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Robust Adaptive Control for a Class of Perturbed Strict-Feedback
Nonlinear Systems

S. S. Ge, Fan Hong, Tong Heng Lee

Abstract— I n this paper, robust adaptive control is presented
for a class of perturbed strict-feedback nonlinear systemswith
both completely unknown control coeffcients and parametric
uncertainties. The proposed design method does not require
the a priori knowledge of the signs of the unknown control
coef£cients. It is proved that the proposed robust adaptive
scheme can guarantee the global uniform ultimate bounded-
ness of the closed-loop system signals.

I. INTRODUCTION

With the exciting development of adaptive control for
parametric uncertain nonlinear systems [1], much attention
has been paid to the application-motivated problem of
robust adaptive control for nonlinear systemsin the presence
of time-varying disturbances, as described by the following
class of single-input-single-output (SISO) nonlinear uncer-
tain systems in the perturbed strict-feedback form

Bp = gnu + 05, () + Ap(t, ) @

where z = [:cl,...,xn]T € R", z; = [iL’l,...,CEi]T, i =
1,...,n — 1 are the state vectors, v € R is the control,
0; € RPi, i = 1,...,n are the unknown constant parameter
vectors, p;'s are positive integers, ¢;(z;), ¢ = 1,...,n are
known nonlinear functions which are continuous and satisfy
1;(0) = 0, unknown constants g;, i = 1,...,n — 1 are
referred to as virtual control coeffcients [1], g,, is referred
to as the high-frequency gain, and A;’s are unknown
Lipschitz continuous functions.

When ¢g; = 1, robust adaptive control algorithms for
system (1) have been developed in [2][3][4], and [5] for sys-
tems with inverse dynamics. When g¢;'s are unknown with
known signs, several excellent adaptive control algorithms
are also developed in the literature for nonlinear systems.
For unknown constant g;'s, an adaptive control solution
was presented in [1] for strict-feedback nonlinear systems
without disturbance A;. When g;'s are functions of states,
adaptive control schemes were proposed for uncertain strict-
feedback and pure-feedback nonlinear systems with the
aid of neural network parameterization in [6], [7]. When
g;'s are completely unknown, i.e., with unknown signs, the
£rst solution was given in [8] for a class of Erst-order
linear systems using Nussbaum functions, adaptive control
was given in [9] for £rst-order nonlinear systems, adaptive
output feedback control is proposed in [10] for general
nonlinear system, and adaptive control was investigated for
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a class of high-order nonlinear systems in the parameter-
strict-feedback form in [11], [12]. A recent work on output
feedback control of uncertain systems with unknown control
direction was reported in [13].

In [14], a class of uncertain nonlinear systems with
completely unknown time-varying g;'s, uncertain time-
varying parameters and unknown time-varying bounded
disturbances. The exponentially decaying terms have been
introduced in the controller design to handle the bounded
disturbances. The nice properties of Nussbaum functions
are dif£cult to be utilized directly in the stability analysis
due to the presence of the exponential terms. In addition,
the stability proof has to be function-dependent by fully
exploiting the specifc Nusshaum functions being chosen.
Though a much neater proof was provided in [14] for
the choice of N(¢) = exp(¢?)cos(3(), it is not the
case for N(¢) = ¢%cos(¢) as chosen in this paper. The
proof cannot be straightforwardly extended and the specifc
properties of the function need to be investigated fully in
the derivation. Due to the different problem formulations
and methodologies used (e.g., projection algorithm has to
be utilized for on-line tuning of the time-varying unknown
parameters in [14]), the proposed design in this paper is
much more tighter and the controller is composed of smooth
functions, which is a must in backstepping design.

In this paper, robust adaptive control is proposed for
systemsin strict feedback form with disturbances. The main
contributions are: (i) a new technical lemma is introduced,
which plays a fundamenta role in solving the proposed
problem, (ii) the controller does not require the a priori
knowledge of the signs of the unknown control coef£cients,
and the unknown bounds of the disturbance terms are
estimated on-line for improving performance, and (iii) the
proposed design method expands the class of nonlinear
systems for which robust adaptive control approaches have
been studied through the introduction of exponential decay-
ing terms in stability analysis.

Il. PROBLEM FORMULATION AND PRELIMINARIES

The control objective is to construct a robust adaptive
nonlinear control law so that the state x; of system (1) is
driven to a small neighborhood of the origin, while keep
internal Lagrange stability.

In system (1), the unknown nonlinear functions A; (¢, x)
could be due to many factors [3], such as measurement
noise, modeling errors, external time-varying disturbances,
modeling simpli£cations or changes due to time variations.
The occurrence of virtual control coeffcients g;'s is aso
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quite common in practice. The examples range from electric
motors and robotic manipulators to might dynamics [1].

Assumption 1. There exist unknown positive constants
pf, 1 <i<mn,suchthat V(¢t,z) € Ry x R", |A;(t,z)] <
pigi(x1, -+, x;), where ¢; is a known nonnegative smooth
function.

A function N(¢) is called a Nussbaum-type function if
it has the following properties [8]

hm bup/ N(¢ = 40 2
hm mf/ N(¢ = - (3)

Commonly used Nussbaum functions include: ¢? cos((),
¢?sin(¢) and exp(¢?) cos(5¢) [15]. In this paper, the even
Nussbaum function, N(¢) = ¢?cos(¢), ¢ € R, is used for
analysis. In comparison with the de£nition for Nussbaum
functions in [12], the deEnition given by (2) and (3) gives a
much larger set of functions, though the example functions
satisfy both defnitions.

Lemma 1: Let V(-) and ¢(-) be smooth functions defned
on [0,t7) with V(t) > 0, Vt € [0,tf), and N(¢) =
¢% cos(¢). If the following inequality holds:

t
VO <o+ e [ (o) + Uéedr, vt € [o,ty)
0

where constant ¢; > 0, go iS a nonzero constant, and
co represents some suitable constant, then V' (t), ¢(¢) and
7 90N (¢)¢dr must be bounded on [0, ).
Proof: See Appendix. ]
Though the proof is not trivial even for £nite ¢ ; already,
it is the case that t; — oo is of interest. This can be easily
extended due to Proposition 1 below. Consider

i(t) € F(x(t)), =(0) = 2° ®)

where z — F(z) C RY is upper semicontinuous on
R™ with non-empty convex and compact values. It is well
known that the initial-value problem has a solution and that
every solution can be maximally extended.

Proposition 1: [16] If x : [0,¢;) — R" is a bounded
maximal solution of (5), then ¢t; = oo

Remark 1: From our understanding, we can make a
conjecture that Lemma 1 is true for all the Nussbaum
functions. Because of the presence of €™ in (4), the
proof is function-dependent. We hope that interested reader
can prove the Lemma for genera Nussbaum functions.
In addition, we would like to point out that N(-) is not
necessarily to be an even function, which is only made
for the convenience of proof. If N(-) is chosen as an odd
function, eg., N(¢) = ¢?sin(¢), the Lemma can be easily
proven by following the same procedure.

I1l. RoBUST ADAPTIVE CONTROL AND MAIN RESULTS

In this section, the robust adaptive control design proce-
dure for nonlinear system (1) is presented. The design of
both the control law and the adaptive laws is based on a

change of coordinates z; = 1, 2z; = x;—a;_1,i =1, ...,m,
where the functions «;, ¢ = 1,...,n — 1 are referred to
as intermediate control functions which will be designed
using backstepping technique, b; is the parameter estimate
for b which is the grouped unknown bound for p?, éa,i
represents the estimate of unknown parameter 6; ; which is
an augmented parameter and consists of g;,j =1,---,i—1
and 0;,5 =1,---,1 as will be clarifed later, and (; is the
argument of the Nussbaum function. At each intermediate
step 4, we design the intermediate control function «; using
an appropriate Lyapunov function V;, and give the updating
laws b;, ,; and (;. At the nth step, the actua control
u appears and the design is completed. For clarity and

conciseness, let us defne GM = GM =05 b; = b; — by,
constants

ci1 := min{2k; LT — i} (6)
il = 10 )\min(Fi_l)’ b; Vi

1 1
Cio 1= b70.2785¢; + 370 165 — 601> + 5% (b — b))E7)

the Lyapunov function candidate

1 1
‘/;__Z +29:{Z L10a74+271 1b2 (8)

and the intermediate variables including the control func-

(4) tions and adaptive laws

ni = kizi+ 07 e + bihs tanh (”5) )
€5

a; = N(G)ni (10)

<7, = ZiM (11)

boi = Tilzitas — 00, (0ui — 00,)] (12)

Ez‘ = v {szl_% tanh (Zz(ﬁl) — oy, (b — b?)} (13)

where constants b; and 6,;, functions v,,; and ¢; are
defned by

by = max{pj, - -,pi} (14)
9277; = [15917 "'7gi—170;’ra9,{a "-;9?—1]7—‘ (15)
i—1 o
T o= i—1
Bi(@) = i+ 3| S o (16)
=1 !
_ O 0oy
wa,z = [ﬂz; —8—:613"2 _8@,1 T,y
8a day;_
T i—1 i—1 T T
S — ey — 17
70 ¢1 ’ ’ (9:(72'_1 71] ( )

with «, = u, b7 = pj, (;51 =
0; being defned by

5 = _S 50&1‘4@ ‘_.Zaaiqg
’ iz 8éaj “ 6)5] ’

j=1

¢1! H;,l = 911 ’(/}a71 = '(/}11 and

80[Z 1

a(z 1

G (18)

andT; =T7 > 0,7 >0, ¢ >0, émandl; are the
estimates of ¢, and b}, constant k19 = k; — 7 > 0, and
09, Op;, 0° and b9 are positive design constants

(l'L’
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In this paper, the following inequalities play an important
role

0 < |2| — w tanh(Z) < 0.2785¢,for ¢ > 0, = € R[3](19)
€
o 1,- 1
—0g i(0ai — 63,;) < ——||9a,i||2 + 500 — 0ol (20)
. 1.
—bi(b; —b7) < ——b2 (bZ‘ —b))° (21)

Sep 1: To start, Iet us study the z;-subsystem of (1):
(22)

where x5 is taken for a virtual control input. In light of
Assumption 1, we have

21(g1e + 07 1 (z1) + Ay (t, x))
< zi(graa + 07 11) + bil 21|y

T] = g1T2 + 9{¢1(£1) + Al(t,l')

z1 21 =
(23)

Consider the Lyapunov function candidate given in (8). The
time derivative of V; aong (23) is

Vi < zi(giwe + 0 %an) + b5z

+o% ! aa ey 15,6, (24)

Since x3 = z3 + a1, substituting (9)-(11) with ¢ = 1 into
(24) yields
Vi < gizize+ glN(Cl)Cl + 210, 1/)a,1 + b} |z1] 1
+9a 1F oa 1+ '}/1 blbl (25)

Adding and subtracting ¢; on the right hand side of (25),
and noting (12) and (13), we have

Vi < —ki22+giz120 + giN(C)E + G+ b |y
—b}a1 ¢y tanh( 1?”) — 09,07 (001 — 021)
— b1 (by — %) (26)
Using the inequalities (19)-(21), (26) becomes
Vi <—cuVi+en+aN(G)a+G+gi2  (27)

with constants k1o = k1 — § > 0, and ¢11, c12 being defned
in (6) and (7) respectively.
Let p; := £12. Multiplying (27) by e“2" leads to

d

(et <

N(G)Ge!
+<1€Cllt+92 2 Cllt

craet + g1
(29)
Integrating (28) over [0, ¢], we have

Vilt) < p1 - Va(0) 4 e / (91N (¢1) + 1]ére7dr
0

t
+ / g2rleenlt=")qr
0

Remark 2: If there was no uncertain term A; as in
[11][12], where the uncertainty is from unknown parameters
only, adaptive control can be used to solve the problem
elegantly and the asymptotic stability can be guaranteed.

(29)

However, it is not the case here due to the presence of
the uncertainty terms A; in system (1). For illustration,
integrating (27) over [0, ¢] leads to
t t

Vl(t) § V1(0)+012t+/0 (gl_]\f(gl)‘|’1)<1d’7’~|»\/O gfz%dT
from which, no conclusion on the boundedness of V; (¢) or
¢1(t) can be drawn by applying Lemma 1 in [12] due to
the extraterm cy,t. The problem can be successfully solved
by multiplying the exponential term e“1*! to both sides of
(27) as in the paper. From (29), the stability results can
be drawn by invoking Lemma 1 if fO gizzen(t=7)dr is
upper bounded.

Remark 3: In equation (29), if there is no extra term
fo giz3e~n(t=7)dr within the inequality, we can con-
clude that Vi (t),¢1 and z1,6,,b, are al bounded on
[0,t7) according to Lemma 1. Thus, from Proposition
1, t; = oo, and we claim that z1,6,.1,b; are globaly
unlformly ultimately bounded. Due to the presence of term
fo giz3e1(t=7)dr in (29), Lemma 1 cannot be applied
directly. By noting that

t t
efcllt/ g%zgeclﬂdTSe*C“tgf sup z%/ e dr
0 T€[0,t] 0

< 9t SUPreo,¢] %
‘1

we know that if z, can be regulated as bounded, the bound-
edness of [} g2z3¢~“1(*"")dr is obvious. Then, according
to Lemma 1, the boundedness of z;(t) can be guaranteed.
The effect of [ g723e (=" dr will be dealt with at the
following steps.

Sepi (2 < i <n-—1) Inview of Assumption 1, we
have

zizi < zi(gitip + 055 0a) + bF |26
where b7, 0 ;, bi, Yo, and 3; are defned in (14), (15),
(16), (17) and (18) respectively.
Consider the Lyapunov function candidate V; givenin (8).
Selecting «; and parameters adaptation laws as in (10)-(13),
we can similarly obtain

t
‘/;(t) <pi+ V;(O) + e_cﬂt/o [gzN(Cz) + 1]¢ieCi1Td7_

t
+ / gfzﬁ_le*‘:“(t*ﬂdr
1

with p; = , constants ko = k; — 7 > 0, and c;1, iz
being de£ned |n (6) and (7) respectively.

Remark 4: Similarly, if z;.; can be regulated as
bounded, and therefore | g227, e~ “1(*"")dr is bounded
a the following steps, then according to Lemma 1, the
boundedness of z;(t) can be guaranteed.

Sep n: In this £nal step, the actua control « appears.
Similarly, we have

ZnZn < Zn(gnu + 9*T1/)a n) + b5 20| dn
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where b, 07 .., dn, o ad (3, are defned in (14), (15),
(16), (17) and (18) respectively.

Consider the Lyapunov function candidate V,, given in
(8). Selecting u and parameters adaptation laws as in (10)-

(13), we can similarly obtain

t
Va(t) < pn + Vi (0) + e /0 (92N (Cn) + 1)Enecmdr

with p,, := 22, constants c,,1, c,2 > 0 being defned in (6)
and (7) respectlvely

Using Lemma 1, we can conclude that ¢, (¢) and V,,(¢),
hence 2, (t), fa.n(t), ba..(t) are bounded on [0, ). From
the boundedness of z,(t), the boundedness of the extra
term fo g2 z2een-1aU=T)dr at Step (n — 1) is readily
obtained. Applying Lemma 1 backward (n—1) times, it can
be seen from the above design procedures that V;(t), z;(t),
0a.i(t), ba.i(t), and hence z;(t) are bounded on [0, ).

Theorem 1: For the perturbed strict-feedback nonlinear
system (1) with completely unknown control coefEcients g;,
under Assumption 1, if we apply the controller (10)-(13),
the solutions of the resulting closed-loop adaptive system
are globally uniformly ultimately bounded. Furthermore,
given any p > p* = /S, 2(pi + i), there exists T
such that, for dl ¢ > T, we have ||z(t)|| < u, where
2(t) == [21,---,20)7 € R", = 2,0 =1,
constants ¢;; > 0 and ¢;2 > 0 are de£ned by (6) and (7)
respectively, and ¢; is the upper bound of fo giN Q)Q
Cergff)eC“(tT)defl on—1 and ¢, is
the upper bound of fo InN () + Co)eem =T dr,
The compact set 2, = {z € R"|||z(¢)|| < u} can be
made as small as desired by appropriately choosing the
design constants. Furthermore, the output y(¢) satisEes the
following property:

)] < /2V1(0)e—enit +2(py 4 ¢1),¥t > 0. (30)

Proof: The proof can be easily completed by follow-

ing the above design procedures from Step 1 to Step n.
According to Proposition 1, if the solution of the closed-
loop system is bounded, then ¢y = oco. Therefore, we can
obtain the globally uniformly ultimately boundedness of all
the signals in the closed-loop system. Since z1(t) = z1(t),
from the deEnition of V; and (29), the property (30) can be
readily obtained. Thus, by appropriately choosing the design
constants, we can achieve the regulation of the state x;(t)
to any prescribed accuracy while keeping the boundedness
of al the signals and states of the close-loop system. &

IV. CONCLUSION

In this paper, a robust adaptive control approach for a
class of perturbed uncertain strict-feedback nonlinear sys-
tems with unknown control coef£cients has been presented.
The design method does not require the a priori knowledge
of the signs of the unknown control coef£cients due to the
incorporation of Nussbaum gain in the controller design. It
has been proved that the proposed robust adaptive scheme
can guarantee the global uniform ultimate boundedness of
the closed-loop system signals.
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APPENDIX
Proof of Lemma 1. To start with, re-write (4) as

V(t) <co +e_“1t/o [90N (¢) + 1] e dr, Wt € [0, 1) (31)

We £rst show that () is bounded on [0,¢;) by seeking
a contradiction. Suppose that ¢(¢) is unbounded and two
cases should be considered: (i) ¢(¢) has no upper bound
and (ii) ¢(t) has no lower bound.

Case (i): ¢(t) hasno upper bound on [0,%y). Inthiscase,
there must exist a monotone increasing sequence {t;}, ¢ =
1,2, .-, suchthat {w; = ¢(¢;)} ismonotoneincreasing with
w1 > ‘C(O)L lim; 400 t; = ty, and lim;, 4 oo w; = +00.

For clarity, defne

Ny (wsywy) = / 7 N (e

Wi

—alTdd(r) (32)
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with an understanding that NV, (w;, w;) = Ng(w(t;), w(t;))
= Ny(t;,t;) for notation convenience, and w; < wj, 7 €
[ti,t;]. Let (~1(x) denote the inverse function of ¢((7), i.e,
C(¢7H(r)) = ¢7H(¢(r)) = 7. Noting N(¢) = ¢*cos(C),

(32) can be re-written as

No(wi,w;) = / " goc? cos(¢)e = Olag (39
Integration by partUsJ,i we have
Ny(wi, w;) = go¢? sin()e =1t =¢ 7 (©) :J
- [7 gosin@yagre O 3y

Noting the fact that d¢—(¢) = dr and d{¢2e[ti=¢"1(Ql}
= 2¢e=ls=CHOlC + ¢ ¢Pem 5 dr, equation (34)
becomes

Ny (wi,w;) = go¢2 sin(¢)e e lls=¢ Q)] ~
—/ ' QQOCsin(()e—cl[tj—fl(()]dc

Wi

tj
—/ c1goC? sin(()e*cl(tj*T)dT
t

K

(39

Integration by parts for thle term
[ 2g0¢ sin(¢)e~ 1t =¢{Qld¢ in (35), we have

/ " 2g0¢ sin(¢)e

Wi

1= O g

—  —2goC cos(C)e =< @™

Wi

+/ " 240 cos()d{ el ¢ 1Oy

i

(36)

Noting that d{ce—m[tj—C*l(C)]} = 6—01[tj—C71(C)]d§ +
erCe=eilti=¢T (Ol gr equation (36) becomes

/ 7 9go¢ sin(Q)e

wi

[t = Ol ge

= —2goC cos(C)e L=<~ 1|™

Wi

+/ 290 cos(C)e—1 L=< @l g

7

tj
—I—/ 2¢190C cos(()e_cl(tf_T)dT (37)
t;

Substituting (37) into (35) yields

Ng(wi7 wj) = gOC2 Sin(C)e_cl[tj_Cil(C)]

wi
wij

+2g0C COS(C)e_Cl [ti—C¢7 ()]

—/ 2go cos(Q)e™ !

[

Wi

[t =<0l g¢

tj
—/ 2¢190¢ cos(C)e =) dr
t

i

tj
7/ c190C? Sin(C)efcl(tj*T)dT (38)
t

i

Similarly, integration ) by pats for the term
7 20 cos(¢)e~ =< (ld¢ in (38) by noting that
d{e*q[tj*(_l(o]} = Clefcl[tj*C_l(C)]dT' we have

/ 2g0COS(C)e_Cl[tj_Cil(C)]dC
= 2¢o Sin(C)e*Cl[tj*C_l(C)] “a

- /tj 2¢1g0sin(¢)e~ 1t dr
Substituting (39? into (38), we have
Ny(wi, wj) = go¢? sin(¢)e~1lti=¢ () )
+2g0¢ cos({)efcl[tj*é‘*l(é)] ;

wj

(39)

wj

wj

—2go sin(¢)e™ [ti—¢7 ()]

wi

tj
+/ 2¢1g0sin()e~ 1= dr

t;

tj
—/ 2¢10¢ cos(C)e B~ dr
t

i

tj
—/ clgOC2 sin(C)e_cl(tf_T)dT (40)
t;

Let us £rst consider the term

[ 2¢1gosin(¢)e=* (=" dr on the right side of (40).
Using integral inequality (b — a)mys; < f: f(x)dzr <
(b — a)mypa With myp = info<,<p f(z) ad mye =
Sup,<,<; f(x), and noting that 0 < e~<1(4=7) <1 for
T € [t;,t;], we have

tj
/ 2c190 Sin(C)@‘*cl(trT)dT’ < (tj —ti)2c190  (41)
t;

Next, for the term fttj 2¢1go¢ cos(¢)e =T dr, apply-
ing integral inequality similarly by noting that 0 <
e~ti=7) < 1 for 7 € [t;,1;], we have

t]
/ 20190(cos(C)e_Cl(tj_T)dT‘ < (tj—t;)2c190w; (42)
t;
Then, let us consider the term
fttj c190¢?sin(¢)e~ (67 dr, Using the property that if
f(z) < g(z), Vz € [a,b], then f: flz)dz < f:g(as)da: and
noting that

—w?ecﬁ < (1) sin(¢(1))eT < w?-eclT,VT € [ti,t5]

we have

tj
e_cltj/ c190¢% sin(¢)e "dr
ti

J

i

tj
< 6761”01900&12/ etTdr = 90%2‘[1 — e~ =t)]
¢

tj
e_clt-f/ c190¢% sin()e " dr
t;

tj
> el clgow?/ e Tdr = fgow?[l — efcl(tj*ti)]
t;
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tj
‘e_cltj/ c190C?sin(C)er " dr
t

i

< gowj[l —e (43)

Noting that ¢~'(w;) = ¢~'(C(t:) = t; and (' (w)) =
CY(¢(ty)) = t;, from (41), (42) and (43), we have the
following two inequalities

—c1 (tj 7157,)}

Ny(wi,w;) < gow?[sin(w;) + 1 — e~ 1]

+fu(wza wj) (44)
Ny(wi, wj) > —gow? [~ sin(w;) + 1 — e~ (f71)]
+fi(ws, wj) (45)
where
fulws,wj) = gow;j cos(w;) — 2go sin(w;)
+(t; — ti)2c1gow; + (t; — ti)2c190
—goe_“( —ti )w2 sin(w;) — 2goe~ c1lti—ti) g, cos(w;)
+2goe 74 sin(w;)
fi(wi,w;) = gow; cos(w;) — 2go sin(w;)
—(tj; — t;)2c1gow; — (t; — ti)2c160
—goe” i) 2 sin(w; ) — 2g0e B 8w, cos(w;)
+2goe 74 gin(w;)
Re-write (31) as
¢(¢:)
V(t) <ot [ qN (e g
¢(0)
¢(ts)
+ [ et (r) (46)
¢(0)

Noting (44), we have
V(t:i) < o+ Ny(C(0),w;) + (w; — €(0)) sup et
T€[0,t;]

< co + gowi[sin(w;) + 1 — e ] + £,(¢(0), w;)

+(wi = ¢(0)) ,
= wi{go[sin(w;) +1 e~ + Saleo + fulC(0), wi)
+(wi = €(0)]}

Teking the limit as i — +o0, hence t; — t¢, w; — 400,
fu(c(oz)’wi) — 0, we have

0< 1121 V(t;) < 1121 wigolsin(w;) + 1 — e~ ]
which, if go > 0, draws a contradiction when [sin(w;) +
1—e~ti] <0, and if go < 0, draws a contradictions when
[sin(w;)+1—e~*] > 0. Therefore, ((t) is upper bounded
on [0,%).

Case (ii): ¢(¢) has no lower bound on [0, ¢ ;). There must
exist a monotone increasing sequence {t;}, i = 1,2,---,

such that {w; = —¢(¢;)} with wy > [€(0)], lim; 400 t; =
ty, and lim;_, 4 o w; = +o00.

—x(r))e” 1T Ddy(r)

- / = ety () (47)
¢(0)
Noting that N (-) is an even function, i.e.,, N(x) = N(—x),
(47) becomes
Vi(t;) < co— /  gN (x(m)e ™ By ()
¢(0)
- / et Tdx()
¢(0)
Noting (45), we have
V(t;) < co— Ng(€(0),w;) — [w; — ¢(0)] Teif%,fgi] e—c1(t;—7)
< co + gow?[—sin(w;) + 1 — e~ 4] — £,(¢(0), w;)
(i = ¢(0)e
= wHgolsin(aws) + 1 — 8] + e — f(C(0), )

—(w; = ¢(0))e~ 4]}
Taking the limit as i — +oo, hence t; — ty, w;, — +o0,
11€O)e) 0, we have

=i

0< Zl}inoo Vi(t;) < i hr+noow golsin(w,
which, if go > 0, draws a contradiction when [—sin(w,) +
1 —e k] <0, and if go < 0, draws a contradictions
when [—sin(w;) + 1 —e~4] > 0. Therefore, ((¢) is lower
bounded on [0,¢).

Therefore, ¢(t) must be bounded on [0, ;). In addition,
V(t) and [ goN(¢)Cdr are bounded on [0,¢). ¢

)+ 1—e k] (48)
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