays has been
compensated for through the use of appropriate Lyapunov-
Krasovskii functionals. Controller singularity problems have
been solved by employing practical neural network control
based on decoupled backstepping design. The proposed
design has been proven to be able to guarantee semi-
globally uniformly ultimate boundedness of all the signals

in the closed-loop system and the tracking error is proven to
converge to a small neighborhood of the origin. In addition,
the residual set of each states in the closed-loop systems has
been determined respectively.
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