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Abstract—A continuous-time feedback controller design developed by Kevrekidis and coworkers [21], [11], [20], that
methodology is developed for distributed processes, whose circumvents the derivation of the closed form macroscopic

dynamic behavior can be described by microscopic evolution ppeg for the process and identifies the essential coarse-
rules. Employing the micro-Galerkin method to bridge the gap .
» scale system behavior.

between the microscopic-level evolution rules and the “coarse ) ]
process behavior, “coarse” process steady states are estimated Other model reducthn approaches of systems described
and nonlinear process models are identified off-line through by microscopic evolution rules include approaches for

the solution of a series of nonlinear programs. Subsequently, model reduction of the Master Equation [8], the use of
optimal feedback controllers are designed, on the basis of wavelets for kMC model reduction [9] and the development

the nonlinear process model, that enforce stability in the . L
closed-loop sysptem. The method is used to control a system O hyPrid models for epitaxial growth [16] and crack prop-

of coupled nonlinear one-dimensional PDEs (the FitzHugh- agation in materials [5]. In [13], [14], observers based on
Nagumo equations), widely used to describe the formation Monte-Carlo simulations and process measurements were

of patterns in reacting and biological systems. Employing successfully designed to capture the dynamic behavior of

kinetic theory based microscopic realizations of the process, micrascopic process variables leading to output feedback
the method is used to design output feedback controllers that -
controller designs.

stabilize the FHN at an unstable, nonuniform in space, steady ) . . .
state. This work addresses the issue of continuous-time con-

troller design to regulate the coarse properties of processes
whose dynamic behavior can be described by microscopic
An important research area that has received a lot efolution rules. Under the assumption that an underlying
attention in recent years is controller design for distributedlosed-form process model is, in principle, possible, how-
processes, mathematically modeled by nonlinear dissipatieger unavailable, micro-Galerkin method [11] is employed
partial differential equation (PDE) systems. One of theo bridge the gap between the microscopic-level evolution
research directions involves the development of methodales and the “coarse” process behavior. The derived black-
for controller design based on reduced-order models [3hox time-steppers are linked with equation-free methods
[7], [2] (e.g., obtained using linear or nonlinear Galerkin's(such as Recursive Projection Method (RPM) [17] to obtain
methods [15], [18]) that capture the dominant dynamics aéstimates of the process stationary states, the slow evolv-
the process and can be solved numerically in real time. Aing eigendirections in their neighborhood and a discrete-
accurate, explicit process model is the main prerequisite féme reduced-order linear model. Nonlinear continuous-
the derivation of the reduced-order models, which are useiine models are subsequently identified off-line through the
for controller design and real-time implementation. solution of a series of nonlinear prograrmSinally, optimal
However, the behavior of an expanding range of dissutput-feedback controllers are designed that enforce sta-
tributed processes (for which explicit coarse level mathepility of the target, RPM identified, stationary states in the
matical models are unavailable, albeit in principle possiblejlosed-loop system. The proposed approach is validated on
is being mathematically described using microscopic level system of coupled nonlinear one-dimensional PDEs (the
simulations (e.g., Lattice Boltzmann, kinetic Monte CarloFitzHugh-Nagumo equations), widely used to describe the
molecular dynamics). The lack of an explicit process modébrmation of patterns in reacting and biological systems.
precludes the successful use of standard controller desigmploying microscopic, kinetic theory based, realizations
methodologies for distributed parameter systems to sudi these systems to describe the process behavior, the pro-
processes. posed approach stabilizes the unstable, nonuniform in space,
Motivated by this, linear discrete-time controller desigrsteady (microscopically stationary) state, in the presence of
methodologies were recently developed for lumped [19] anében-loop oscillatory behavior.
distributed [4] processes described by microscopic evolution
rules, utilizing the so-called "coarse time-stepper” approach, Il. PRELIMINARIES

N . . ~ We consider nonlinear dissipative partial differential
*Financial support for this work from the Pennsylvania State Unlversnye ti PDE t h | t d .
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e-mail: armaou@psu.edu be accurately captured by a few slow-evolving degrees of
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freedom, and are of the following form, when representedlow evolving, spatial patterns, a result of the slaving of the

in an appropriate Hilbert space fast dynamics to the dominant ones. Linear continuous-time
&= L(x) + F(x) + Bla)u, 2(0) = o observers that identify the essential coarse process behayior

(1) are subsequently constructed by manipulating the reporting

Ym = St horizon. Issues arising from the transition of the discrete

where c D(E) is the state Vectom c R™ is the vector time identified linear behavior to continuous time observers
of manipulated inputs, ang,, € R¢ is the vector of the are addressed. During the second stage, output-feedback

measured outputs(-) is a dissipative, possibly nonlinear, continuous-time controllers are designed using established
spatial differential operator which includes higher-ordefnethodologies.
spatial derivativesf(x) is a nonlinear vector function of
the state, and3(z) is the actuator distribution functiog A Off-line identification
is the measurement sensor shape function/ @&the length 1) Problem formulation:To simplify the required nota-
of the domain.D(£) c L?[0,1] is the set oC°~! functions  tion, we represent the unknown, finite dimensional, slow
in L2[0, 1] that satisfy the boundary conditions of the spatiabvolving dynamical system of Eq.1 in the form
operator an@ is the highest order differential af. Without .
loss of generality we assume that the target steady state of . _
the system is the origin. i = @)+ () ®

An implicit assumption in the above system description
is that the rest, infinite, degrees of freedom of the PDE amherex ¢ H, is the stateu,(t), is the j-th element of
strongly stable and, furthermore, the associated dynamigs f(z) = £(x) + f(x) is a nonlinear vector function, and
quickly become negligible and can be captured by algebrajg (x) is thej-th actuator distribution functiortZ, is ann-th

functions of the slow-evolving states of Eq.1. dimensional Hilbert subspace spanned by the eigenfunctions
The Kronecker product between matricasc @ V*M  associated to the slow eigenvalues/of
and B € @ %K can be defined as a matrig ¢ Applying McLaurin series expansion tf(z), g;(z) we
@ (NL)x(MK) obtain
aLlB aLQB al,MB > 1 (k]
C—A®B= a1 B aseB -+ aguB 2) ;]? k]|z 0T
.. . @
a1 B an2B - anuB > 1
. — | L
) g;(x Z %l g, [k]lz=0
We also define thé-th order Kronecker product a$l*! = k1

Al A, Al = A and A = 1. Finally, I, € R™*" . .
is defined as the unitary matrix of dimensianand (-)* Whered fil.—o € €™*"") anddg; .= € """ are

denotes the conjugate transpose. the k-th partial derivatives off (z) andg(z) with respect to
x, respectively, evaluated at= 0. To simplify the notation
1. OUTPUT FEEDBACK CONTROLLER DESIGN we denoted = (1/k))0 fyy|a=o, Bj), = (1/k!)agj[k]|r:01

We focus on the design of continuous-time output feedyk and Bj, = g;(0) for the rest of the paper. With (k]
back controllers for distributed processes that can, in pritve denote the:-th Kronecker Product. Thus, Eq.3 can be
ciple, be mathematically modeled by dissipative PDEsquivalently written in the form
but are unavailable in closed-form. The PDEs in question
are in essence closed-form macroscopic equations for the [k
moments of microscopically evolving (through, say, molec- = f(@) +g(z)u= ZAM M+ Z ZBJ’“I uj (5)
ular dynamics, kinetic Monte-Carlo or kinetic theory based
codes) distributions. We will focus on a finite order polynomial approximation of

The controller design is achieved in two stages. Duringhe nonlinear system of ordey for f(x) andp, for g;(x).
the first stage, the coarse time-steppers, through a “lif@ithout loss of generality we assume thgt=p,+1=p
evolve-restrict” procedure provide us with a bridge between I
macroscopic scale system properties and microscopic evo- N
lution simulations; during this system identification step, & ZAkx +ZZB ’“T’[ i ©)
the process stationary states are identified (using numerical
algebra methods such as recursive projection method [17]) To linearize the system of Eq.5, we compute the dynamic
and after variance reduction, a coarse slow discrete-timghavior of the terms!*l as follows:
linearization (i.e. the coarse slow eigenvalues and the corre- ) p—kt1 m p—k
sponding eigenvectors) is derived. The reporting horizon ofd=™) (z Z Ap. plitk=1] Z ZB Llitk=11,,
the microscopic scale simulations is an important parameter dt =1 iso
in the above approach for the identification of the important, @)
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where A, ; — Z[g] © A, ®I7[Lk*1+l] andBj,m. is defined By = [B1g B2y -+ Bmo) andT is the reporting horizon

of the microscopic simulations.

similarly. = Following the identification of the system linearization,
Defining 2 = [xTx[Q]T .. .x[p]T]T the system of Eq.7 We proceed to the off-line identification o4 and B; in a
can be written in the following bilinear form sequential manner.

Open-loop behavior identification First, M,; micro-
scopic simulations are employed to generate an ensemble
Y of snapshots of the process evolution for a variety
reporting horizons, time-length of simulation and initial
where A, B; and B;, are matrices of appropriate form, conditions foru; =0, Vj =1,...,m. Care must be taken
shown in Eqg.8. The presented operation, also known &9 that the reporting horizon of the simulations is large
Carleman linearization [12], presents us with the basis f&@nough, such that it can be ensured that the fast dynamics
the identification of the system behavior. We proceed tof the process have become negligible. The snapshots of
compute off-line the unknown parameters of the model. each different simulation run are used to compute the slow-
system modes: and their representation for the Carleman
linear form of Eq.9zg, denoted asy; € Y°, i =
,np, L=1,... My, with T} the associated reporting

tg = Azrg + Z [Bjzgu; + Bjyuy] ©)

j=1

Remark 1: Note that due to the linearization operation
it appears there is a geometric increase of the number

parameters that need be identified. Under assumptions ,gf . |- andn; T, the final simulation time. Eq.9 for
: ; . Eq.

continuity of the unidentified functiong(z) andg(z), the ~ —~_ Vi =1 m can be solved analytically and
number of parameters to be identified can be drasticalMegolljtion iSr®(7t.)”:7 cap(At)ze (0)

reduced. We obtain an estimate of the unknown parametergiof

2) Off-line identification: Initially Recursive Projection . qqh the solution of an optimization problem, formulated
Method [17] is applied to the process simulator to identify, s o"yynconstrainetbnlinear optimization programwhich

the, possibly unstable, target stationary state of the procesg, pe sunsequently solved using iterative search methods
and the slow eigendirections in the neighborhood of th uch as SQP.

stationary state. Due to the nature of RPM and the simulator,

discrete-time linearizations of the open-loop process model Moy £,
also become available. min 4 [Z > (i - xi’l)Q] Yy €YY
In [4] we presented the derivation of closed-loop linear =1 i=1
discrete-time models. The RPM identified model is of the s.t. (11)
form B T
Lspt1 = Fxsn + Dun (10) il = emp(A(Z l))y0l7

Vi = 1,...,nfl, Vil = 1;---aMol
wherex; € € ™ is a representation of the slow evolving
eigendirections of the process of Eq.E, € ¢ "™*" Closed-loop behavior identification Once A of Eq.9
describes their discrete-time linearized dynamics around th@s been identified we can proceed with the identification
stationary-statey € IR™ is the vector of the manipulated of the system response to manipulated input excitation.
inputs andCH € Cset™™ approximates the linearized Furthermore, the effect of each manipulated input can be
effect of them control actuators on the slow mode dy-estimated independently.
namics. D is defined a® = Vp[V*V]~'V*H, where Microscopic simulations are employed to generate
V € @ V*" denotes the matrix containing as columns thensembleéfﬂ of snapshots of the system during the process
M slow eigenvectors (identified and approximated througbvolution for a variety of reporting horizons, time-length
RPM), Vp € @ ™" is the matrix with columns the of simulation and random manipulated variable profiles
corresponding eigenvectors &f (in the same order, with w;(t) = u;,(H(iT; —t) - H(t— (i —1)T;), Vj=1,...,m
respect to the eigenvalues, as W) and H € @ VM*™ (H(-) denotes the Heaviside function) and initial condition
is the matrix containing the numerically computed partiaht the stationary stater{(0) = 0). Care must be taken
derivatives of £L(z) + f(x) of Eq.1 with respect to the so that the rate of change of the manipulated inputs is
action of them control actuators. The continuous-timeconstrained so that they do not excite the fast dynamics of
behavior of the linearized slow subsystem can be inferrettie system. The snapshots of each different simulation run
from Eq.10 and isA; = (1/T)Vpin(Vy'FVp)Vi', D=  are denoted ag;; € Y, i =0,...,n5, | = 1,... M,

T with T} the associated reporting horizon, angd T} the final
/ explAi(T — 7)drBy = By = (F — I) ' A, D, where 1 11 1% 855 porting Wi
0 )
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The response of the system of Eq.9 to variations of theolve the infinite time optimization problem and compute
manipulated inputi; (t) = u;,(H(iT;—t)—-H(t—(i—1)T;), the optimal feedback controller gaif. [?]:
ur = 0,Vk # j with initial condition at the stationary Q = A*P — PA+ PByR™B;P

state can be derived recursively at each time intetval (14)
((i — 1)Ty,4T;), since P.=—-R7'B;P
i = [A+ Bjuj;|vg + Bjyu;, where By = [B1g B2 -+ Bmo] and the control action is

. . o given fromu(t) = P.x(t).
The analytical solution of the above equation is We derive a state observer for the process

2 (t) =exp([A+ Bju;|(t — (i — 1)T)))ee (i — 1)Th)

+/ explA + Bju;,[(t — 7))dT Bju;,, _ -
(i—1)Ty | i) ) 707 ys =[S OqX( f:zn")]x‘g’
and fort = iT; we definex;; = zg (i1}) with where Zg is the observer statey,, is the measurement,
e (iT)) =exp([A + Bju; | Ti)wi—1; + [A+ Bju;,] ™! ican be consftruct?dhfror_n the sznsor shape function and
w(cxp([A 1 Byu; IT)) — 1B u;. the representation of the eigenmode, @nd. s represent a
JoT J07d4 matrix of sizeN x M with zero elements. L is the observer
Note thatzo; = 0. gain (computed such that the observer is stable)

We obtain an estimate of the unknown parameters of \we combine the state feedback LQR with the derived
matricesB3; through the solution of unconstrained NLPS. state observer to obtain the following output feedback

My ny, controller:
ming, | > > (yi— )| vy € Y7 Tg = Aig + Bou + L(ys — Ym)
=1 =1 ~
’ Ys = [S OqX(Z:}ZQ n?)]z® (16)
s.t. u= Pig
wy =exp([A + Bjugilm)xi*ll IV. APPLICATION TO THEFITZHUGH-NAGUMO
+[A+ Bju;, | (exp([A+ Bjuy,[Ti) — I)Bjgu;,- EQUATION
zo=0 The proposed controller design approach is validated us-
Vi=1,... o, Vji=1,..., My ing a timestepper of the FitzHugh-Nagumo (FHN) equation,

(12) @ widely used model of wavy behavior in excitable media in

) _ biology [10] and chemistry [21], with the following closed-
Remark 2: A way to approximately estimate the shortesform description:

reporting horizon that will be used for the creation of the

2

ensembles is to employ Arnoldi method [6] and estimate v _ 9 +v—w— v+ b(z)u(t)
the largest eigenvalue of the non identified fast subsystem. ot 0z*
Subsequently the shortest reporting horizon must be such ow _ 582710 +e(v — prw — po) a7
that it falls in the separation gap between the fast and slow ot o2 ¢ b1 bo
dynamics. ym(t) = s(=)u()
B. Output feedback controller design subject to the boundary conditions:

In the present paper we focus on systems wlit¥re) = v v ow Ow
B in Eq.1 (in [1] a detailed controller design methodology 50=5,1r=0 F-lo=75"12=0 (18)

is presented for the general developed process model). In - L
. S Lo .~ “"and the initial conditions:

this case,3; = 0 in Eq.9, which implies we can design

output feedback controllers, by designing Linear Quadratic v(0,2) =vo(2), w(0,2)=x0(2) (29)

Regulators (LQRs) for EQ.9, and subsequently linking them

with dynamic observers. Note that, even though we emplay .~ th tor of iulated variabl NeRei
linear controller design methodologies, the resulting con: is the vector of manipulated variableg, (t) € IS

trollers of Eq.1 are nonlinear, since the controllers emplog1e \égct(zr of measuremenb?;s ;he t'%?’z ;‘:’] th(? ng“t"?"
polynomial terms up to ordey. oordinateb(z) is a row vector describing the distribution

We initially design state-feedback continuous-time LQRéunCtlon of the control actuators, 4, p, po are process

by solving an optimal control problem with cost function: parameters and. is the length of the spatlalldomaln. We
assume that three control actuators are available:

J = /0 Te" Qre + u”(t)Ru(t) dt (13) b(z) = [g(2,0.25L) g(z,0.50L) g(z,0.75L)]

where @, R are positive semidefinite matrices amd=  whereg(z,() = exp(—0.3(z—()?); note that this choice of
[u1 us ... um|’. We use the algebraic Riccati equation toactuator influence functions extends over the entire spatial
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herev(t, z), w(t, z) € IR are the system variables(t) €



domain of the process. We also assume that three point
measurements af(t, z) are available, of the form:

s(2) = [6(2,0.25L) &(2,0.50L) §(z,0.75L)]T

where 4(-) denotes the delta function. In the following
simulations, the initial conditions were chosen as =
0.5cos(mz/L) andwy = 0.5cos(nz/L).

iz

TABLE |
PROCESS PARAMETERS N -
L1205 40 [pi | 20 a) me ) —_—
T 05| ¢|0017| po | -0.03 :

05F

v,
-

\ \ /
-osf \ / ] e
\ \ / 0 s’
\ b) time () ‘ space (2

Fig. 2. Open-loop stable periodic orbit of FHN equation. €a)b) w.

steady-state one depicted as thick lines in Figures 1a and 1b
for v andw respectively (denoted as; ; for the rest of the
section). We observe in Table Il that there is a finite number
of eigenvalues close to the imaginary axis, while an infinite
number of them grow towards negative infinity. Moreover
we observe that a large spectral gap exists between two
consecutive eigenvalues. This time-scale separation suggests
-0z} ] that a few dominant modes may be able to capture the long
term dynamics of the open-loop process.

s ‘ ‘ ‘ We now switch to the alternative, kinetic theory based
b) ° ° 7 . * LB-BGK scheme, which has been constructed so that its
zeroth moment fields approximately satisfy the FHN equa-
tion [21], [4]. A coarse time-stepper with a time-reporting

The FHN exhibits multiple steady-state solutions (spahorizon of T = 0.5 was constructed for this scheme. It
tially uniform as well as spatially nonuniform) and spatiallycombined lifting, from zeroth moment fields to full LB
nonuniform periodic solutions, depending on the values dftate fields (employing a local equilibrium assumption), LB-
the process parameters. For the specific parameter vall&SK “mesoscopic” evolution, and restriction back to zeroth
shown in Table I, the system has at least four spatialljnoments corresponding to and w. The combination of
nonuniform and three spatially uniform steady-states, preoarse LB-BGK timestepper with RPM located the target
sented in Figures la and 1b, forand w respectively. coarse stationary state and inferred the coarse stability prop-

Using Galerkin’s method with the (analytically derived)erties of the process through estimates of the leading coarse
eigenfunctions of the spatial operator, we discretize the sysigenvalues/vectors. Through algebraic manipulations, an
tem in the spatial domain. Linearizing the discretized FHNypproximate linear continuous time coarse slow subsystem
in the neighborhood of the steady-states and computing theits neighborhood was also computed.
eigenvalues we conclude that the system is locally unstableSpecifically, using as an initial guess the stable coarse
in the neighborhood of steady states one, two and three, asidtionary profile at = 0.1 ande = 0.11, we converged
locally stable in the neighborhood of steady states four, fivép the unstable nonuniform coarse stationary profile at
six and seven. Furthermore, simulating Eq.17 with) = the target value ofe = 0.017, which lies beyond the
0 and initial conditions far from the stable steady-stated;lopf bifurcation ate = 0.019. We also approximated
we observe FHN converges to a locally stable, spatiallithe coarse slow eigenvalues, their respective eigenvectors
nonuniform periodic orbit shown in Figures 2a and 2b foand estimated matrix F of Eq.10 for the coarse slow
v(t) andw(t) respectively. We now focus our attention tosubsystem. Depending on the detailed RPM implementation
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parameters, and -in particular- on the convergence tolerandee closed-loop eigenvalues corresponding to the critically
the dimension of the recursively identified coarse slowgtable slow eigenmodes away from the imaginary axis.
subspace required to achieve convergence ranged froml@ retain the time-scale separation between the slow and
to 4. The reader may refer to [17], [11], [4], [1] for the fast subsystems, the resulting closed-loop eigenvalues
a detailed analysis on the effect of RPM parameters care placed close to the third identified slow eigenvalue.
the identification of the slow subsystem. In Table Il, weSuch an objective will also induce relatively small control
present the open-loop eigenvalues of the coarse systattions prescribed by the controller to avoid exciting the
and compare with the ones computed based on the FHhist dynamics of the process.
discretization. We observe that the eigenvalues computedWe designed an LQR continuous-time controller for the
from RPM are in good agreement with the FHN ones, beinBPM identified linear model solving the Riccati equation
within the error tolerance value used by RPM. The real pavtith cost function weights in Eq.18) = 0.5I3x3, and
of the corresponding (discretized in space) eigenfunctionr® = 10/343. The dominant eigenvalues of the closed-
are presented in Figure 3a far(z) and Figure 3a for loop system under the computed LQR were placed,at
w(z). We observe that they are spatially nonuniform and-.274, pus = —0.106 and u3 = —.0897.
smooth functions of time and that they satisfy the boundary In Table Il we present the eigenvalues of the closed-loop
conditions of the FHN equation. FHN in the neighborhood af, ; and compare them with
the eigenvalues of the open-loop system. We observe that
—] the eigenvalues of the closed-loop system are negative im-
plying that the closed loop FHN is stabilized, and the time-
scale separation between the slow eigenmodes and the fast
ones (gap between the fourth and fifth eigenmodes) persists:
spillover did not change the dimension of the closed-loop
slow subsystem. We also observe that the controller fails to
assign all the eigenvalues at the desired locations, in part
due to spillover, and in part due to the inaccuracy of coarse
slow eigenvalue/eigenvector estimates (which, however, can
be further refined).

In Figure 4a we present the temporal profiles of the
control action. We observe that the control action tends to
zero as time progresses, and it achieves stabilizing the FHN
process atrss ; without chattering. The effect of the LQR
controller on the dynamics is shown in Figure 4b where
the time-profile of theL, norm of the FHN converges to
the stationary value rapidly and smoothly. In Figure 4c we
present the effect of the control action on the deviations
of the measurementg,, from their respective values at the
target stationary state. We observe that they converge to zero
‘ . , J rapidly and without chattering. Figures 5a and 5b present

by ’ e @) ) ’ the spatiotemporal profiles of the zeroth moments of the
Fig. 3. Spatial profile of the real part of the RPM identified eigenfunctioné‘B'B(':"K that CO_H’?Sp_Ohd to(z,1) andw(z:, t) respectlvely.
in the neighborhood of5,1. (a) v, (b) w. Due to space limitations, the presentation of the nonlinear

Following the coarse open-loop analysis, we computegPntroller design was omitted. A detailed description of the
the coarse process response to actuators’ perturbations, &edlinear controller design for the FHN is presented in [1].
subsequently obtained a linearized expression of their effect
on the slow discrete-time subsystem (matFixof Eq.10).

TABLE Il
EIGENVALUES OF LINEARIZED FHN IN THE NEIGHBORHOOD OFZ 54,1

02

Re(q)2)

—_Regq,

% 2 4 6 8 10 12 14 16 18 20

a) space (2)

. — 0
~__ — 0

Rely}@)

V. CONCLUSIONS

A continuous-time feedback controller design method-
ology was developed for distributed processes, whose dy-
namic behavior can be described by microscopic evolution

_____Open-loop Closed-loop [LQR] rules. Employing the micro-Galerkin method to bridge the

PDE linearization LB-RPM [3:LB-RPM] bet th . ic-| | uti | d th
0.00048 1 0.04665; | -0.00079+.024921 —0.01592 gap between the microscopic-level evolution rules and the
0.00048 — 0.04665i | -0.00079-.02492I —0.07171 “coarse” process behavior, “coarse” process steady states
ﬂé‘éi? —0.07289 —8-%3; were estimated and nonlinear process models were iden-

—0.42501 _ 04743 tified off-line through the solution of a series of nonlin-

ear programs. Subsequently, optimal feedback controllers

Since two of the identified eigenvalues lie close to thevere designed, on the basis of the nonlinear process
imaginary axis our control objective becomes to placenodel, that enforce stability in the closed-loop system. The
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Fig. 4. Time profiles: (a) control action of 3rd order LB-RPM LQR {B) norm of closed-loogz" H N under 3rd order LB-RPM LQR, (c) measurements

of closed-loopF’"H N under 3rd order LB-RPM LQR

vizit)
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space (2)
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time (t)

(6]
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(9]

(20]

(11]
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o3 [12]
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[13]
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b) space (2)

Fig. 5.  Closed-loop"H N evolution under 3rd order LB-RPM LQR [14]
(vo = 0.5cos(mwz/L), wo = 0.5cos(mwz/L)). (@) v and (b)w.

~ [15]
method was used to control a system of coupled nonlinear

one-dimensional PDEs (the FitzHugh-Nagumo equations)1,6]
widely used to describe the formation of patterns in reactin[g
and biological systems. Employing kinetic theory based
microscopic realizations of the process, linear quadratlé’]
regulators were designed that stabilized the FHN at an
unstable, nonuniform in space, steady state, in the presercg
of open-loop oscillatory behavior.

(19]
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