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Fuzzy weighting function dependent RHC design for TS Fuzzy
Systems with input constraints

Seung Cheol Jeong, Doo Jin Choi and PooGyEBark*

Abstract—In this paper, we present a state-feedback re- by suggesting a special structures for the variables of the
ceding horizon control (RHC) for discrete-time fuzzy systems PLMIs. Then, it is shown that the closed-loop system with
with input constraints. The models of the fuzzy systems are of o gesigned control is stable if the converted optimization
Takagi-Sugeno type, which is suitable to model a large class 9 - S .
of nonlinear systems. To find the control, we first derive an problem IS feaS|bIe at the initial time. A numerical example
optimization problem involving parameterized linear matrix IS presented to illustrate the performance of the controller.
inequalities (PLMIs) that depend on the current and one- The rest of the paper is organized as follows. Section
step past information on the time-varying fuzzy weighting || states target systems, assumptions, the associated prob-
functions. Since the PLMIs need to be checked for all values of lem. Section Il derives an optimization problem involving

the weighting functions, for solvability, we convert the PLMIs .
into a finite number of LMIs by suggesting a special structures PLMIs that depend on the current and one-step past infor-

for the variables of the PLMIs. Then, it is shown that the ~Mation on the time-varying fuzzy weighting functions. For
closed-loop system with the designed control is stable if the solvability, the PLMIs are converted into a finite number of

converted optimization problem is feasible at the initial time. A | MIs by suggesting a special structures for the variables of
numerical example is presented to illustrate the performance the PLMIs. Then the closed-loop system stability is showed
of the controller. . ’ . . . ; ’
Finally, concluding remarks are given in Section V. The

. INTRODUCTION notation of this paper is fairly standard. In symmetric block

Receding horizon control(RHC), also known as modeinatrices, we usex) as an ellipsis for terms that are induced
predictive control(MPC), has received much attention iy Symmetry.
control societies because of its good tracking performance Il. PROBLEM STATEMENTS
and many applications to industrial processing systems [1],
[2], [3], [4], [5]. The RHC is also a suitable control strategy Consider a general discrete-time TS fuzzy system such
for time-varying systems including periodic systems and ha&s

a merit that constraints may be directly incorporated into the T
on-line optimization [6], [7], [8]. Trpr =Y 0:(m) [Asw + Biux] (1)
On the other hand, TS fuzzy model is widely used i=1

because it is suitable to model a large class of nonlinegupject to input constraints

systems and has been studied extensively in the last decades

[9], [10], [11], [12]. In the TS fuzzy model, a nonlinear —u<up <u, k=0,1,..,00 2
plant is represented by a set of linear models interpolated b

membership function (TS fuzzy model) and then a mode; ri]:rfhxe’“ neuﬁb: gessgfrﬁkraf |s_the[ cont.r.oll mplit’
based fuzzy controller is developed to stabilize the TS fuzz : ' sy Sk = k1 TTkp
the premise variable vector that may depend on states

model. Therefore, one can utilize a large amount of results ; . .
IN many cases, and;(n;) denote normalized time-varying

for linear systems in solving nonlinear problems. This stor¥uZZy weighting function (FWF) for each rule at tinke In

'S ?r:st?]igpﬂm:?lsvéo t:;:r:fz gzaTel_—'fCeédback recedin hoﬂ(_aneral, the FWF8; () have the following conditions for
paper, we p 9 NOTi time & (see [11], [12]) :

zon control (RHC) for discrete-time fuzzy systems with
input constraints. The models of the fuzzy systems are of TS ( < o, < O;(ne) < B <1, fori=1,2,---,r
type, which is suitable to model a large class of nonlinear 9 0 <5 <1 fori—

. - . P . i — Uy — >0y > 1, or *1727"'77 3
systems. To find the control, we first derive an optimization 19: () (7 1)\T ’ 3
problem involving PLMIs [13], [14] that depend on the 9 _

: . . . > 0i(n) = 1.

current and one-step past information on the time-varying P
fuzzy weighting functions. Since the PLMIs need to be . .
checked for all values of the weighting functions, for solv-Sinced: (1) are measurable in current tinde the system

ability, we convert the PLMIs into a finite number of LMIs (1) belongs to a special class of LPV systems whose state-
space matrices are assumed to depend on a time-varying
Seung Cheol Jeong, Doo Jin Choi and PooGyeon Park are with Electpparameter vector. Hence, we can rewrite the discrete-time
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where Thus,

r max Jo.0o (K
[A(©4)|B(O)] == Z 0; (i) [A:| Bil, (5) [A(Ok+;)|B(Oky;)] 0c0(k)
i=1 < x{leka +u£|kRuk‘k+V(xk+1|k7@k)
and©, € R" denotes a time-varying FWF vector consisting = 23, Qe + upp Rupgk + 4 P(OR) Trga i
of the time-varying FWF®);(ny). (13)

The goal of this paper js o find a new state-fqedbacllzhis gives an upper bound on the cost. Thus the goal has
RHC for fuzzy systems with input constraints, which debeen redefined to design, at each sampling tignan FWF

pends on both the current-time ',:WF vecty, and the dependent state-feedback control law (6) to minimize this
one-step-past FWF vect@;,_; at timek (see [15]): upper bound

up = K(O, Op_1)xk, (6) A. Unconstrained FWF dependent RHC design

where K (O, 05_1) is dependent or®;, and O, 1. To First, we present an optimization problem from which

' ) e may obtain an FWF dependent state-feedback control
find th.e stgte feedback R.HC of (6) for 'system @), a.t eacﬁw for unconstrained system. The problem is same as that
sampling timek, we consider the following cost function

in Theorem 1 of [8] except that(k), A;, B;, X (k),Y (k)

. . >, are replaced by O, A(Ort;), B(Ortj, X (Ortj—1),
Jo,00 (k) = @3, Qur|k + gy Rugyr + Z(%mk Y (Ok+j,0Or+;—1) respectively, hence the derivation is
j=1 omitted for clarity. We shall omit the derivation procedure
X QTrpjik + Uhpjip Rukt k) for clarity.

= fU{\kQﬂ?k\k + uakRuklk +J1,00(k),  (7)

min
and the corresponding optimization problem ¥k kX (Ot ), X (Ot j—1),X (Ok),Y (Ohtj,Ok4j—1),i 20 (14)

min max Jo,00 (K), (8) subject to
Uktj|k> JE[0,00) [A(Ok4;)|B(Ok+j)]

| -1 (5) () ()
subject to Mo -X(©r) (x) (%) <0 (15)
QY %y, 0 I () |~ 7
T jr1k = AOk+5)Thtjik + B(Orss)uptjie,  (9) RY 2wy, 0 0 I
TUS Uk ST e e AP I O I OO I
1/2 . _
for j =0, ..., 00, where@, R are positive definite symmetric Q X]&@’“ﬂ—l) gl (*)I (+) <0,
weighting matrices for all admissibl®,. We denote that MSl 0 73 X(*)
T+ i1k anduy, ), are predicted variables of state and input L 41 ~X () 16
at the timek respectively, withry,, = xy. (16)
wherej € [1, 00|, and
I1l. RHC DESIGN FORTS FUZZY SYSTEMS May = A(©x)ans + B(O)uni, 17)
Following the approach given in [8] where the quasi-min- p7,, — R”QY(@;CH, Okti 1), (18)
max MPC algorithms for LPV systems are presented, it is N
easy to derive an upper bound on the worst value of the cost41 = A(Ok+;) X (Ok4;j-1)
function Jy - (k). Consider an FWF dependent quadratic + B(Or4;)Y (Ok4j, Oktj—1), (29)
: U a
function [15]))V (z,©) = «* P(©)z, P(0) > 0 of the state X(Oppio1) = vYP  (Ori_1), (20)

with V(0,©) = 0. At sampling timek, supposé/ satisfies B 1
the following inequalities for allzy ., wpijk, j > 1 K(Otj> Ortjm1) = Y (kg Oprj—1) X (@k“‘l()z'l)
satisfying (10), and for any¥;,—1 and ©; satisfying
(2): If this problem is solvable and feasible, the control input
sequenceé(; is given by
V(@ktjt1ies Okts) = V(Thtjih: Or+j—1) Ui = {upji, Ukt jie = K(Okas, Ortj—1)Thgjin, J = 1}
< T T \ Jl J J Jl
= *[Ik+j|kak+j|k +“k+j|kRUk+j|k]- 11) (22)

For the performance function to be finite, we must hav&/nfortunately, the above optimization problem cannot be
Tooiy = 0, and henceV (i, Or4j—1) = 0. Summing solved because of unknow®y,, ; and©, ;_; contained in

(11) fromj = 1 to j = oo, we get the infinite number of LMIs in (15) and (16). Therefore, it is
important to develop a finite number of solvable conditions
~V(Trt1jk, Or) < —J1,00(k). (12) from (15) and (16).
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A D _ (A Ty _ Ty _(=. 4 =T
B. Relaxation of the proposed controller using LMIs Aii = Dy = (Mi + A7) = (A+ A7) = (Ei +57),
is poi i E Apisy, — (A+AT), h#4,
From this point on, we shall develop a relaxed LMI N
v Tsub

conditions for (15) and (16), based on the polynomial

+ (i + Bi)Zi + (2 + 27,
T

dependency of the FWFs for the discrete-time TS fuzzy sys- m,; & { My, +(E:+E;) i=h
2

tem, using the the convex relaxation techniques of general

My, i#h "’

fuzzy systems. To this ends, let us first select the structures  , & — (2 + ZT) — 4+ - (= + EiT),
of the variables in (15) and (16) as follows: Up 2 — (45T, hi,
[0 0 0 0
X(Orj) ZH Mi+5) X r 2 0 —~vI 0 0
sub — 0 0 _,YI 0 )
0 0 0 0
X(Opqj-1) Oi (M —1) X, (23) L
" Z " 0 00 0 ]
a 0 00 0
Y (Oktj, Oktj1) = ZHi(nkJrj)Yu + Z 0i (Me+j—1) Yz, Livin = R3Y;;, 0 0 0O ’
= i=1 0 0 0 —3X;
where X;, Y;1, and Y;, are constant matrices, that is, [0 0 0 YIBI]
X(Okti), X(Okyi—1), and Y (Op4;,Op4,-1) are poly- 2 0 00 0
nomially dependent or®;; and ©y;_1. Furthermore, foub T 0 0 0 0 ’
by using constraint-elimination methods for the conditions | B:Yia 0 0 0 ]
(2) of the current-time FWH;(n.+~) and the one-step- r 0 00 0
past FWF0;(n;.n—_1) with the S-procedure, we relax the N 0 0 0 0
conservatism of the proposed controller (6). Ahigyy = 0 00 0|
Theorem 3.1:The optimization problem (14) subject to By +B;Yh 0 0 0
(15) and (16) is feasible if the following optimization C_1x. 0 0 0
problem involving a finite number of LMIs is feasible N QgXi 00 0
Tsub 1 )
min 7, (24) " Rz2Yp 0 0 0
Vs k,XisYi1,Yiz,Niy 3,5, A,8 i 0 0 0 O
subject to [ 0 0 00
0. 4 0 000
! ) () (» hisuy = 0 00 0]
1%21 -Xi (%) () <0, i=1,..,r, (25) L A; X, + BthQ 0 0 O
Ql/Qi’fklk 0 =l (% Proof: The proof for a similar problem to (26)-(28) can be
L B Puge 0 0 -1 found in [15], [16], so not discussed any more here. And
T () (0 (%) (%) 7 we can obtain (25) from (15) that include$(©,) since
M A o (6 (%) (*) O is known at timek. n
@ My - Thy ¥ (%) C. Constrained FWF dependent RHC design
Q: H: H: . éj*) Input constraints can be expressed as LMIs and therefore
Y, >T 0. i 0. oo " 07 included in the RHC problem. The input constraints (10) is
V> 27) satisfied if the following conditions are satisfied
Ai+AT >0, Z+327 >0, Ei+E] >0, (28)

where
My = A; %\k + Biug|,

Y& Y — Zazﬁz {(Ai+AT) +

i=1

—(A+ A —(@+2T)+ ) 6=+ =

i=1

+ (S +37)}

T, 2 Ty, + (a+ B)A + (A+ A7),

~X(Or+j-1)  Y(Ortj, Okpj—1)
<0, (29
YO, Okyj-1) ~Z < 0. (29)
Zy <u?, i=1,2,..m

wherew; is defined byu, = min(—w,,w;) andu; and;
are theith elements ofu andw, respectively. It is a simple
extension of the result in [17], hence the derivation process
from (10) to (29) is omitted.

By the relaxation technique used in the previous section,
the inequality (29) can also be relaxed to the following
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LMIs

T (+) () (%) () ]

' An (*) (%) (*)

lj‘r érl @rr U (*) S 07 (30)

Ql Hll le \Dl (*)

L Qr 1:[7"1 ﬁrr \I’rl \IlT J

where

T2 Toup — Zaiﬂi{(]\i +AD) + (Zi+E)}

i=1
~A+AD) -+ + Z 67 (2 + =

the procedure is repeated at the next titne- 1. In the
following theorem, we show that the closed-loop system
with the control is stable.

Theorem 3.3:If the control input from the optimization
problem in Theorem 3.2 is applied to the TS fuzzy system
(1) with input constraints (2) according to the RHC strategy,
the closed-loop system is asymptotically stable.

Proof: The proof is omitted since a similar proof can be
seen in [8].

Remark 1: The proposed RHC scheme is similar to that
of [8] in many respects. However, there are also some
differences. The most important differences are that: 1)
while [8] adopted a parameter dependent state-feedback
control law, this paper adopt both the current and one-step
past FWF dependent state-feedback control law. 2) while
we adopt both the time and parameter-dependent quadratic
function of state to bound the infinite horizon cost function,

fi £ f‘z i i A AT . . .
- o + (@ T+ b ), +,( + ;) —r but [8] adopted only a time-dependent quadratic function.
Ai £ —(A+AT) = (A+AT) - (5 +E]), As a result, the conservatism of [8] is much more enhanced
Ah 2 _(A+ AT, in this paper. 5
. 2 Q. S ST
22 Qi + 0+ B3 + (437, IV. NUMERICAL EXAMPLE
o [ M, +(E+ED i=h . . . .
I;; = M v iAh Consider the system (1) with the following matrices
Risub

‘Piié—iri-i?—i-f-zT—éri-éZT, _ 1 0.1 _ 1.49 0.1
o (= ,T) ( )= ) A 05 08| 27| 04 05
\Ijhzzf(z‘i’z )7 0.5
A0 o0 T o0 o By=[0501], Bo=1| (34)
Tsub = 0 Z b Fig‘u,b = Y O b 01

- 11

Simulation parameters are sa follows; = [1.2 — 0.2]7,

0. A _%Xi 0 1 0

bus T | Y, 0| Q= { 0 05 } R =1e"?, |u(k)| < 3. Fuzzy weighting
A 4 AT S ST =T ' (@
A+ A >0, Zi+20 >0, Ei+E >0 functions are given a®;(n;) = 1 — 22k gpg

We present the following theorem without proof, WhiChQQ(nk) - M whereabs(A) means absolute value
yields an optimized constrained input sequence at certail A. Figure 2 shows simulation results, where we can see

time k.

Theorem 3.2:The optimization problem (14) subject to

that the proposed RHC stabilizes the closed-loop system.

(10), (15) and (16) is feasible if the following optimization 12 ‘ ‘
problem involving a finite number of LMIs is feasible ]
min_ - _ v, (31 i ]
Foug e, X4,Yi1,Yi2,A6, 5,2 A8, 5,5 AD 7 i
subject to (25)-(28), (30). . _— ]
If the above problem is feasible, the constrained input
sequence is given by 7\
U = {upiis Uik = K(Oktj, Okt j—1)Thqir}, (32) 7057 7
where ’
(@k+]76k+] 1 {29 nkr+z zl . ° Time (k) : . ®
-1 Fig. 1. State trajectories.
+29 Mk+i—1) 12}{29 Mi+i—1) - (33)

By the RHC strategy, only the first contrnk‘k among
the control sequencd;, from the optimization problem in
Theorem 3.2 is applied to the system at each tim&hen

V. CONCLUDING REMARKS

In this paper, we presented a state-feedback RHC for
discrete-time TS fuzzy systems with input constraints. We
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first derived an optimization problem involving PLMIs that
depend on the current and one-step past information on the
time-varying fuzzy weighting functions. Since the PLMIs
need to be checked for all values of the weighting functions,
for solvability, we converted the PLMIs into a finite number
of LMIs by suggesting a special structures for the variables
of the PLMIs. Then, it was shown that the closed-loop
system with the designed control is stable if the converted
optimization problem is feasible at the initial time.
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