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Abstract

The Wielandt inequality is important in many applications.
It involves functions of the extreme eigenvalues of a positive
definite matriz. In this paper, we derive a few extensions
of the Wielandt inequality and new inequalities involving
the two largest and two smallest eigenvalues. The result-
ing inequalities are shown to be the best possible. A uni-
fied approach involving constrained optimization techniques
are used to derive these results. The proposed inequalities
are then utilized to obtain several bounds for the extremum
eigenvalues and eigen spread of real symmetric matrices.
A collection of bounds for functions of the eigenvalues of
positive definite and general symmetric matrices are then
derived in terms of the entries of the matriz. Additionally,
lower bounds for the condition number of positive definite
matrices as well as lower bounds for the minimum separa-
tion of eigenvalues are developed.

1 Introduction

The Wielandt inequality is an improvement on the general
Cauchy-Schwarz inequality which asserts that if A is a pos-
itive definite matrix, then

" Ay| < \/(aT Az)(yT Ay), (la)
for every pair of vectors x and y. There are several matrix
versions of the Cauchy-Schwarz inequalities (1a) in the lit-
erature. In the last decade considerable progress has been
made in deriving many equivalent forms. Mond and Pecaric
[1] and Pecaric et al. [2] derived some general Cauchy-
Schwarz type inequalities. Many other related versions can
be found in [3]-[9].

In this paper, further improvement on the Cauchy-
Schwarz and the Wielandt inequalities will be developed.
The key idea here is to use optimization techniques to de-
rive bounds for functions of the eigenvalues of a matrix.
Some of these results apply to positive definite or semidefi-
nite matrices while others apply to general symmetric ma-
trices. The proposed approach is very effective in deriving
many other matrix inequalities.

In the following sections we use the following notation.
The vector e; denotes the ith column of an identity ma-
trix. The magnitude of a vector = will be denoted by

||z]| = V&Tx. The notation I denotes an identity matrix
of appropriate size.

2. Wielandt-Like Inequalities

In this section we derive a few extensions of the well-known
Wielandt inequality. Let A € R™ ™ be a positive definite
matrix and let z and y € R™! be two vectors such that

|z] = |y| = 1 and 2Ty = 0. Assume that the eigenvalues
of A, in increasing order, are A1 < A2--- < A, then the
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Wielandt inequality asserts that

An — A

T < An T Al

A S NN

Moreover, there exists an orthonormal pair of vectors x; y
for which equality holds. This inequality is an improvement
of that of Cauchy-Schwarz. A matrix version of (la) and
its applications to statistics is presented in [3]. Also, as in
[4], it is an extension of the Kantorovich inequality. In the
next development, we derive a few generalizations of (1b).

(zT Az)(y" Ay). (10)

2.1 Generalization 1

z+y Ty
\/2(1+xTy> V2(1-zTy)
are orthonormal vectors and therefore (1b) simplifies as fol-
lows

Let x and y be unit vectors, then

T
@ty 4, @y A
\/21—|—xT V21 —2Ty) ~ Ant A
(z+y)
\/2 +xT \/2 + zTy)
(z—y)
\/2 l—xT \/2 1—aTy)
An
T < T T T 2
|x Az—y~ Ay ()\ +)\1 \/Jc Ax + yT Ay)? — 4(zT Ay)
(1c)
Consequently,
T T )\ 7A1
(27 Az — yT Ay)® < (/\ +/\1)X
{(z"Az)* + 2(2" Az) (y" Ay) + (v Ay)* — 4(z" Ay)*}.

(1d)
By rearraning the terms of (1d), we obtain the follow-
ing generalization of the Cauchy-Schwarz and Wielandt in-
equalities:

T T
(2" Ay)? < {%,
A+ M 2TAz —yT Ay, 2T Az + yT Ay

1
S 3 H 5 + (le)

An + M 2T Ax —vy TAy}
An — A1 2
Note that this inequality holds for any two vectors having
the same length. By setting x = e; and y = e;, i # j, we
obtain the following
2 A1 An

@il — Qij 2 m(an‘ - a;;)*.
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The last inequality can be used to derive bounds for the
condition number of A. Let k = i—” be the condition num-

ber of A, then bounds on k can be obtained from solving
the inequality

(@i —az;)* - (1+k)*

2
Qi Q55 — ai]. k

Since A is positive definite, the denominator of the left hand
side is always positive.

2.2 Generalization 2

In this section we derive a second extension of the Wielandt
inequality.

Theorem 1. Let A € R™™" be a positive definite matrix
and let x and y € R™ ' be two vectors such that |z| =

ly| =1 and Ty = 0. Assume that the eigenvalues of A, in
increasing order, are A1 < A2 --- < A\, with corresponding
eigenvectors qi, -+, qn. Then

Xi— A

T 2
A <m
la* Ay|” < aX{(/\;JFA;

PVl @ AR ATY). (@)

Proof: We prove this result for the case where all eigen-
values are distinct. Consider the optimization problem

(2" Ay)(y" Ax)

T Ara)(yTary) - V= O

{Maximize (3a)

which is equivalent to the optimization problem

{Maximize (2" Ayy" Az) : 2T A"x = 1,y" A"y =1 mTy(?):b)O}
The Lagrangian of this problem is given by

1 T T
£ =" Ayy" Ar)—p (2" A xfl)*%(yTA y—1)—psz’y.
(3¢)
The first order necessary condition for optimality implies

(" Az) Ay — i A"z — sy

Vel =1 (4T Ay) Az — o ATy — piae

=0.  (3d)

Thus the optimal solutions of (3b) satisfy the following re-
lations:

= pe =a® = (y" Ax)? = pu

ps = (y" Az)(y" A"y) = (y" Az)(a" A"),
where a = yT Az = 2T Ay. Note that 2TA"z = (yTA"y)
provided that yT Az # 0. Clearly, if yT Az = 0, then z and

y are not optimal solutions since one can always find two

orthogonal vectors for which y¥ Az # 0. Therefore (3d) can
be expressed as

(@A — psl)y = pA'z,

. (3e)
(@A — psl)z = pA'y.

To solve these two equations, let z = Z:.l:l aigi, Yy =
. biqi an = diag(A1, -+, An). 1s 1mplies that
:le d D = diag(A Arn). This implies th

(aD — psI)b = uD"a,
(aD — psl)a = uD"b,

where a = [a1
lently,

an]and b = [bi --- by]. Equiva-
(adi — ps)bi = pdiai,

Oédi* 3)a; = d;-rbi,
p Iz

for i = 1,---,n. Since the eigenvalues of A are distinct, it
follows that ay, # 0 for exactly two indices k = 4, j and ay, =

0 otherwise, and that a? = b2, a? = b?, and a;b; +a;b; = 0.
Thus a = :I:% and b = i% Therefore the solution
of this system of equation is of the form

T
=N
3
o )\:—1_1_)\;—1 ( f)
e
for some 4,7 = 1,---,n. Since p = o2, it follows that p =
(i,‘;i{ )2. Tt can be shown that the Hessian matrix V , L is
i

definite on the null space of the gradient of the constraints.
This proves the generalized Wielandt inequality. It should

. Ni—X
be noted that the maximum of p = (’\1"*‘)‘;'
(1,7) = (1,n) when r = 0, 1. Howvere, this may not be the
case if r > 2.

)2 occurs at

Remark 1: The classical Wielandt inequality of (1b) can
be obtained by setting r = 1, in which case (3e) can be
rewritten as

—p

(A7 -y =L
pal e (39)
PR
( Msf) Y
As shown in Lemma 3 below, it follows that
a B )\Z—l + )\]—1
ps 2
-1 -1
—p_ NN
J78 2
Solving these two equations for p and ps, we obtain
A AT A=
M:( 1 11)2:( J .)27
AL A Ai + A
for some 4,5 = 1,---,n. The maximum occurs at (i,j) =
(1,n) or (¢,7) = (n,1) since for each (4, 7)
A=A A=A 206N AN
An + A1 Ai + N+ 2) (A + A1) ’
ie., rnax{(%?)2 i =1 occurs at (i,7) = (1,n) or (i,5) =
iTAG

(n,1).
For » = 0 another useful inequality is obtained as shown
next.

Proposition 2. Let A, x,y,\1, A\, be as in Theorem 1,
then I N \
min {| 222} < |27 Ay < S22 (4)
ij=1 2 2
i#j
To prove Proposition 2, the following Lemma is needed.
Lemma 3. Let A € R"*"™ be a symmetric matrix of size n.

Assume that the eigenvalues of A are A\1 < A2 < -+ < A,
with corresponding eigenvectors qi,---,qn. Let x,y € R"

such that ||z|| = ||y|| = 1 and 2%y = 0. Then the solution
of the system

(A - }Ll])l’ = K2y,
(A—ml)y = pow.
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has the form

Ai + A qi +q;

= ’x: i
H 2 2
_Ai— A gy

H2 = 2 , Y= \/§ ’

where i, =1,---,n.

Proof of Proposition 2: We solve the optimization prob-
lem

{Optimize 2" Ay : "2 =1,y "y = 1,27y =0}.  (5a)

Let x = Z:zl orqr and y = ZZ:1 Brqr, where {qr}r_;
is the set of eigenvectors of A so that Agx = Akgqx, for
k=1,---,n. Thus the above optimization problem can be
expressed as

{Optimize oa™DB:aTa=1,8"8=1,a"8= 0}.  (5b)

Let £ be the Lagrangian of this problem given by

£=a"Dp~Fr@Ta—1) - 238 1)~ FraTB, (50

where D = diag{A1, -+, An}. We will assume that eigen-
values are simple. The first order necessary condition for
optimality implies

DB — pra— psf

Vapl =
7 Do — p2 8 — psar

=0. (5d)
To solve these equations for o and (3, we note that at opti-

mal solutions the following holds:

=’ DB, ps = B Da,
o’ Da, us = Y DB.

7
Consequently, u1 = g2 = p, and a” Da = 8T DS. Since

eigenvalues of D are distinct, the last equality implies that
a and 8 can not be eigenvectors of D. Now,

(D — psI)B = pay,

(D~ 5T = . (5)
Equations (5d) yield
(D — ul)’a = p’a
(D — pl)?B = p*B. &)
This means that
2 2
(A — p3) i = pa, (5)

(di — ps)*Bi = 11 Bi.

fori=1,---,n. If ax # 0 and B # 0 for some k = 4, j,
then (\i — u3)® = p?, (\j — ps)? = o, of = B7, and
oz? = 6]2-. The assumption that the eigenvalues of A are
distinct implies that ar, = B = 0 for k # 4,j. Hence,
Y COXNi—N
n = and M3 = —5—
vectors and orthogonal,

. Now, since a and (8 are unit

e; t+ej
a=qie; + aie; = ——,

V2

and
€; — €5
B = Pie; + Bje; = aie; — aie; = TJ (5h)

A=A, L . e
Clearly, aT D3 = —~L, which is maximum if ¢ = n and
entey

7 = 1. Thus this maximum is attained at a = Vol
and 8 = % It can be shown that the Hessian V2L

is negative definite on the null space of the gradient of the
constraints. Thus this solution is a maximizer of (5a). Sim-

ilar analysis may apply to show that the minimum of zT Ay
is of the form ===4.

Remark 2: Assume that 27y = 0, then 7 (A + cl)y =

zT Ay for each positive number ¢. Thus Proposition 2 is
also valid for general symmetric matrices.

Corollary 4. Let A, A, A, be as in Theorem 1 and let
x,y be unit vectors, then

(a) min s, {1252y < 2T A% — (2T Az)? < (Raz21)?
i#£]

(b) |27 Az — yT Ay| < (A — A1)/1 = (aTy)?

(c) Let B be a symmetric matrix, then for each unit vec-
tors x and z the following hold

T ABz — (a7 Az) (27 B2| < (2n=ALy(ln =ty

2 2
. , (6)
where py, and p is the largest and smallest eigenvalues

of B.

2T A%z — (2T Az) (=T A%2) An—2A
(d) \/xTA4x—(acTA2x)2 < 2 -
Proof: To prove (a), assume that ||z|| = 1 and set
y = Az — z2TAzz.  Then 2y = 0 and |y|]| =

\/xTAQx — (2T Ax)?. Thus,

TAY Ty (Az — 2T Azx) B zT A%z — (27 Az)?
lyl \/xTAQx — (2T Ax)? \/xTAQx — (2T Ax)?
= \/mTAQm — (2T Az)? < %

oty and

V2(1+zTy)

are orthonormal vectors and therefore (4) sim-

(b) Let = and y be unit vectors, then

z—y

V2(1—zTy)

plifies to
(z+y)" -y A=
V2T +aTy) 2 -aTy) 2

(c) Let y = Bz — (27 Bz)x, then 27y = 0 and ||y|| =
\/ZTBQZ — (2T Bz)2. 1t follows from Proposition 2 that

2T ABz — (27 Az) (2" B2)
\/ZTB22 — (2T Bz)?

<M

eTA L = | | <=

Iyl

(d) follows from (c) by setting B = A% ans z = z.

3. Inequalities Involving the Largest Two and
Smallest Two Eigenvalues

In this section we use optimization techniques to derive
matrix inequalities which are then used to provide bounds
for the extremum eigenvalues of hermitian matrices.

Theorem 5. Let A € R™*" (n > 2) be a positive definite
matrix and let x and y € R™*' be two vectors such that

|z] = |y| = 1 and 2Ty = 0. Assume that the eigenvalues of
A, in increasing order, are \1 < A2 --- < A\, then

(25) semaneman s (2=
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Proof: Consider the optimization problem
{Maximize (" Az)(y" Ay): 2"z =1,y y = 1,27y = 0}.

Then the Lagrangian of this problem is given by

1
£ = 56" Aa)(y" Ay)~maTy - @ e 1) -y y-1),
(7b)
where p1,p2 and ps are Lagrange multipliers. The first
order necessary condition for optimality is
_ | WAy Az — py — pox | _
Vz,y[« - (.TTA.T)Ay — T — psy =0. (76)
At optimal solutions, the following hold:
pe = ps = (2" Az)(y" Ay)
= (y" Ay)(z" Ay) = (a" Az)(y" Ax),

ie. zTAz = yT Ay provided that zTAy = yT Az # 0.
It follows from Lemma 3 that * = ai1q + az2p and y =
B1q + B2p, where p and ¢ are two distinct unit eigenvectors
of A corresponding to the eigenvalues A and p. Note that
||p|| = ||¢|| = 1 and pTq¢ = 0. The optimality conditions
yield:

ABE + 133,

Bi+8=1, arfi +axf=0.

Aai + pas =
a% + ag =1,
Hence,
Ao+ p(l = o) = MG + p(1 = B1).
at(A —p) = BE(\ — p) or oF = (7 which implies that
a1 = F1. Similarly, a3 = 33 or ap = Ff32,

0=aifi+af =ai — a3

and therefore, oy = Faz. This yields x = :tq , oy =

:I:%. Hence (z7Az)(y" Ay) = (“*2"\) . This quantity is
maximum if z = i%7 and y = i%, in which
case (zT Az)(yTAy) = (%)2 Similarly, the mini-

mum of (z7 Az)(yTAy) =
_ + _ -

m_i‘ll\/;2’ y_iql\@qz_
It can be verified that the second order optimality con-

dition implies V2L is negative definite on the null space of
the gradient of the constraints.

(21£22)2 which is attained at

Corollary 6. Let A € R™*" be a positive definite matrix

and let x and y € R™** be two vectors such that ||z|| =
[lyl| = 1. Assume that the eigenvalues of A, in increasing
order, are A1 < A2 -+ < A\, then

A A
( ! JQF 2 )QW < (xTAx + yTAy)2 - 4($TAy)2

< (Pt T,

(8a)
Proof: The vectors Tty an Y are ortho-
V2(1+2Ty) \/2(1 zTy)
normal and hence Theorem 5 guarantees that
V20 +2Ty) /21 +2Ty)" /2(1 —2Ty) \/2 1—2zTy)
An + An—
< (At lnmtye

Equivalently,
{2T Az +y" Ay +2(z" Ay) H{(z" Az + y" Ay) — 2(2" Ay)}
< (An+An1)?V/1 = (2Ty)2
(8b)

Theorem 5 and Corollary 6 can be applied to deduce
lower bounds for the maximum eigenvalues of a positive

definite matrix. Let A = [a;;] and let z = % and y =
%i, then it implies from Corollary 6 that
(M + )\n—1)2 > (aui + ajj)2 - 4(112]'.

This also implies that

An > \/(au' + aj;)? — 4a3;.

Thus we have the following result:

Proposition 7. Let A be a positive definite matrix of size
n. Assume that the eigenvalues of A are A1 < A2 < -+ <
An, then

An + Ap—1 > max{\/(aii +aj;)? — 40/?]'}?,]':17

A1+ A2 < min{\/(aii +aj;)? — 4} o

As a result, the following hold:

An > maX{\/(aii +aj;)? — 4ad;}i =1,

A < min{\/(aii +a;j;)? — 4a3;} =

The next result provides another version of Wielandt-
like inequality.

Proposition 8. Let A € R"*™ be a positive definite ma-
trix and let x and v € R™™! be two vectors such that
[[z|| = |ly[| = 1 and 2Ty = 0. Assume that the eigenvalues
of A, in increasing order, are A1 < Az --+- < \,, then
2T A%y| < (A — M)/ (2T Az) (y" Ay).

It is known that |zT Ay| < W for every two
vectors  and y. In the next proposition we generalize this
inequality for the case where z and y are orthogonal.

Proposition 9. Let A € R™*" be a positive definite ma-
trix and let  and y € R™™' be two vectors such that
llz]] = |lyl| and 2Ty = 0. Assume that the eigenvalues
of A, in increasing order, are A1 < Az -+ < \,, then

1A — A1

T
A r T
| y|_2/\ Ny

(z T Az + yTAy).

It is know that if A is a positive definite matrix of size n,
then all diagonal elements of A are positive, and therefore
laii — aj;| < ai + aj; for all 4,5 = 1,---n. The next result
is a generalization of this simple observation.

Corollary 10. Assume that A is a positive definite matrix
of size n, and let the eigenvalues of A, in increasing order,
be)\l S)\Q S)\n; then

|7 Az — yT Ay| < 2n =N

T T
— (@ A Ay).
@ Aa 4y Ay)
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Corollary 11. Assume that A = [a;;] is positive definite
matrix of size n, and let the eigenvalues of A, in increasing
order, be A1 < A2 --- < \,, then for every i # j
A=A
- aig| < éxnﬂi (aii + aj;).

2. Ifk = *1’ is the condition number of A, then

aii + 2ai; + aj;

k> .
aii — 2aij + ajj;
3. |ai — ajj] < 2222 (ay + a;;) and hence
. i il = XN, A i1 3
n Qg
k > max —
i=1 Qi5
ity Y

4. Miscellaneous Results and Conjectures

In this section, we state some results that can be developed
using the adopted approach of constrained optimization.
The following results is a generalization of Proposition 2.

Proposition 12. Let A € R™*" be a positive definite ma-
trix and let = and y,b € R™*' be three vectors such that

Il = llyll = [1bll = 1, 2"y = 0, 2"b = 0, and y"b = 0.
Then

o ay| < 2L A,
where A, = (I —bbT)A(I — bb7).

Remark 3: It can be shown that \,(A4s)
A1(4p) > A1(A), hence

An(Ap) — A1 (Ap)
2 2

Proposition 13. Assume that A = is a positive definite
matrix of size n, and let the eigenvalues of A, in increasing
order, be \1 < Az2--- < \,, then

(2" Az)(y" Ay) — (2" Ay)® < Andn-1.
Proof: Let z = ZTL:

< A (A) and

<

oiq; and y = Z:L | Bigi, where
1,-*,qn} is the set of eigenvectors of A. The proof fol-

{a
lows directly from the identity:
E i aZ E Aj ﬁj

ZA Aj(eafy — a8:)”.

i=1

(z" Az)(y" Ay) — (27 Ay)?

Z Ak Bi)?

Another generalization of Waielandt inequality is given
next.
Proposition 14. Let A € R™*" be a positive definite ma-
trix and let  and y € R™™' be two vectors such that
llz]] = |lyl| and 2Ty = 0. Assume that the eigenvalues
of A, in increasing order, are \1 < Aa--- < A, then for
every two positive integers r and s

)\G T 47 T a7

LA N T ) T A7),

T 48
Ayl < m
|27 A%y| < max S Y

I#J

12

Corollary 15. Let A € R™*" be a positive definite matrix
of size n. Assume that the eigenvalues of A are \1 < A2 <
- < An, then for any unit vector x € IR":

{27 A%z — (.TTA.T)Q}% 1A=\
2T A3x — (2T Az) (2T A2Az) — 2 An + A1

The following two conjectures are generalizations of The-
orem 5 and Proposition 9.

Conjecture 1. Let A € R™*"™ (n > 3) be a positive def-
inite matrix and assume that the eigenvalues of A, in in-
creasing order, are A1 < A2--- < \,. Then for any three
orthonormal vectors x, y,z € R™*?

(W) < (a7 Az)(y" Ay) (2" Az)

()\n_z + Anc1 + )\n)s
< 3 )

and that the strick inequalities always hold.

Conjecture 2. Let A € R™*"™ be a positive definite matrix
and assume that the eigenvalues of A, in increasing order,
are A1 < A2--- < A\,. Then for any three orthonormal

vectors x, y,z € R™*!

1A — M1

2 T )\1( 2T Azty" Ay+2" Az).

leT Ay+aT Az4+y" Az| <

5. Miscellaneous Inequalities

In this section, we list a few inequalities that can be derived
from the framework of the previous sections. Some of these
results are known in the literature.

Corollary 15. Let A € R™*" be a positive definite matrix
of size n. Assume that the eigenvalues of A are \1 < A2 <
- < An, then for any two unit vectors xz,y € R"

(a) zT Ay < cos(@)(zTAm;yTAy) + 2221 in(9), where 0
is the angle between x and y.

(b) |)\k—aii|§)\n—)\1, k,i:1,~--,n
(¢) laiiaz;| < (22n=1)2 i j=1,---,n

(d) |T'ra;:le(A) 7 Ak| < A

(e) /Eiqéj azzj < >\n7>\1

() lai — ajj| < An

N ,(€i=c))?
(2) < 2oz 3 21 where C; denotes the sum

of the elements of the ith column of A.
(h) |aij| = el Ae; < %, i # j, and hence

—A, k=1,---,n

7A17 i?j:17"'an

An — A1 > 2maxz;{|ai;|}.

(i) If the vectors f/eﬁej \}1 7 are considered, then
a
alai; —aj;) + (1 — ag)aij An — A1
maXa,iz; { o ps——

(j) Assume that n is even and let Cy, =" | aix, then
2 DTG A=
n - 2

(k) [n trace(A?) — (trace(A))?] < (21522)?

1) zT A%z 20T Ax(2TA%2) + (2T Axz)? <
(>\7z+>\7L—1)2 2T A2z — (2T Ax)2
2 zT Az
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X,Lf)\
\/n trace(A%)—(trace(A2))2 = } and thus

trace(A®) 7—t7‘ace(A )trace(A)
(m)

trace(A®) — %trace(Ag)trace(A) <
A A2 A= A) _n

n <
L
= %(Al +20)An — A1)

An = AD (A — A1)

Proof: The proof of (a) from Proposition 2 and the obser-

T
vation that the vectors x and z = % are orthogonal
— Ty
for any unit vector z and that ||z|| = 1. Specifically,
T T, Y T4 Y— xTy)x An — A1
T Az=2x"A———=x A < .
[yl 1— (zTy)? 2

Parts (b), (d), and (f) follows from Proposition 2 by

setting ('Ta y) = (qk7 61'), (61', 6]'), ( :/:ﬁl - ) qk): respectively.

Part (c) is a direct result of Theorem 5 where = e;,y = e;.
Proof of (j): Assume that n is even and set x =
1

LS Jenandy = = Y7 (—1)*ex, then 2Ty = 0 and
)\n - )\1

thus
Z?:l(fl)lﬂrlck <
n - 2

Proof of (k): Let z = E\‘/:Hl % then 27 AFz = %R(Ak)
for each integer k. The conclusion is a direct result of Corol-
lay 4, Part (a).

Remark 4: In Part (i), let

a (1—a?)
9(e) = 1 a (@i — a55) + 57 ais,
then
J'(0) = —(ai — aj;)0® — daija + (ai — aj5)

(1+a2)2

If as; # ajj, then ¢'(a) = 0 if and only if

740,»;]' + \/(a“ — ajj)2 + 160,?]-

2(aii — ag;)

One of these values can be shown to be a local and global
maxima of the function g(«). Thus an improvement on the
estimates of (f) and (h) can be obtained.

Remark 5: Assume that © = )"  «aigi, then ) " | a? =
1, where the ¢;s are the set of eigenvectors of A. Then

(27 A%) (") = Aai = Z Zaz

and

TAm Z/\Oéz Z)\ a]

Therefore,
(" A%2)(z"z) — (2 Ax)? :ZZ)\Qaga?
=1 j=1
S>3 o) = 330 - kel
i=1 j=1 i=1 j=1
=22 (= Weda].
i=1 j<i

This identity can be utilized to prove that the max-

imum of z7A%x — (2TAx)? is W and a =
[j:% 0--- i% |. Note that the expression in (9) can
be rewritten as

(2T A%z)(z” x) (z"Az)®> = ¢"Be

where B = () — XN)? and ¢ =
2 anf An 1nterebt1ng property of the matrix
B is that it is of rank 3 at most regardless of its size.

6. Conclusion

Wielandt-type inequalities are derived using equality con-
straints optimization techniques. These inequalities are
then utilized to develop bounds for functions of eigenval-
ues of positive semidefinite matrices. Some of these bounds
are related to functions of extreme eigenvalues and oth-
ers to the largest two or smallest two eigenvalues. In this
work, although all matrices involved are real most of the
results can be extended to positive definite hermitian ma-
trices with minor modifications. The proposed methods are
also applicable for deriving bounds for the singular values
of matrices, however, these bounds are not reported here
due to space limitation.
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