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Abstract— We investigate some fundamental limitations
and tradeoffs in the control of vehicular platoons. These
systems are of considerable practical importance as they
represent an example of systems on lattices in which differ-
ent units are dynamically coupled only through feedback
controls. We demonstrate that in very long platoons, to
avoid large position, velocity, and control amplitudes, one
needs to explicitly account for the initial deviations of
vehicles from their desired trajectories. We further derive
explicit constraints on feedback gains–for any given set
of initial conditions–to achieve desired position transients
without magnitude and rate saturation. These constraints
are used to generate the trajectories around which the
states of the platoon system are driven towards their
desired values without the excessive use of control effort.
All results are illustrated using computer simulations of
platoons containing a large number of vehicles.

Index Terms— Vehicular Platoons; Spatially Intercon-
nected Systems; Distributed Control.

I. I NTRODUCTION

Control of vehicular platoons has been an intensive area
of research for almost four decades [1]–[6]. These systems
belong to the class of systems on lattices in which the
interactions between different subsystems originate because of
a specific control objective that designer wants to accomplish.
Additional examples of systems on lattices with this property
include unmanned aerial vehicles in formation [7]–[9] and
satellites in synchronous orbit [10]–[12]. These interactions
often generate surprisingly complex responses that cannot be
inferred by analyzing the individual plant units. Rather, intri-
cate behavioral patterns, an instance of which is the so-called
string instability [13] (or, more generally, thespatio-temporal
instability [14]), arise because of the aggregate effects. Another
particularity of this class of systems is that every subsys-
tem is equipped with sensing and actuating capabilities. The
controller design problem is thus dominated by architectural
questions such as the choice of localized vs centralized control.

Recent article [15] addressed some fundamental design
limitations in vehicular platoons. In particular, it was shown
that string stability of a finite platoon with linear dynamics
cannot be achieved with any linear controller that uses only
information about relative distance between the vehicle on
which it acts and its immediate predecessor. A similar result
was previously established for a spatially invariant infinite
string of vehicles with static feedback controllers having the
same information passing properties [3]. This necessitates use
of distributed strategies for control of platoons and under-
scores the importance of developing distributed schemes with
favorable architectures. We refer the reader to the references
above for a fuller discussion of various algorithms that can be
used for platoon control. Additional information about recent
work on distributed control of systems on lattices can be found
in [14], [16]–[20] and references therein.

In this paper we study some fundamental limitations and
tradeoffs in the control of vehicular platoons. We illustrate
that in very long platoons one needs to account explicitly for
the initial distances of vehicles from their desired trajectories
in order to avoid large position and velocity deviations and
the excessive use of control effort. We further derive an initial
condition dependent set of requirements that the control gains
need to satisfy to guarantee the desired quality of position

transient response, and rule out saturation in both velocity
and control. These requirements are used to generate the
trajectories around which the states of the string of vehicles
are driven to their desired values without the excessive use of
control effort.

Our presentation is organized as follows: in§ II, we
formulate a control problem and propose a distributed control
strategy that solves it. In§ III, we illustrate that commanding
a uniform rate of convergence for all vehicles towards their
desired trajectories may require large control efforts. In§ IV,
we remark on some basic design limitations and tradeoffs in
vehicular platoons and determine the conditions that control
gains need to satisfy to provide operation within the imposed
saturation limits. In§ V, we redesign the controller of§ II
to provide the desired quality of transient response and avoid
large control excursions. We summarize the major contribu-
tions and the ongoing research directions in§ VI.

II. CONTROL OF VEHICULAR PLATOONS

A system of identical unit mass vehicles in an infinite string
is shown in Figure 1. The dynamics of this system can be
captured by representing each vehicle as a moving mass with
the second order dynamics

ẍn = un, n ∈ N0, (1)

wherexn represents the position of then-th vehicle,un is the
control applied on then-th vehicle, andN0 := {0} ∪ N =
{0, 1, 2, . . .}.

Fig. 1. Platoon of vehicles.

A control objective is to provide a desired constant cruising
velocity vd and to keep the inter-vehicular distance at a
constant pre-specified levelL. A coordinate transformation of
the form

en(t) := αnξn(t) + βnηn(t), n ∈ N0, (2)

renders (1) into

φ̇n = ψn

ψ̇n = −βnun−1 + (αn + βn)un

}
n ∈ N0, (3)

whereαn and βn represent nonnegative parameters that are
not simultaneously equal to zero, withβ0 ≡ 0, and {φn :=
en, ψn := ėn}. On the other hand,ξn and ηn respectively
denote the position error variables of then-th vehicle with
respect to the absolute and relative reference frames:ξn(t) :=
xn(t) − vdt + nL, ηn(t) := xn(t) − xn−1(t) + L. By
assigning different values toαn and βn we can adjust the
relative importance of these two quantities.

The appropriate state-space for system (3) is a Banach
spacel∞ × l∞. This choice of the state-space implies that
initially, at t = 0, no vehicle is infinitely far from its desired



absolute position. Control design should provide boundedness
of position and velocity error variables for everyt > 0 and
their asymptotic convergence to zero. In§ III, we illustrate,
by means of an example, that choosing a Hilbert spacel2× l2
rather than a Banach spacel∞ × l∞ for the underlying state-
space can be rather restrictive. Namely, this choice of the state-
space can exclude an entire set of relevant initial conditions
from the analysis.

In particular, a choice of control law of the form

un =
βn

αn + βn
un−1 − 1

αn + βn
(anφn + bnψn), (4)

with {an > 0, bn > 0, ∀n ∈ N0}, yields an infinite number
of stable, fully decoupled second order subsystems

φ̇n = ψn

ψ̇n = − anφn − bnψn

}
n ∈ N0. (5)

Therefore, we conclude boundedness of bothen(t) and ėn(t),
∀ t ≥ 0, and their asymptotic convergence to zero, for every
n ∈ N0.

In the remainder of this section, we assume that{αn :=
α = const., βn := β = const., ∀n ∈ N; α0 6= 0, β0 ≡ 0}.
In this case, controller (4) simplifies to

u0 = − 1

α0
(a0φ0 + b0ψ0), (6a)

un =
β

α+ β
un−1 − 1

α+ β
(anφn + bnψn), n ∈ N,

which in turn implies

un =
βn

(α+ β)n
u0 −

n∑
k=1

βn−k

(α+ β)n−k+1
(akφk + bkψk),

(7)
for everyn ∈ N. If {α 6= 0, β = 0}, controller (6a,7) does not
take information about the preceding vehicle into consideration
since it only accounts for the error variable with respect to the
absolute desired trajectory. Therefore, this control strategy is
unsafe and because of that we chooseβ 6= 0. On the other
hand, if {α = 0, β 6= 0}, the information about all vehicles
enters into (7) with the same importance which is not desirable
from communication point of view. For these reasons, we
consider the situation in which bothα and β have positive
values and rewrite (7) as

un = qnu0 −
1

β

n∑
k=1

qn−k+1(akφk + bkψk), n ∈ N, (8)

where q := β/(α + β) < 1. With this choice of design
parametersα and β the gains in (8) decay geometrically
as a function of spatial location. Thus, in the very long
string of vehicles, the positions and velocities of vehicles
in the beginning of the platoon do not have a significant
influence on controls that act on vehicles in the end of the
platoon. This feature is of paramount importance for practical
implementations.

Using (8), we can establish the following bound on the
infinity-norm of un(t):

‖un‖∞ ≤ qn‖u0‖∞ +
1

β

(
supk ‖φk‖∞ supk ak +

supk ‖ψk‖∞ supk bk
)q(1− qn)

1− q
, n ∈ N,

(9)

which, together with the properties of system (5), implies
boundedness ofun(t) for all t ≥ 0, n ∈ N0. Based on (2), we
also conclude boundedness of bothξn(t) andηn(t) for all t ≥
0, n ∈ N0. Asymptotic convergence of these two quantities and
their temporal derivatives to zero follows from the following

expressions:x0(t) = vdt +
1

α0
e0(t), ẋ0(t) = vd +

1

α0
ė0(t),

xn(t) = vdt − nL +
1

β

n∑
k=1

qn−k+1ek(t) +
qn

α0
e0(t),

ẋn(t) = vd +
1

β

n∑
k=1

qn−k+1ėk(t) +
qn

α0
ė0(t), n ∈ N, and

the fact thatlimt→∞ en(t) = 0, limt→∞ ėn(t) = 0, for every
n ∈ N0. Therefore, controller (6a,8) provides boundedness of
all signals in the closed-loop and asymptotic convergence of
the platoon of vehicles to its desired cruising formation.

In § III, we illustrate that, even though our design provides
boundedness of controls for all times and all vehicles, the lack
of uniform bound on‖un‖∞ may result in an excessive use
of control effort.

III. I SSUES ARISING IN CONTROL STRATEGIES WITH
UNIFORM CONVERGENCE RATES

In this section, we show that imposing a uniform rate of
convergence for all vehicles towards their desired trajectories
may generate large control magnitudes. To illustrate this,
we consider a platoon of vehicles with controller (6a,8) and
{an := a = const., bn := b = const., ∀n ∈ N0}. Clearly, in
this case bothen(t) and ėn(t) converge towards zero with the
rates that are independent of the spatial location. Furthermore,
we assume that each vehicle has a limited amount of control
effort at its disposal, that isun(t) ∈ [−umax, umax], for all
t ≥ 0, n ∈ N0, with umax > 0.

In particular, we study the situation in which att = 0
the string of vehicles cruises at the desired velocityvd with
the lead vehicle being at its desired spatial location. We also
assume that the distance between the vehicles indexed byn and
n− 1, for everyn ∈ {1, . . . , N}, N ∈ N, is equal toL+Sn.
The position initial conditions of the remaining vehicles can
be chosen to ensure boundedness ofen(0) for n > N . For
simplicity, we assume that forn > N the spacing between
the neighboring vehicles is at the desired levelL. In other
words, we consider the initial conditions of the form

ẋn(0) = vd, ∀n ∈ N0,

xn(0) =


0 n = 0,

− (nL+
∑n

k=1Sk) n ∈ {1, . . . , N},

− (nL+
∑N

k=1Sk) n > N,

(10)

which translates into:{ėn(0) = 0, ∀n ∈ N0}, and
en(0) = {0, n = 0; − (α

∑n
k=1Sk + βSn), n ∈

{1, . . . , N}; −α
∑N

k=1Sk, n > N} Clearly, for this choice
of initial condition {en(0)}n∈N0 /∈ l2, unless

∑N
k=1 Sk ≡ 0.

Hence, despite the fact that the entire platoon cruises at the
desired velocityvd and the inter-vehicular spacing for most
of the vehicles is kept at the desired levelL, a relevant
initial condition that does not belong tol2 × l2 can be easily
constructed. This implies that a Hilbert spacel2×l2 represents
a rather restrictive choice for the underlying state-space.

The absence of uniform bound in (9) indicates that the
large states will lead to the large control signals if the
feedback gains are not appropriately selected. In particular,
we observe that large initial states are readily obtained if
there existsm ∈ {1, . . . , N} such that{S1, . . . , Sm} sum
to a big number. Moreover, it is not difficult to see that if
{signSn = const. 6= 0, ∀n ∈ {1, . . . , N}}, then|

∑N
k=1 Sk|

represents a monotonically increasing function ofN . Thus, for
N large enough, very large initial conditions are possible if,
for example, allSn’s are either positive or negative. Because
of that, we study a spatially constant non-zero sequence of
Sn’s, that is we assume{Sn := S = const. 6= 0, ∀n ∈
{1, . . . , N}}. In this case, (10) simplifies to

ẋn(0) = vd, ∀n ∈ N0,

xn(0) =


0 n = 0,

−n(L+ S) n ∈ {1, . . . , N},
− (nL+NS) n > N,

(11)



or equivalently{ėn(0) = 0, ∀n ∈ N0}, en(0) = {0, n =
0; − (nα + β)S, n ∈ {1, . . . , N}; −NαS, n > N}. For
this choice of initial conditionsu0 ≡ 0, whereas the initial
amount of control effort for the remaining vehicles is given
by

un(0) =
aS

β
(n

αq

1− q
+

q(1− qn)(β − (α+ β)q)

(1− q)2
),

for everyn ∈ {1, . . . , N}, and

un(0) =
aS

β
(N

αq

1− q
+
qn−N+1(1− qN )(β − (α+ β)q)

(1− q)2
),

for everyn > N , which implies that for any choice of design
parametera there existm ∈ N such that|un(0)| > umax, for
everyn > m, provided thatN is large enough. For example,
if α = β = a = 1, b = 2, S = 0.5, umax = 5, for N = 50,
u10(0) = umax = 5, and |un(0)| > umax, ∀n > 10, with
limn→∞ |un(0)| = 25. Simulation results for this choice of
design parameters and initial conditions given by (11), using
controller (6a,8), are shown in Figure 2.

A. LQR design for a platoon on a circle
To illustrate that the above raised issues are not caused

by the specific control strategy, we also consider a Linear
Quadratic Regulator (LQR) design for a platoon on a circle that
consists ofM vehicles. By exploiting thespatial invariance,
we analytically establish thatany LQR design leads to large
control signals for the appropriately selected set of initial
conditions.

Fig. 3. Circular platoon ofM vehicles.

The control objective is the same as in§ II: to drive the
entire platoon at the constant cruising velocityvd, and keep the
distance between the neighboring vehicles at a pre-specified
constant levelL. Clearly, this is possible only if the radius of
a circle is given byrM = ML/2π. We rewrite system (1) for
n ∈ {0, . . . ,M − 1} in terms of a state-space realization of
the form[

ξ̇n

ς̇n

]
=

[
0 1
0 0

] [
ξn

ςn

]
+

[
0
1

]
un

=: Anϕn + Bnun,
(12)

whereξn(t) := xn(t) − vdt − nL and ςn(t) := ẋn(t) − vd

denote the absolute position and velocity errors of then-th
vehicle, respectively. We propose the following cost functional

J :=
1

2

∫ ∞

0

M−1∑
n=0

M−1∑
m=0

ϕ∗n(t)Qn−mϕm(t) dt +

1

2

∫ ∞

0

M−1∑
n=0

M−1∑
m=0

u∗n(t)Rn−mum(t) dt,

(13)

where{
∑M−1

n=0

∑M−1
m=0 ϕ

∗
nQn−mϕm ≥ 0, Q∗−n = Qn}, for

all sequencesϕn, and {
∑M−1

n=0

∑M−1
m=0 u

∗
nRn−mum > 0,

R∗−n = Rn}, for all non-zero sequencesun.
We utilize the fact that system (12) has spatially invari-

ant dynamics over a circle. This implies that the Discrete
Fourier Transform (DFT) can be used to convert analysis
and quadratic design problems into those for a parameterized
family of second order systems [14]. DFT is defined by:

x̂k := 1√
M

∑M−1
n=0 xne−j 2πnk

M , k ∈ {0, . . . ,M − 1}, and

the inverse DFT is defined by:xn := 1√
M

∑M−1
k=0 x̂kej 2πnk

M ,
n ∈ {0, . . . ,M − 1}. Using this, system (12) and quadratic
performance index (13) transform to[

˙̂
ξk

˙̂ςk

]
=

[
0 1
0 0

] [
ξ̂k

ς̂k

]
+

[
0
1

]
ûk

=: Âkϕ̂k + B̂kûk, k ∈ {0, . . . ,M − 1},
(14)

and

J =

√
M

2

M−1∑
k=0

∫ ∞

0

(
ϕ̂∗k(t)Q̂kϕ̂k(t) + û∗k(t)R̂kûk(t)

)
dt,

whereR̂k > 0 and

Q̂k :=

[
q̂11k q̂∗21k

q̂21k q̂22k

]
≥ 0,

for every k ∈ {0, . . . ,M − 1}. Clearly, the pair(Âk, B̂k)
is stabilizable for everyk ∈ {0, . . . ,M − 1}. On the other
hand, the pair(Q̂k, Âk) is detectable if and only if̂q11k > 0
for everyk ∈ {0, . . . ,M−1}. These conditions are necessary
and sufficient for the existence of a stabilizing optimal solution
to the LQR problem (12,13).

It is readily shown that foṙxn(0) ≡ vd, i.e. for ςn(0) ≡ 0,
we have:

∑M−1
n=0 u2

n(0) =
∑M−1

k=0
q̂11k

R̂k
ξ̂∗k(0)ξ̂k(0), which in

turn implies

inf
k

q̂11k

R̂k

M−1∑
n=0

ξ2n(0) ≤
M−1∑
n=0

u2
n(0) ≤ sup

k

q̂11k

R̂k

M−1∑
n=0

ξ2n(0).

Thus, we have established the lower and upper bounds on the
initial amount of control effort for a formation that cruises at
the desired velocityvd. These bounds are determined by the
deviations of vehicles from their absolute desired trajectories
at t = 0, and by the LQR design parametersq̂11k and R̂k.
Clearly, sinceq̂11k > 0 (for detectability) infk q̂11k/R̂k is
always greater than zero. We note that this quantity can be
made smaller by increasing the control penalty. In particular,
for xn(0) = n(L− S), 0 < S < L, we have

M−1∑
n=0

u2
n(0) ≥ S2

6
M(M − 1)(2M − 1) inf

k

q̂11k

R̂k

,

which illustrates an unfavorable scaling of the initial amount
of control effort with the number of vehicles in formation.
Hence, unlessumax ≥ S2(M − 1)(2M − 1) infk q̂11k/6R̂k,
there exist at least one vehicle for which|un(0)| > umax.

The results of this section illustrate that in very large
platoons one needs to take into account the initial distance of
vehicles from their desired trajectories and to adjust the control
gains accordingly in order to avoid large velocity deviations
and the excessive use of control effort. In the next section,
we give conditions that the feedback gains need to satisfy
to prevent saturation in both velocity and control and discuss
some design limitations and tradeoffs in vehicular platoons.

IV. D ESIGN LIMITATIONS AND TRADEOFFS IN
VEHICULAR PLATOONS

In this section, we determine the conditions that control
gains need to satisfy to provide operation within the imposed
saturation limits. Our analysis yields the explicit constraints
on these gains−for any given set of initial conditions−to
achieve desired position transients without magnitude and rate
saturation. We also remark on some of the basic limitations and
tradeoffs that need to be addressed in the control of vehicular
platoons.
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Fig. 2. Simulation results of vehicular platoon using control law (6a,8) withα = β = a = 1, and b = 2. The initial state of the platoon
system is given by (11) withN = 50 andS = 0.5.

We rewrite system (1) as

¨̄xn = ūn, n ∈ N0. (15)

The justification for the notation used in (15) is given in§ V.
We want to drive each vehicle towards its desired absolute
position vdt − nL, and its desired velocityvd. For the time
being we are not concerned with the relative spacing between
the vehicles. If we introduce the error variable{rn(t) :=
x̄n(t) − vdt + nL, n ∈ N0}, we can rewrite (15) as

r̈n = ūn, n ∈ N0, (16)

and choosēun to meet the control objective. In particular, we
take ūn of the form

ūn = − p2
nrn − 2pnṙn, n ∈ N0, (17)

where, for everyn ∈ N0, pn represents a positive design
parameter. With this choice of control, the solution of sys-
tem (16,17) is for anyn ∈ N0 given by

rn(t) = (cn + dnt)e
−pnt, (18a)

ṙn(t) = (dn − cnpn − dnpnt)e
−pnt, (18b)

ūn(t) = (cnp
2
n − 2dnpn + dnp

2
nt)e

−pnt, (18c)

where for everyn ∈ N0

cn := rn(0) = x̄n(0) + nL,
dn := rn(0)pn + ṙn(0)

= (x̄n(0) + nL)pn + ( ˙̄xn(0) − vd).
(19)

We want to determine conditions that the sequence of
positive numbers{pn}n∈N0 has to satisfy to guarantee

|rn(t)| ≤ rn,max, ∀ t ≥ 0, (20a)
|ṙn(t)| ≤ vmax, ∀ t ≥ 0, (20b)
|ūn(t)| ≤ umax, ∀ t ≥ 0, (20c)

with {rn,max > 0, ∀n ∈ N0}, vmax > 0, and umax > 0
being the pre-specified numbers. For notational convenience,
we have assumed that all vehicles have the same velocity and
control saturation limits, given byvmax and umax, respec-
tively. Typically, the sequence{rn,max}n∈N0 is given in terms
of position initial conditions{rn(0)}n∈N0 as {rn,max :=
γn|rn(0)|}n∈N0 , where sequence of numbers{γn > 1, ∀n ∈
N0} determines the allowed overshoot with respect to the
desired position trajectory of then-th vehicle. Clearly, for this
choice of{rn,max}n∈N0 , {rn(0)}n∈N0 satisfies (20a). Based
on (18a),rn(t) asymptotically goes to zero, so we only need
to determine conditions under which (20a) is violated for
finite non-zero times. If (18a) achieves an extremum for some
t̄n ∈ (0, ∞), the absolute value ofrn at that point is given
by:

|rn(t̄n)| =
|dn|
pn

e−pn t̄n ≤ |dn|
pn

≤ |ṙn(0)|
pn

+ |rn(0)|.

Therefore, if sequence of positive numbers{pn}n∈N0 is cho-
sen such that

|ṙn(0)|
pn

+ |rn(0)| ≤ rn,max, ∀n ∈ N0, (21)

condition (20a) will be satisfied for everyt ≥ 0. This implies
that, for good position transient response (that is, for small
position overshoots), design parameterspn have to assume
large enough values determined by (21).

Clearly, (20b) is going to be violated unless|ṙn(0)| ≤ vmax,
for everyn ∈ N0. If ṙn has a maximum or a minimum at some
non-zero finite timētn, the absolute value of (18b) at that point
can be upper bounded by

|ṙn(t̄n)| = |dn|e−pn t̄n ≤ |dn| ≤ |rn(0)|pn + |ṙn(0)|.
Thus, to avoid velocity saturation, sequence of positive design
parameters{pn}n∈N0 has to be small enough to satisfy

|rn(0)|pn + |ṙn(0)| ≤ vmax, ∀n ∈ N0. (22)

Finally, to rule out saturation in control we need to make
sure that condition (20c) is satisfied for botht = 0 and
t̄n > 0, where the potential extremum of̄un takes place.
The absolute values of (18c) at these two time instants are
respectively given by|ūn(0)| = |− rn(0)p2

n − 2ṙn(0)pn| ≤
|rn(0)|p2

n + 2|ṙn(0)|pn, and |ūn(t̄n)| = |dn|pne−pn t̄n ≤
|dn|pn ≤ |rn(0)|p2

n + |ṙn(0)|pn. Sincepn > 0, for every
n ∈ N0, condition (20c) is met if

|rn(0)|p2
n + 2|ṙn(0)|pn ≤ umax, ∀n ∈ N0. (23)

Inequalities (21), (22), and (23) establish conditions for posi-
tive design parameterspn to prevent saturation in velocity and
control, and guarantee a good position transient response. We
remark that these conditions can be somewhat conservative, but
they are good enough to illustrate the major point. Clearly, for
small excursions from the desired position trajectories control
gains have to assume large values, determined by (21). On
the other hand, for small velocity deviations and small control
efforts these gains have to be small enough to satisfy (22) and
(23). These facts illustrate some basic tradeoffs that designer
faces in the control of vehicular platoons. In particular, the
set of control gains that satisfies (22) and (23) determines
the maximal position deviations and the rates of convergence
towards the desired trajectories. In other words, the position
overshoots and settling times can be significantly increased in
the presence of stringent requirements on velocity and control
saturation limits.

For the example considered in§ III with the initial condi-
tions of the form
˙̄xn(0) = vd, ∀n ∈ N0,

x̄n(0) =


0 n = 0,

− (nL+
∑n

k=1Sk) n ∈ {1, . . . , N},

− (nL+
∑N

k=1Sk) n > N,

(24)



condition (21) is always satisfied, which implies that the
largest deviation for all vehicles from their desired abso-
lute positions takes place att = 0. Therefore, the chosen
initial conditions do not impose any lower bounds on the
control gains. On the other hand, whereas conditions (22)
and (23) do not put any constraints onp0, they respectively
dictate the following upper bounds on{pn}n∈N: pn ≤
{vmax/|

∑n
k=1Sk|, n ∈ {1, . . . , N}; vmax/|

∑N
k=1Sk|, n >

N}, and pn ≤ {
√
umax/|

∑n
k=1Sk|, n ∈ {1, . . . , N};√

umax/|
∑N

k=1Sk|, n > N}. In particular, the following
choice of{pn}n∈N

pn =


min

{
%nvmax

|
∑n

k=1Sk|
,

√
σnumax

|
∑n

k=1Sk|

}
n < N,

min

{
%nvmax

|
∑N

k=1Sk|
,
√

σnumax

|
∑N

k=1Sk|

}
n ≥ N,

(25)

with {0 < %n ≤ 1, 0 < σn ≤ 1, ∀n ∈ N}, clearly satisfies
the above requirements. Figure 4 illustrates the solution of
system (16,17) for initial conditions determined by (24) with
N = 50 andSn = 0.5, for everyn ∈ {1, . . . , N}. The control
gains are chosen using (25) withvmax = umax = 5, {%n =
1, σn = 0.8, ∀n ∈ N}, to prevent reaching imposed velocity
and control saturation limits. The dependence of these gains
on discrete spatial variablen is also illustrated in Figure 4.

Thus we have shown that controller (17) with the gains
satisfying (21), (22), and (23) precludes saturation in both
velocity and control and takes into account the desired quality
of position transient response. However, this control strategy is
unsafe, since it does not account for the inter-vehicular spac-
ings. Because of that, in§ V we redesign controller (6a,7) by
incorporating the constraints imposed by (20) in the synthesis.

V. CONTROL WITHOUT REACHING SATURATION

We again consider system (1), and introduce an error
variable of the form

εn(t) := αnζn(t) + βnχn(t), n ∈ N0, (26)

where:{ζn(t) := xn(t) − vdt + nL − rn(t) = ξn(t) −
rn(t), n ∈ N0}, {χn(t) := ζn(t) − ζn−1(t) = xn(t) −
xn−1(t) + L − rn(t) + rn−1(t), n ∈ N}, with rn(t)
being defined by (18a,19),{pn}n∈N0 satisfying (21), (22),
and (23), and parameters{αn}n∈N0 and {βn}n∈N0 having
the properties discussed in§ II. The initial conditions on
these two variables and their first derivatives are given by:
{ζn(0) = xn(0) − x̄n(0) =: µn, n ∈ N0}, {ζ̇n(0) =
ẋn(0) − ˙̄xn(0) =: νn, n ∈ N0}, {χn(0) = ζn(0) −
ζn−1(0) = µn − µn−1, n ∈ N}, {χ̇n(0) = ζ̇n(0) −
ζ̇n−1(0) = νn − νn−1, n ∈ N}, where{xn(0), ẋn(0)}n∈N0
and{x̄n(0), ˙̄xn(0)}n∈N0 represent the actual and the measured
initial conditions, respectively. If perfect information about
the initial positions and velocities is available, then clearly
{µn = νn = 0, ∀n ∈ N0}. However, since initial condition
uncertainties are always present we want to design a controller
to guard against them.

Double differentiation of (26) with respect to time yields

ε̈n = (αn + βn)(un − ūn) − βn(un−1 − ūn−1)

=: (αn + βn)ũn − βnũn−1, n ∈ N0, (27)

whereūn is given by (17). System (27) can be represented in
terms of its state-space realization of the form

ϑ̇n = υn

υ̇n = −βnũn−1 + (αn + βn)ũn

}
n ∈ N0, (28)

where{ϑn := εn, υn := ε̇n}. In particular, this system can
be stabilized by the following feedback

ũ0 = − 1

α0
(a0ϑ0 + b0υ0), (29a)

ũn = ũ0

n∏
k=1

qk −
n∑

k=1

1

βk
(akϑk + bkυk)

n∏
i=k

qi, (29b)

with qk := βk/(αk + βk), provided that{βn 6= 0, ∀n ∈ N}.
It is noteworthy that, if parametersαn and βn are such that
{αn := α = const., βn := β = const., ∀n ∈ N}, then con-
troller (29) has the same properties as controller (6a,7). For the
same choices of design parameters{an}n∈N0 and{bn}n∈N0 ,
these two control strategies are only distinguished by the
regions from where the states of systems (3) and (28) have to
be brought to the origin. Namely, due to different formulations
of control objectives, the initial states of system (3) may
occupy a portion of the state-space that is significantly larger
than a region to which the initial conditions of system (28)
belong. In the former case, this region is determined by
the maximal deviations from the desired absolute trajectories
at t = 0, whereas, in the latter case, it is determined by
the precision of measurement devices, that is their ability to
yield an accurate information about the initial positions and
velocities. As illustrated in§ III, the initial conditions may have
an unfavorable scaling with discrete spatial variablen, which
may result in the very large initial position deviations (and
consequently, a large amount of the initial control effort) for
largen’s, unless the size of the initial conditions is explicitly
accounted for. We have shown in§ IV how to generate the
initial condition dependent trajectories around which the states
of vehicular platoon can be driven to zero without extensive
use of control effort and large position and velocity overshoots.

Using the definition of̃un, we finally give the expressions
for {un}n∈N0

un = ūn + ũn, (30)

whereūn and ũn are respectively given by (17) and (29). We
remark that{un ≡ ūn, ∀n ∈ N0} if perfect information about
the initial conditions is available. The only role of{ũn}n∈N0
is to account for the discrepancies in the initial conditions due
to measurement imperfections.

Asymptotic convergence ofζn, χn, ζ̇n, andχ̇n to the origin
for every n ∈ N0 can be easily established. Therefore, con-
troller (30) provides operation within the imposed saturation
bounds and asymptotic convergence of the platoon of vehicles
to its desired cruising formation.

Simulation results of the platoon system with101 vehicles
(M = 100) using controller (30) with{α0 = 1, αn =
βn = 1, ∀n ∈ {1, . . . ,M}}, {an = 1, bn = 2, ∀n ∈
{0, . . . ,M}} are shown in Figure 5. The measured initial
condition is given by (24) withN = 50 and Sn = 0.5,
for everyn ∈ {1, . . . , N}, whereas the numbersµn and νn

that determine the actual positions and velocities att = 0
are randomly selected. The rates of convergence towards the
origin are chosen using (25) withvmax = umax = 5,
{%n = 1, σn = 0.8, ∀n ∈ {1, . . . ,M}}, to prevent
reaching imposed velocity and control saturation limits, and
p0 is set to1. These convergence rates are shown in the far
right plot in Figure 4. Clearly, the desired control objective
is successfully accomplished with the quality of the transient
response determined by the prescribed saturation bounds.

VI. CONCLUDING REMARKS

The main purpose of this paper is to illustrate some funda-
mental design limitations and tradeoffs in automated highway
systems. We show that in very large platoons the designer
needs to pay attention to the initial deviations of vehicles
from their desired trajectories when selecting control gains.
We also establish explicit constraints on these gains−for any
given set of initial conditions−to assure the desired quality
of position transients without magnitude and rate saturation.



0 10 20 30 40 50 60
−25

−20

−15

−10

−5

0

t

r n(t
)

0 10 20 30 40 50 60

0

0.5

1

1.5

2

t

dr
n(t

)/
dt

0 10 20 30 40 50 60
−1

0

1

2

3

4

t

u n(t
)

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5

3

n

p n

Fig. 4. Solution of system (16,17) for initial conditions determined by (24) withN = 50 and Sn = 0.5, for everyn ∈ {1, . . . , N}. The
control gains (far right plot) are determined using (25) withvmax = umax = 5, and{%n = 1, σn = 0.8, ∀n ∈ N}.

0 10 20 30 40 50 60
−25

−20

−15

−10

−5

0

t

ξ n(t)

0 10 20 30 40 50 60
−0.5

0

0.5

1

1.5

2

t

dξ
n(t)

/d
t

0 10 20 30 40 50 60
−1

0

1

2

3

4

5

t

u n(t)

Fig. 5. Simulation results of platoon with101 vehicles (M = 100) using controller (30) withα0 = 1, {αn = βn = 1, ∀n ∈ {1, . . . , M}},
{an = 1, bn = 2, ∀n ∈ {0, . . . , M}}. The measured initial condition is given by (24) withN = 50 andSn = 0.5, for everyn ∈ {1, . . . , N},
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These requirements are used to generate the trajectories around
which the states of the platoon system are driven towards their
desired values without the excessive use of control effort.

Ongoing research effort is directed towards the design of
robust controllers for vehicular platoons with favorable archi-
tecture. The main drawback of the control strategy employed
in this paper is that it only guards against the initial condition
uncertainties. The robust design will also provide satisfactory
performance in the presence of external disturbances and un-
modelled dynamics. Sensitivity of distributed control strategies
to communication noise and delays is another topic worth
considering.
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