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Abstract— We establish that the Lagrangian dual of a
constrained linear estimation problem is a particular nonlinear
optimal control problem. The result has an elegant symmetry,
which is revealed when the constrained estimation problem is
expressed as an equivalent nonlinear optimisation problem.

1. INTRODUCTION

The relationship between linear estimation and linear
quadratic control is well known in the unconstrained case.
Since the original work of Kalman and others [4], [5],
many authors have contributed to further understand this
relationship. For example, Kailath, Sayed and Hassibi [3]
have explored duality in the unconstrained case using the
geometrical concepts of dual bases and orthogonal com-
plements. The connection between the two unconstrained
optimisation problems using Lagrangian duality has also
been established in, e.g., the recent work of Rao [6].

However, to the best of our knowledge, the duality
between estimation and control remains an open question in
the constrained case. Here we derive the Lagrangian dual
of a constrained estimation problem and show that it leads
to a particular nonlinear optimal control problem. We then
show that the primal constrained estimation problem has an
equivalent formulation as a nonlinear optimisation problem,
exposing a clear symmetry with its dual.

II. CoNSTRAINED ESTIMATION

It is well known (e.g., [2]) that the unconstrained state
estimation problem for linear systems can be set up as an
optimisation problem. Specifically, consider

k=0,--- ,N-1,
7N3

Xke1 = Axg + Bwy, (L)
yk=ka+ek, k=1,"'

where x; € R", w, € R", yv € R, and where {w;}, {ex}
are i.i.d. sequences having Gaussian distributions N(0, Q)
and N(0, R), respectively, and x¢ has a Gaussian distribution
N(Xp, Pg). We will assume throughout the paper that Q,
R and Py are symmetric, positive definite matrices. Given
{vi} = {vo,-..,yn}, then the minimum variance unbiased
estimator of {x;} = {xo,...,xy} satisfies

{ex), ii})

2 argmin J({%),

Rierlres Wi

(I1.2)
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where

N

o 1. 1

T3 (2. ) = S0 — ol + 5 Z el
k=1

N-

||Wk||Q > (IL3)

N 1

213

and where ||x|[3, denotes x” Mx for a real vector x and real
symmetric matrix M.

The optimisation in (IL.2) is carried out subject to the

linear constraints
k=0,---,N-1,
ékak—C)ACk, k=1,"',N.

It is well known that the solution to (II.2)—(I1.3) is the
Kalman filter [2].

Here we consider a constrained version of the above
problem, in which the sequence {wy} has a truncated Gaus-
sian distribution, that is, the distribution is a scaled Gaussian
distribution N(0, Q) in a region Q C R™ and zero elsewhere.
It can be shown that the appropriate optimisation problem
becomes (I1.2)—(I1.3) subject to the additional constraint
wr € Q. This yields the estimate which maximises the
joint probability density of the states {xo,...,xy} given
the measurements {yo,...,yy}, and leads to the following
constrained estimation problem

N
1 ~ - 12 1 2
P,: min {Eﬂxo - X0||P v+ 3 kz:: exll%-s

Xrr1 = AZy + By,

(I1.4)

Rieslres Wi

N
1 "
Ezonwkug]}, (IL5)
subject to:
X1 =AX + B, k=0,--- ,N—-1, (I1.6)
e =y — Cx, k=1,---,N, (IL7)
{Xo,...., XN, €1,...,eN, Wo,...,WN_1} €EX, (HS)
where
X=R"X---XR'XR’ Xx---XR° xQx---xQ. (119)
N+1 N N

Provided Q is a polyhedral set, that is, the intersection
of a finite number of closed half-spaces, then the above
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problem is a well studied quadratic programme. Many
authors have investigated this primal constrained estimation
problem (e.g., [7]). In practice, the problem is usually
formulated in a moving horizon sense, i.e., the fixed horizon
problem (II.5)—(I1.9) is solved over a window of size N that
is “moved” at each time step. However, our interest here is
in the underlying fixed horizon problem (II.5)—(I1.9).

III. BACKGROUND ON LLAGRANGIAN DuaLITY

Here we review well known facts about Lagrangian
duality. Consider the primal problem

P : min f(x), (II1.1)
subject to:

gi(x) <0,

hi(x)=0

xeX.

where f:R" > R, g : R" > R", h: R" — R and X is a
nonempty set in R". Then the Lagrangian dual problem is

D: max O(u,v), (I1I1.2)
subject to:
uz0.
where
O(u,v) £ inf{f(x) +u g(x) + v h(x) 1 xe X}  (IIL3)

is the Lagrangian dual function. The entries of the vectors
u € R" and v € R are known as the Lagrange multipliers.
The following is a well known result (see, for example,
Theorem 6.2.4 in [1]).

Theorem 3.1 (Strong Duality Theorem): Let X be a
nonempty convex set in R”, and let f : R" - R, g: R" —
R™ be convex, and & : R" — R be affine. Suppose that the
following constraint qualification is satisfied. There exist an
X € X such that g(%) < 0 and A(%) = 0, and O € int A(X)
(the interior of h(X)), where h(X) = {h(x) : x € X}. Then,

inf{f(x) : x € X, g(x) <0,h(x) =0} =

sup{f(u,v) : u > 0}. (1I1.4)

Furthermore, if the inf is finite, then sup{6(u,v) : u > 0} is
achieved at (iz, V) with &z > 0. If the inf is achieved at X,
then @7 g(X) =0

Notice that, under the conditions of the theorem, both the
primal problem (III.1) and the dual problem (III.2) achieve
identical optima. This is often referred to as absence of a

duality gap.
IV. DuaLiTy oF CONSTRAINED ESTIMATION AND CONTROL

The following result establishes strong duality between
the constrained estimation problem (II.5)-(I1.9) and a par-
ticular nonlinear optimal control problem.

Theorem 4.1: Assume that Q in (I.9) is a nonempty
convex set. Given the primal constrained fixed horizon
estimation problem %, defined by Equations (II.5)—(IL.9),
the Lagrangian dual problem is:

D, : mm{EIIAT/lo+P Xollp,

ksUk
1 N
+3 0 I =Ryl
k=1

N-1
+ ||§k||2 + (&~ 0" 0 }+y (IV.1)
k=0
subject to:
Ao =AT e+ CTwy, k=1,---,N, (IV.2)
Ay =0, (IV.3)
G =BT A, k=0,---,N—-1, (IV4)
G=0""150" %, k=0,--- ,N-1, (IV.5)

where 7 is the constant term

N
A 1 2
y2 ——||x0||P 3 kz el

and where Il denotes the minimum Euclidean distance
projection onto Q 2 {z = Q7'?w : w € Q}, that is,
Mg :R" — Q

vi— v =1Ilgv = argmin|lz —v
[=0)

I, (1V.6)

Moreover, there is no duality gap, that is, the minimum
achieved in (IL.5) is equal to minus the minimum achieved
in (IV.1).

Proof: Consider the primal constrained fixed horizon
estimation problem %, defined by Equations (IL.5)—(IL.9).
From (III.3) and (I1.9), the Lagrangian dual function 6 is
given by

O({ A}, {uax

D= inf L({

WEQ, £k, 8k

AR @k Ak ), V)

where the function L is defined as,
L({Wich, {8 e {d {u}) = Ellxo - xollpf

N
1 N 1% 0
5 D el + 22 ||wk||Q,l
k=1
N-1
+ /1]7; [xk+1 —AXy — Bwk]
k=0

N
+ > uf[ye-Cre—a, (vs8)
k=1

where {1} and {u;} are the Lagrangian multipliers corre-
sponding, respectively, to the linear equalities (I.6) and
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(IL.7). The function L can be rewritten as,
A A N 1 2 = 2
L({Wie}, {2, (e (e {ued) = —||x0 = Follp.1

T =&
+Z Ay R — /lk ARy 1—ukak}
N
T 4 T
+> {—ueknR - e+ ukyk}

k=1
N—-1 1
) {E”Wk”le - A,{Bwk} . (IV.9)
k=0

Notice that the terms that depend on the constrained vari-
ables Wy are independent of the other variables, %; and &,
with respect to which the minimisation (IV.7) is carried out.
Hence, from the convexity of the function L, the values that
achieve the infimum in (IV.7), denoted w;, %, and &, can
be computed from:

" N T N
W= argvgklég{illwkllél—ﬂwak},
k=0,---,N-1, (IV.10)
OL(C) i - T, _
el Py (85— %0) - A" =0, av.11)
AL(:
5) = ﬂk_l—AT/lk—CTukZO,
6xk
k=1,---,N-1, (V.12
AL(:
A() = Ayo1 —Cluy =0, (IV.13)
(9xN
OL(") P
D2, = Rlek—uk=0,
k=1,---,N. (IV.14)

We will express the optimisation problem (IV.10) in a more
convenient way. To this end, define the variables

G2 BT A, (IV.15)
vE O n, (IV.16)
veE QT 2 (IV.17)

to transform (IV.10) into the minimum Euclidean distance
problem

v = arg min {%v v—(} Q”Z)v} , (IV.18)

veQ,

where Q = {v : 0'?y € Q). The solution to (IV.18) can be

expressed as

yvi=p£

e 0%,

where Il is the Euclidean projection (IV.6). Using (IV.17)
and (IV.19), the solution to (IV.10) is then

W= 011502 .

(IV.19)

(IV.20)
Finally, we define

Zox 0 = 014024 (IV.21)

and introduce an extra variable, Ay = 0, for ease of notation.
Thus, from (IV.10)—(IV.15), and (IV.21), we obtain:

Wi =04, k=0, ,N-1, (IV.22)
L 2 07\ Pe0"? 5, k=0,---,N-1, (IV.23)
GEBTA, k=0,---,N-1, (IV.24)
Av =0, (IV.25)
Dt = A"+ CTuy, k=1, ,N, (IV.26)
£ = PoAT Ao + %o, IV.27)
& =Ru, k=1,---,N. (IV.28)

Substituting (IV.22)—(IV.28) into (IV.9) we obtain, after
some manipulations, the Lagrangian dual function:

Ot {uich) = LOOV AR (e (), {und)
—1{||ATAO||§,0 + 220 Axo)

1

N
=5 2 Ul = 2u ) (aIv.29)
k=1

N-1
| -
+;{§§ZQQ—§ZQ§U-

Finally, completing the squares in (IV.29), and after further
algebraic manipulations, we obtain:

1 e
O({ A} () = ——||A% + Py %ollp,

-5 Z g = Ryl

N-

-3 [ 1l + (& - mTng}

k=0
1 N

|X0||P1 EZuykn,i,l.
k=1

(IV.30)

The formulation of the dual problem D, in (IV.1) follows
from (II1.2)—(II1.3), and the fact that max & = — min(—6) and
the optimisers are the same. Also, from Theorem 3.1, we
conclude that there is no duality gap, that is, the minimum
achieved in (IL.5) is equal to minus the minimum achieved
in (IV.1). [ |

A particular case of Theorem 4.1 is the following well
known result for the unconstrained case.

Corollary 4.2: In the case in which the variables Wy in
the primal problem #, are unconstrained (i.e., Q = R™), the
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dual problem becomes

1 1o
D, : mm—{llATxlo + Py %ollp,

Aot 2
N
-1 2
+ e = Ryl
k=1

N-1
+ T IB AR} + Y (IV.31)
k=0
subject to:
Ao =AT 4 +CTuy, k=1,---,N, (IV.32)
Ay =0, (IV.33)

A = N :
where y = —%HXOnyl - % Dot ||yk||12e,l is a constant.
0 . . ..
Proof: In the case where Wy is unconstrained, it is
easily seen that the minimiser of (IV.10) is:

Wi = OB" 4 = 04,

Also note that /; = ¢ in (IV.21) since the projection (IV.6)
reduces to the identity mapping in the unconstrained case.
The result then follows upon substituting Z; = & = BT A; in
expression (IV.1). |

k=0,---,N-1. (Iv.34)

V. AN EqQuivALENT FORMULATION OF THE PRIMAL PROBLEM

In the previous section we have shown that problem
D, is dual to problem P, in (I.5)—(I1.9). We can gain
further insight by expressing #, in a different way. This
is facilitated by the following results.

Lemma 5.1: Let Q c R™ be a closed convex set that
contains zero in its interior. Let v € R™ such that v ¢ Q.
Then there exists a unique point ¥ € Q with minimum
Euclidean distance from v. Furthermore, v and v satisfy the
following inequality

v-9Tp>0. (V.1

Proof: Since 0 € int Q (the interior of Q) then Q is

nonempty. From Theorem 2.4.1 of [1] we have that there

exists a unique 7 € Q with minimum Euclidean distance
from v, and ¥ is the minimiser if and only if

v-»'z-1<0, VzeQ. (V.2)
Now, let £ € int Q. This implies that there exists an & > 0
such that the ball N.(¢) = {z : ||z — €| < &} is contained in
Q. We will show that
v-»E-7)<0. (V.3)
Since ¢ € Q, (V.2) holds for z = £ Thus we only need to
show that (V.2) for z = £ € int Q can never be an equality.
Suppose, by contradiction, that
v-»E-v=0. (V.4)
Note that |[v — 7|| > O since Q is closed, and v ¢ Q, 7 € Q.

Define B
N V-7
E=¢+a——,

— O<a<eg,
v =¥l

(V.5)

hence, ||5 —¢é|=a<eand E € N¢(¢). We then have, using
(V.4) and (V.5), that

5\ (v_5
W=D E=1) = (v =) (E - 7) + 2TV
[lv =l

=a|lv-7|] > 0.

Thus, we have found a point £ € Q (since N,(¢) is contained
in Q) such that (v — #)7(£ = ¥) > 0, which contradicts
(V.2). Thus, (V.3) must be true. Inequality (V.1) then follows
taking & = 0, which is in the interior of Q by assumption.
|
Lemma 5.2: Let f : R" — R be any function and let
Q c R™ be a closed convex set that contains zero in its
interior. Consider the optimisation problem

P n}}n J(w), (V.6)

with
Jw) 2 f(®) + (w-w) 07w, V.7
w2 Q07 P w, (V.8)

where Il is the mapping that assigns to any vector v in R™
the vector v in Q that is closest to v in Euclidean distance,
that is

Mg : R" — Q
v 7 =Tl v 2 arg min||z — v]]. (V.9)
2eQ
The set Q is defined as
Q2{z=0""w:weQ). (V.10)

Then any solution w* to (V.6)—(V.10) satisfies w* € Q.
Proof: Suppose, by contradiction, that w* ¢ Q. Let,

W e QI/ZI-IQ Q*I/ZW*_ (Vll)

Notice that w* € Q since (V.8), with Il and Q defined in
(V.9) and (V.10), respectively, defines a projection of R™
onto Q.

Define,
e e e (V.12)
Then, by construction, v* and v* satisfy,
v=Tgv", (V.13)

and, in particular, 7* € Q. Using (V.8), (V.11) and (V.12) in
(V.7) we obtain,

Jw*) = f) + w* - ) Q7w
— f(Ql/z‘_)*) + (V* _ ‘—}*)T‘—}* )

Also, since 7 € Q, we have w* 2 Q"2 Tl Q™12 Ww* = w*.
Thus, similarly to what was done in (V.14), we obtain,

JO) = fO7°) + (" = )T Q7" = £(Q'*").

(V.14)

(V.15)
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It is easy to see that Q in (V.10) is a closed convex set
and 0 € int Q since Q'? > 0. From Lemma 5.1, equation
(V.13), and the definition of Il in (V.9), we conclude that

v =T > 0.
Hence, from (V.14) and (V.15), we have
JW*) = JO*) = (v =75 > 0.

We have thus found a point w* € Q that yields a strictly
lower value for the cost, which contradicts the fact that w*
is a solution of (V.6)—(V.10). It follows that w* must be in
Q, and the proof is then completed. [ ]

Corollary 5.3: Under the conditions of Lemma 5.2,
problem #| defined by (V.6)~(V.10) is equivalent to the
following problem

P m1n fw). (V.16)
Proof: Lemma 5.2 shows that any solution to (V.6)—
(V.10) belongs to Q, and hence we can perform the min-
imisation of (V.7) in Q without losing optimal solutions.
Since the mapping Q'/? T Q~/? used in (V.8) reduces to
the identity mapping in Q, we conclude that (V.7) is equal
to the cost function in (V.16) for all w € Q, and thus both
problems are equivalent. [ ]
Corollary 5.4: Let f : R"X R" X --- X R" — R be any
function and let Q € R™ be a closed convex set that contains
zero in its interior. Consider the optimisation problem

P i Wmirlv J(X0, Wos oo oy Win oo o s WNZ1) s V.17)
05W05--sWN-1
with
J(XO, Wo, ... Wi, ... 7WN—1)
éf‘('x'()7‘/T}()7""‘/T}i7""1/_l}]v71)
N-1

+ D e = w)T 0, (VI8)
k=0

7= 01, 07w,

where Ilg and Q are defined in (V.9) and (V.10), respec-
tively.

i=0,...,N-1, (V.19)

Then any solution {xy, wj,...,w!,...,wy_,} of (V.17)-
(V.19) satisfies w; € Q fori =0,...,N - 1.
Proof: Let {xg, wg,...,w;,...,wy_,} be an optimal so-

lution of (V.17)—(V.19), and suppose w} ¢ Q for some i. Via
a similar argument to that used in the proof of Lemma 5.2,
we can show that the sequence {xj,w,...,w,...,wy_,},
with w? computed from (V.19), gives a lower value of the
cost (V.18). Thus w} must belong to Q. Since the same is
true for all i = 0,..., N — 1, the result follows. ]

Corollary 5.5: Under the conditions of Corollary 5.4,
problem ) defined by (V.17)~(V.19) is equivalent to the
following problem

P mslzn (X0, W0y e s Wiy oo o s WNZT) - (V.20)
wr€Q,xo
Proof: Similar to the proof of Corollary 5.3. [ ]

We are now ready to express the primal estimation prob-
lem P, defined by equations (I.5)—-(I1.9) in an equivalent
form. This is done in the following theorem.

Theorem 5.6 (Equivalent Primal Formulation): Assume
that Q is a convex set that contains zero in its interior. Then
the primal estimation problem P, defined by equations
(II.5)-(1.9) is equivalent to the following optimisation
problem

|
P’ . min Xo—X —Ze 2
et min || 0 0||P| 22, lexllg-
1

N-1
+ 2| 5l + O = wk)TQ‘lwk]} , (V21
k=0
subject to:
Xpr1 = AX + By, k=0,---,N—-1,(V.22)
ékz)’k_Cka, kzl’ '7N7
wi = Q' 072y, k=0,...,N—1, (V.23)

where Ilg and Q are defined in (V.9) and (V.10), respec-
tively.

Proof: First note that, using the equations (I1.4), the
cost function (II.3) can be written in the form

J({x}, exh, ) = f(Ro, Wos v ooy Wis v, W)

Since the minimisation of the above cost function is per-
formed for %y € R", and for w; € Q, we conclude that
problem #, can be written in the form (V.20). Using
Corollary 5.5 we can then express P, in the form of problem
P, defined by (V.17)-(V.19). However, this is equivalent to
(V.21)-(V.23) (note the presence of wy in (V.22)), and the
result then follows. [ |

VI. SYMMETRY OF CONSTRAINED ESTIMATION AND CONTROL

In summary, we have shown that the two following
problems are dual in the Lagrangian sense.

Primal Problem (Equivalent Formulation):

1 1 &
P,: min —|I%0 = %ol —Zez,
et Jmin 2|| 0= ol + 22, ekl

N-
Z Sl + G = 907 Q7 wk}}
=0
subject to:
Xpe1 = AXy + By, k=0,---,N-1,
& = yk — Ciy, k=1,---,N,
W= QP Mg 072, k=0, ,N-1.
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Yk

Wik Wik Cxy
Hﬁ | Ql/2 e (A,B,C)

o L

Fig. 1. Configuration for the Primal Problem (Equivalent Formulation)

Dual Problem:

1
D, : min {EIIAT/IO + Py %ollp,

/1](,le
1 N
+3 0l =Ryl
k=1
N-1
L _#\T 7
+ 2|I§k|IQ+(§k G Q|+
=0
subject to:

Ay = AT + Cluy, k=1,---,N,
Ay =0,

& =B A,
Ge=0"1s0" &%, k=0, ,N-1,

1= 1 N
where y = —§||X0||251 — 5 D=1 ||yk||,2efl~
Ug Sk &
@’ c’ B 0" [ Ty |efor [
Ry
—

e 2w — R 'y

Fig. 2. Configuration for the Dual Problem

In the above two problems, I is the minimum Euclidean
distance projection defined in (IV.6).

Figures 1 and 2 illustrate the primal equivalent problem
%!, and the dual problem D,. Note from the figures the
symmetry between both problems; namely, inputs become
outputs, system matrices conmute: A < AT, B < CT, C &
BT, time is reversed and input projections become output
projections.

VII. ScaALAR CASE

The above duality result takes a particularly simple form
in the scalar input case, that is, when m = 1 in (IL.1). We
assume Q = {w : |w| < A}, where A is a positive constant,
and take Q =1 in the cost function (II.3), without loss of
generality since we can always scale by this factor.

The (equivalent) primal and dual problems are then:

Primal Problem:

1 N
5 10 = Tl + > e
k=1
N-1
+ [wz—(w — sat W)Z]
k k AWk ’
k=0

P,: min

Xk>€ksWk

subject to:

Xpe1 = AXy + Bsatawy,, k=0,--- ,N-1,

ékak—C)ACk, k=1,"',N.

Dual Problem:

1 il
D : min{IAT 20 + Py Sollp,

ksUk

N

-1 2

+ ) e = Ryl
k=1

N—

+ [é’f (e SatA(k)z] } +y
0

=

—

subject to:

A=A +CTwy, k=1,---,N,
Av =0,

G=B"A4, k=0,---,N-1,
- N
where y = =3l1%ll, 1 = 3 Xicy Ivellz-
In the above two problems, satau is the usual saturation
function defined as satau = signu min(|u|, A).

VIII. CoNCLUSIONS

This paper has established a form of strong duality
between constrained estimation and control. The result has
a pleasing symmetry when the primal estimation problem
is expressed in an equivalent form.
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