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Abstract—This paper presents a Sum-of-Squares Il. HIGH-ORDERPOLYNOMIAL SULFS USING

method to construct polynomial Surface Lyapunov SUM-OF-SQUARES PROGRAMMING
Functions (SuLF) of arbitrary order for the Impact . . . . . . .
maps of limit cycles in Piecewise Linear Systems Consider a Piecewise Linear time-invariant dy-

(PLS). This work extends previous results on stability namical system with am-dimensional state-space.
analysis of such limit cycles, which utilized quadratic We are interested in finding a polynomial SuLF, say
SuLFs. V, of arbitrary but fixed ordern, on a particular
switching surfaceS, centered at a fixed point

of the Impact Map. That is, we are looking for
the coefficientsa; of each term in a generien

. . . . agrder polynomial inn — 1 variables (switching
Piecewise Linear Systems are a special class

of hybrid systems. The series of results in [1],surfaces aren — 1-dimensional manifolds in the

[2] demonstrated a novel constructive approach fosr’tate space). Thus, in the language of mathematical

N . S e programming, they;'s are the decision variables.
stability analysis of equilibria and I|m|t-cycles of In order for the polynomial in question to be a
PLS. The method focuses on the behvaior of th?egitimate SuLF, it must satisfy a particular con-
dynamical system along switching surfaces. Th?r

. : . activeness condition. As in previous work, we
analytical tool for this study is the Impact Map . ) : L
S N . accomplish this using the parametrization of the
(see [2]), which is a Poincarlike mapping from

one switching surface to another. It was provec!mpaCt map. We will require that the SuLF decrease

in [2] that a sufficient condition for global stability On successive iterates qf_the map, Wh'Ch can be
. . formulated as non-negativity of a polynomial con-
is that these maps be contractive.

. - straint equation.
_ A constructive meth(_)d of determining contrac- | Hi,t € [tmins tmas] be the aforementioned
tiveness Impact maps 1 that Glurface _Lyapunov parametrization of the Impact map (we forgo dis-
Functlons(SuLF), 1e.a Lyapunov.fun_cuon for the cussion for brevity, but see [2] for details). Also,
Impact Map defined along the switching surfage.

iori_ it d h lobal s ,hlet P;,s be an arbitrary positive definite sum-of-
priori, it does not seem that global ana ysis wit Squares polynomial (e.g.3" #2,¢ > 0). Then, the
SuLFs and Impact maps would be any easier th

. ) N3fecrease condition can be written as:
standard global analysis with Lyapunov functions

(as in [3] or [4]). The work in [2] shows that V(z) — V(Hi(z)) — Psos > 0 Yt € [tmin, tmaz)-
Impact Maps can be parametrized (by switching

times) as members of a family of linear transforma- Note t.hat the addition of the posnwg def|n|tle
tions. This "reduces” the global nonlinear stabilitypOIynomIal serves to allow the use of an inequality

. : o constraint as a strict decrease condition. Also note
problem to a continuum of linear stability problems

o i __that in the quadratic SuLF case, whevgz) =
The analysis in [2] addressed this problem u5|n%TQx O > 0, the above condition becomes:
Linear Matrix Inequalities to construct quadratic ’ ’ '

SuLFs. However, the existence of a quadratic SULF Q- HI'QH, > 0.
is merely sufficient, so no stability conclusion could
be drawn in the case where no quadratic SuLF coul
be found. In this paper, we use Sum—of-Squareg‘

programming to find pOIynom|aI SuLFs of arbltrary 1We restrict our attention to one Impact Map for clarity, but
order. the results hold for multiple maps.

|. BACKGROUND AND MOTIVATION

d Which is precisely the LMI formulation pursued
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With the notation provided above, and some finite . Valdity Measure: dth Order SuLF
number of sample points;,j = 1,2,..., N in the N
interval [t tmaz]:

Find a polynomialV’ of ordern such that:

v
V() =V (Hy(x))

0

>
> 0 VeeS,j=1,2,...,N.
As a measure of the "validity” as a SuLF of
the polynomial V' found as above, we consider
some refinement of the previous mesh, sgyk =
1,2,..., M, and compute the following quantity:

IV. SUMMARY AND CONCLUSIONS

max(Vk)
st. V(z) = V(Hy, () = YPas >0 In this paper we have provided a simple exten-
sion of previous work on construction of Surface
This quantity is computed using SOSP methodd,yapunov Functions for global stability analysis of
and is computationally inexpensive to produce. Thi®iecewise Linear Systems. With the development
allows one to evaluate the validity of the functionof this new methodology for constructing high-
V at a large number of points in the interval oforder polynomial SuLFs, we can analyze the global
interest. stability properties of systems which do not admit
quadratic SuLFs.
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In this section we present a stability study of The authors would like to thank Antonis Pa-
limit cycle of a third-order Relay Feedback Systempachristodoulou for his patient help regarding Sum-
Such systems have been studied for several decad#sSquares programming and the MATLAB toolbox
(see, for example, [6]). The system below doeSOSTOOLS.
not admit a global quadratic Lyapunov function or

SuLF. Using the above SOS formulation, we readily REFERENCES

obtain a fourth-order SuLF. [1] J. Gongalves, A. Megretski, M. Dahlekglobal Stability
. . Analysis of Piecewise Linear Systems Using Impact Maps
The linear plant of the RFS is as follows: and Quadratic Surface Lyapunov Functipi@ubmitted to
IEEE Transactions on Automatic Control
1 [2] J. Gongalves, A. Megretski, M. DahleB)obal Stability of
G= 3 3 (2) Relay Feedback SystemEEE Transactions on Automatic
s34+ 1.1s2 +20.1s + 2 Control, April 2001

. . . . . [3] , M. Johansson, A. RantzeGomputation of Piecewise
This system is arranged in feedback with a simple” * Quadratic Lyapunov Functions for Hybrid SysterntSEE

relay, with hysteresis parameter = 0.05. This Transactions on Automatic Control, April 1998

i [ f [4] S. Prajna, A. Papachristodoulofinalysis of Switched and
system ex.hlblts a IocaIIy stable limit CyC|e’ which Hybrid Systems - Beyond Piecewise Quadratic Methods
we would like to prove to be globally stable. As was Proceedings of American Control Conference 2003
shown in [1], the stability of the limit cycle can be [5] S. Prajna, A. Papachristodoulou, P. Par8®STOOLS:

determined by studying a single Impact map. g, 2 s CPsion Tooko of MATLAS, 02
We begin by seeking a quadratic SuULF. This turns ~ press, Cambridge UK, 1984

out to be infeasible (i.e. we obtain a proof through

the SOS procedure that no such SuLF exists). Turn-

ing to our SOS formulation, we seek a fourth-order

SuLF. The second plot above illustrates the behavior

of the validity measurey for the resulting SuLF.

We see that our fourth-order polynomial is indeed

a SuLF.

2Rigorous lower bounds on the mesh resolution can be ob-
tained, but are not included here.
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