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A Design of Model Matching Systems for Fat Plants

Wataru Kase, Takuya Watanabe and Yasuhiko Mutoh

Abstract— I n this paper, a design of model matching systems
for a plant having moreinputsthan the outputs (e.g., fat plant)
will be presented. For this aim, an inverted interactorizing
system by state feedback will be investigated. It will be shown
that the highest frequency gain matrix of given fat plant cannot
be assigned arbitrarily. This means that the unstable pole-zero
cancellation may occur by applying the control law for the
previous reported method, even if the plant has no unstable
zeros. A special selection of generalized inverse of the highest
frequency gain matrix will be proposed to achieve stable model
matching systems.

Key words : linear multivariable systems, model matching
systems, interactor, inverted interactorizing, fat systems.

. INTRODUCTION

The aim of model matching control is to combine the
transfer function matrix of the plant and controllersto match
the reference model, and one of the ideal design of control
systems. The basic design of model matching was presented
in [1] and [2], and developed in [3] relating with the
parameter adaptive control. In the parameterization by [3],
the denominator polynomial matrix of the plant is assigned
to its numerator polynomia matrix and interactor matrix
[4]. Therefore, the stability of the numerator polynomial
matrix is necessary and sufficient condition for an internally
stable model matching systems. Unfortunately, the methods
mentioned above is only used for the plant having same
number of inputs and outputs.

In the case of the plant having more inputs than the
outputs, which have “fat” transfer function matrix, it is
considered that the problem can be reduced to the sgquare
case by eliminating some inputs. But it is not clear how
to select the eliminating inputs. That is, by eliminating
some columnsin the transfer function matrix, some unstable
zeros may be appeared even if the original plant has no
unstable invariant zeros. Thus, the elimination method is
not adequate.

In this paper, it will be proposed a design of model
matching system for fat plants. For this development, it will
be investigated that the derivation method of an interactor
and inverted interactorizing using the state feedback [5].
The inverted interactorizing gives the basic structure of
model matching control systems and, of course, an inter-
actor plays an important role there. The authors proposed
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a simple derivation of the interactor for sgquare transfer
matrices [7]. In this paper, it will be extended to the fat
case. Then, it will be presented an effective proof of the
inverted interactorizing to make clear its structure. By these
developments, the pole-zero cancellation mechanism will be
clear in the inverted interactorizing systems. A necessary
and sufficient condition for an internaly stable inverted
interactorizing systems will be presented.

The paper organized as follows. In the next section, the
definition of the interactor and a simple derivation of it for
fat plants will be given. In section 3, a simple proof of the
inverted interactorizing will be presented and a necessary
and sufficient condition for the internally stability will be
given. The extension for model matching system will be
discussed in section 4. The proposed method is easy to
apply for a plant with measurement noise and numerical
example will be shown in section 5. Concluding remarks
will be given in section 6.

Il. INTERACTOR

For agiven m x p (m < p) strictly proper, full rank trans-
fer function matrix G(z), there exists m x m polynomial
matrix L(z) such that

lim L(z)G(z) = K (full rank). (1)
The above L(z) is called an interactor matrix for G(z) [4],
and if p = m and K = I, (m-th dimensiona identity
matrix), then L(z) is called an identity interactor. At first,
the derivation of the identity interactor £(z2) := K—1L(2)
will be discussed.

Set £(z) as follows:
() =&+ 26 +2°6+ -+ 2" )

where & (i = 0,1,...,w) is an m x m matrix to be
determined, and w will be defined later. Let (A, B,C)
denote a realization of G(z). Then, the following relation
holds [6]:

T, 1 =Jw ©)
where
5 = [gl o gw} ) Jyo1 = [Im Omxm(wfl)] ’
CAB cCB --- 0
T’w—l = . 5

CAY~1B CA*~2B ... OB

SP (2) = [Lm 2L -+ 2"Im ] " .
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Now, w is defined by the least integer which satisfies the
following equation:

wal
wal

From the above, egn.(3) is solvable, and using the pseu-
doinverse T'! | of T',,_;, the solution is given by

rank |: :| = rankTw—l- (4)

5 = Jw—lTlJr (5)

w—1*

The above solution has the following properties.

Theorem 1 If the solution of egn.(3) isgiven by egn.(5),
then the following properties hold:

P1 £(2)¢7(2) = €¢7, (6)

P2 0, 1(C,Ap)B=¢, (7

P3 CAR =0 (8)

where ¢ is the pseudoinverse of ¢, and
()= =&+ + 270,
C

CA
F=£0,-1(C,A)A, 0y-1(C,A) = . )

C«A.w—l
Ap = A — BF.

See [7] for the proof.

P1 means that £(z) has all-pass property in discrete-time
[8], [9]. P2 and P3 show that non-zero Markov parameters
of the inverted interactorizing system are given by the
pseudoinverse of &, since F' is a feedback gain of inverted
interactorizing [5].

Next, the derivation for fat plants will be discussed. In
this case, the relation corresponding to eqn.(3) is given by

LT, 1 =Ju s )
where
L(z)=Lo+ zL1+ -+ 2¥ Ly,
{J: [Ll Lw}a
Jypo1= [K Omxp(wfl)} .

Since any special form of K cannot be assumed, find it by
the following iteration.

Set w = 1. From egn.(9), L can be represented by

L= :walwal =KW, (10)

where W, represents the matrix which consists of first
p-th rows in T! _,. Substituting the above equation to

w—1"
eqn.(9),
KAW i1 = [ Oy ]} = 0.
Thus, K can be obtained by calculating left null space of
{Wew1Tw-1— [ I Opxp(w—1y ] }- If rankK < m, repeat

the above procedure setting w = w + 1. If not, using K, L
is given by egn.(10).

(11)

Note that the above method is essentially same as in
square case and all zeros of the interactor lie at origin. The
following Lemma is trivial but important.

Lemma 1 For a given fat transfer function matrix
G(z), let L1(z) and Ly(z) denote interactor matrices, and
K, and K, denote the highest frequency gains satisfying
egn.(1), respectively. Then, there exists nonsingular matrix
M such that

Ky, = MK;. (12)

(Proof).  As shown in egn.(9), K; and K, are given
by linearly combinations of rows in O,,_1(C, A)B. Thus,
egn.(12) holds.

Example 1
matrix G(z).

Consider the following transfer function

1 1 1
Gz)= | ? -|-10.1 z -|-10.2 z +10.3

z+1
A state space redlization (A, B, C) of G(z) is given by

z+11 2412

0 1 0 0 0 0

—01-11 0 0 0 0
A_| 0 0 o0 1 0 0

0 0 -022-13 0 0 |’

0 0 0 0 0 1

0 0 0 0 —0.36 —1.5

[000

100

000 11111121
B=1o10]" C‘{0.110.210.31 '

000

1001

In this case, w = 3 and W3T's — [ I3 O3 | is given by

—0.1667 0.3333 —0.1667
0.3333 —0.1667 0.3333
—0.1667 0.3333 —0.1667

WsTs — [ I3 O3x6 | =

0.0001 0 —0.0001 0.0011 0.0011 0.0011
—0.0002 0 0.0002 —0.0022 —0.0022 —0.0022 | .

0.0001 0 —0.0001 0.0011 0.0011 0.0011

Thus, K is given by
11 1
K= [1 0 —1}
and the interactor is given by
I 0.4158 0.4158 0.1871 —0.1871 0 0
T 2.7027 2.7027 —3.7838 —6.2162 11.1111 —11.1111 |’

0 0
— .3
L(z) == [11.1111 —11.1111
L2 [ 01871 —0.1871]  [0.4158 0.4158
~3.7838 —6.2162 2.7207 2.7207 | °
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On the other hand, by the method in [4], K and La(z)
are given by

11 1 0
K2[121518}’ L2(Z)[—Z3+32’223:|'

It is clear that K and K> are linearly dependent as shown
in Lemma 1.

I11. INVERTED INTERACTORIZING BY STATE FEEDBACK

Although the inverted interactorizing was proposed and
proved in [5], the proof was complex. A simple method will
be proposed for the following discussions.

Lemma?2 Foragiven m x p fat transfer function matrix
G(z), let (A, B, C) denote arealization of G(z). Define the
feedback gain by

F = [Lo L] 0,_1(C, A)

C
CA
=[Lo Ly Ly] : (13)
O AW
Then, by the control law
u(t) = =K~ (Fa(t) - r(t)), (14)

the inverted interactorizing is achieved, where K~ is a
generalized inverse of K, and r(t) € R™ is a command
input.

(Proof).  In the state space eguation
zx(t) = Az(t) + Bu(t) (15)
y(t) = Cx(t), (16)

Multiplying egn.(16) by z, and substituting it to egn.(15)
recursively, it follows [10]

7. (0(0) = OulC. A)ate) + | | s (e,
7

Leftmultiplying the above equation by [ Lo L |, and using
egns.(9) and (13),

L(2)y(t) = Fa(t) + Ju-157 " (2)u(?)

= Fz(t) + Ku(t). (18)
A solution of the above equation for u(¢) is given by
u(t) = K~ (Fx(t) — L(2)y(t)), (19)

and substituting the above to the state equation (15) and
(16),

y(t) = C(zI — A+ BK~F) " 'BK~L(2)y(t).
Therefore,
L™ Y(2)=C(:I - A+BK F)"'BK~
is obtained.

Augmented Plant

Fig. 1. Inverted Interactorizing Systems by State Feedback

In the control law (14), the generalized inverse K~
can be interpreted as the squalizing pre-compensator (see
Fig.1). Then, F is the conventional inverted interactorizing
feedback gain for the square plant G(z)K ~. Therefore, the
following Theorem about the stability of the closed-loop
system holds.

Theorem 2 Internally stable inverted interactorizing is
achieved if and only if G(z)K ~ is stably invertible.

Note that it is not adequate to adopt the pseudoinverse
Kt = KT(KKT)~! of K as a generalized inverse. Since
there is no degree of freedom in K from Lemmal, so asin
KT and K. Thus, from Theorem 2, the zeros of G(z) KT
are fixed and the inverted interactorizing system may not be
stable even if there are no unstable invariant zeros in G(z).

Example 2  Consider the same plant as in Example
1. Note that G(z) has no invariant zeros outside the unit
circle. Since a left coprime factorization of G(z) is given
by

G(:) = D (:)N(2),

~ B 1(2) 0

D(Z) - |: 10 DQQ(Z):| ’

. B 'FLH(Z) fllz(z) ’FL13(Z)
]Y(Z) - |:ﬁ21(z) 77122(2) ﬁQS(Z):|
du(2) = (24 0.1)(z +0.2)(z + 0.3)
doa(2) = (24 1)(z + 1.1)(z + 1.2)

fzn(z) = (Z + 02)(2 + 03) ﬁgl(z) = (Z + 1.1)(2 + 1.2)
flm(z) = (Z + 01)(2 + 03) 77122(2) = (Z + 1)(2: + 1.2)
N13(2) = (# +0.1)(2 + 0.2) fReg(z) = (2 +1)(z + 1.1)

the zeros of G(2)KT are given by that of
det N(2)KT = —0.542% — 0.702z — 0.1206

that is,
z = —1.0963, —0.2037

which is unstable and an internally stable inverted interac-
torizing will not be achieved if {(T is used as a generaized
inverse. In fact, feedback gain F' is given by
F = LOy(C,A)A
| —0.1 —0.6426 —0.22 —0.7595 —0.36 —0.8763
~|—-0.1 1.8730 0 3.5135 0.36 5.5541
and the eigenvalues of A — BKTF are given by

0, 0, 0, 0, —0.2037, —1.0963.
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Therefore, an internally stable inverted interactorizing sys-
tem is not obtained.

On the other hand, define the generalized inverse K~ of
K by
K~ =K#(KK#)™!
where
10
K#*=|01|, dtKK*=a—-23—-1%#0
a B

and the constant o and 3 are to be determined so that the
zeros of N(z)K# lie inside the unit circle. Since

N(z)K# = 0.09{(1 — a +26)2% + (2.9 — 2.5a + 5.40) =
+(2.08 — 1.54c + 3.63)},

and o — 26 — 1 # 0, set the 0-th and first order coefficients
of the above equation to be zero. Then,

a=-1.2321, B=—1.0982.

Although the feedback gain F' is same as in the pseudoin-
verse case, al eigenvalues of A — BK~F are zeros, and
an internaly stable inverted interactorizing is achieved.

From the above Example, a necessary condition for a
design of K~ is obtained.

Theorem 3 Assume that any m columns in G(z) are
linearly independent normally. Then, there exists K~ such
that the zeros of detG(z)K ~ can be assigned arbitrarily if
the following inequality holds

m(p —m) > dim A — det L(z). (20)

However, it is hard to find a sufficient condition. Since
L(z) is stably invertible, the problem is reduced to find
K~ such that L(z)G(z)K~. Let (A, B, C, K) denote
a redlization of L(z)G(z). Then, A-matrix of the inverse
system {L(2)G(2)K~}~!is A— BK~C. This means that
the problem is same as the stabilizability problem by static
output feedback. Even though some important facts are
reported [11], [12], the problem is still open.

IV. MODEL MATCHING FOR FAT PLANTS

Consider aright coprime factorization of G(z) asfollows:

G(z) = N(2)D~'(2),

D(Z) S Rpo[Z], N(Z) c RmXp[z]. (21)

Let L(z) and K denote an interactor and corresponding
highest frequency gain satisfying egn.(1), respectively. De-
fine the control law by

u(t) = K~H ™ (2){X (2)u(t)+Y (2)y () }+K " L(2)ym (1)

(22)
where y,,(t) € R™ is the reference output, H(z) €
R™*™[z] is a Hurwitz polynomial matrix, and X (z) €

R™*?[z] and Y (z) € R™*™[z] are polynomial matrices
which satisfy the following Diophantine equation
X(2)D(2)+Y(2)N(z) = H(2){ KD(z) — L(2)N(z)}.
(23)
Theorem 4 Let v denote the maximum value of
observability indices. For an integer d > v, if H(z) is
a Hurwitz polynomia matrix with row degree d — 1 and
G(z)K~ is stably invertible, then by the control law (22),

y(t) — ym(t)-
(Proof).  Substituting egn.(23) to eqn.(21) yields
y(t) = N(z)D7'(2)[, - K {K — L(z)N(2) D" ()}]
KT L(2)ym/(1). (24)
Since KK~ = I,,, in this case, the above equation yields
y(t) = N(z) D™ (2)K~
[Lm = {K = L(z)N(2) D™ (2) }K 7] L(2)ym ()
= N(2)D™'(2) K {L(2)N(2)D" (z) K" }7"
L(2)ym(t)
= Ym(t)
and the Theorem is proved.

V. NUMERICAL EXAMPLE

The proposed method is easy to apply for a plant with
measurement noise [13]. Consider the plant in Examples 1
and 2. For the plant, it is supposed that the measured output
signal g(t) is the sum of the rea output signa y(¢) and the
measurement noise,

y(t) = y(t) + w(t).

The purpose of the design is to construct a model matching
system which aso minimizes the effect by noise on y(t).

(25)

The measurem

with covariance 0-010 10.0083 A pulse train function

0.0083 0.0070
is used as a reference input. Fig.2 shows the plant output

responses when d = 3 and the measurement noises are
added. Fig.3 shows the output responses when d = 7. As
is expected [13], the performance is better when increasing
the value of d.

t noiseis assulned to be the white noise

V1. CONCLUSIONS

In this paper, it was discussed the model matching prob-
lem for fat transfer function matrices. In the development,
the structure of the inverted interactorizing system, which
gives the basic structure of model matching systems, made
clear. A necessary and sufficient condition for an internally
stable inverted interactorizing systems was given. If the
problem of selecting the inputs is solved completely, a
procedure is available which completely avoids the intro-
duction of unstable zeros not originally present in the plant.
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The effectiveness of the proposed design was confirmed
through the numerical example with measurement noise.
The extension to the adaptive control is under studying.
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yl(l) and wl(t)
o
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Fig. 2. Simulation result of proposed method (d = 3).

yz(t) and wz(t)

-2
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Fig. 3. Simulation result of proposed method (d = 7).

2097



	MAIN MENU
	Front Matter
	Technical Program
	Author Index

	Search CD-ROM
	Search Results
	Print
	View Full Page
	Zoom In
	Zoom Out
	Go To Previous Document
	CD-ROM Help

	Header: Proceeding of the 2004 American Control Conference
Boston, Massachusetts June 30 - July 2, 2004
	Footer: 0-7803-8335-4/04/$17.00 ©2004 AACC
	Session: ThA04.6
	Page0: 2093
	Page1: 2094
	Page2: 2095
	Page3: 2096
	Page4: 2097


