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Abstract— This paper presents nonlinear observer
designs for the Catalytic Partial Oxidation (CPO) and
the Water Gas Shift (WGS) reactors in fuel cell power
systems. The observers make use of available temper-
ature and total pressure measurements and estimate
the mole fractions of each species in the reactors.
Estimation of H2 and CO fractions is particularly useful
for monitoring and control of the fuel processor. An
advantage of our designs is that they are based on the
reaction invariants and do not rely on knowledge of
reaction rate expressions.

I. I NTRODUCTION

Fuel cell technology is highly promising for power
generation with low emissions and high efficiency
in stationary and automotive applications. A typical
fuel cell system consists of a fuel processing system
(FPS), a cell stack assembly, and a power conditioning
unit, as presented in the books [3], [8], [11]. The
cell stack is fed by the FPS, which reforms natural
gas, gasoline, or other hydrocarbons, into hydrogen.
In the cell stack, oxygen from the cathode channel
reacts with the hydrogen from the anode channel
to generate electricity. Among the most challenging
control problems in fuel cell power systems is the
regulation of hydrogen supplied from FPS to the cell
stack in the presence of fast-varying electrical load.
Insufficient supply of hydrogen from the FPS causes
“starvation” of the cell, which means that the platinum
catalyst will start consuming the graphite used in
anode flow fields. Excessive hydrogen output from
FPS reduces efficiency of the system, and is also
undesirable. Likewise, carbon monoxide concentration
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must be maintained below a critical limit, because it
poisons the catalyst surface by adsorbing on the active
sites and blocking access to hydrogen.

Effective monitoring and control ofH2 andCO lev-
els requires either measurements or reliable estimates
of these variables. Due to the limitations of available
sensors for these species [7], our approach in this
paper is to estimate them with model-based observers.
In our earlier study [1], we have developed a hydrogen
observer design for the anode channel of the cell
stack based on voltage measurements. However in this
design FPS dynamics were not modelled, and their
effect on the anode dynamics were treated as plant
uncertainty. In this paper we study the FPS dynamics,
and estimate not only hydrogen but also other species
in its reactors, includingCO.

There have been numerous studies to design ob-
servers for chemical reactors, as surveyed by Soroush
[17]. Among them are Limquecoet al. [13], [12]
and Iyer and Farell [9], who apply the differential
geometric design procedure of Krener and Isidori [10]
when only temperature is available for measurement.
Their applications, however, are restricted to first-order
reactors. Other designs, such as Gauthieret al. [5] and
Gibon-Fargeotet al. [6], restrict the reaction rates by
linear growth assumptions, and proceed with high-gain
observer constructions. Soroush [16] allows nonlinear
reaction rates, but assumes only one of the reactants is
unmeasured. A further shortcoming of these observers
is that they assume knowledge of reaction rates, which
may not be available precisely.

In this paper we present a new nonlinear observer
design that does not rely on knowledge of kinetic
equations, but only on stoichiometric coefficients and
available temperature and pressure measurements. The
main idea is to use a change of coordinates that
cancel the reaction rate expressions, and to proceed
with a reduced-order observer construction with the
new coordinates. A similar design has been presented



in Bastin and Dochain [2, Section 3.3], where the
authors rely on flow measurements, and obtain linear
observer error dynamics. In our design, however, the
error dynamics are nonlinear because we do not as-
sume availability of flow measurements and, instead,
employ nonlinear orifice equations to calculate flows
from pressure measurements. We further take into ac-
count temperature dynamics, which are not considered
in [2].

This paper is organized as follows: In Section 2, we
review the fuel processing system and present dynamic
models of the CPO and WGS reactors. In Section
3, we present our observer designs for both reactors.
Simulation results are given in Section 4, followed by
conclusions in Section 5.

II. FUEL PROCESSINGSYSTEM (FPS)

The FPS reforms hydrocarbons into a hydrogen-
rich gas, and cleans harmful byproducts according
to fuel cell requirements [4], [11], [15]. Among
several reformer types, such assteam reforming, au-
tothermal reforming, etc., in this paper we address
the catalytic partial oxidation(CPO), which extracts
hydrogen from the hydrocarbon fuel. A byproduct of
this reactor is carbon monoxide, which is harmful
for the cell stack, and is eliminated with a series
of water gas shift (WGS) and preferential oxidation
(PROX) reactors. (The latter is also known asselective
oxidation). In this paper we only study the CPO
and WGS reactors, because they contribute to the
generation of hydrogen, which is the main variable we
are interested in. However, the same design technique
can be applied to the PROX to estimate other variables,
such as carbon monoxide.

A. Catalytic Partial Oxidation (CPO)

The two main reactions in the CPO are Partial
Oxidation (POX):

CH4 +
1
2
O2 → CO + 2H2 , (1)

and Full Oxidation (FOX):

CH4 + 2O2 → CO2 + 2H2O . (2)

Partial oxidation produces hydrogen for the cell stack,
but also generates carbon monoxide which causes the
poisoning phenomena in the cell stack. Full oxidation
is useful because it supplies additional heat, which
facilitates the partial oxidation reaction.

The reaction rate expressions for full- and partial-
oxidation are given by

rpox = s rT (3)

rfox = (1− s) rT , (4)

wheres is a selectivity variable which depends on the
air-fuel ratio [14], andrT is the total reaction rate
given by the empirical expression

rT = kg[O2]
[CH4]

[CH4] + ε
, (5)

in which [O2] and [CH4] represent molar concentra-
tions of oxygen and methane, respectively, andkg and
ε are coefficients available from empirical studies. The
first term,kg[O2], in (5) represents the oxygen mass
transfer rate from gas phase to the catalyst. The second
term, [CH4]

[CH4]+ε , accounts for the transient case where
methane is the limiting reactant. We emphasize, how-
ever, that this reaction rate expression is not used in
observer design, but only in simulations. The observer
design is unchanged even if a different reaction rate
is employed.

Denoting byM the vector of molar holdups of each
species; that is,

M = ([N2], [CH4], [CO], [CO2], [H2], [H2O], [O2])
′

we obtain from mole balance equations the dynamic
model

Ṁ = Ffuel +Fair−Fout + q1 rpox V + q2 rfox V (6)

where,Ffuel, Fair, Fout (mole/sec) are the fuel, air
and exit molar flow vectors respectively,V (m3) is the
reactor volume, andq1 and q2 are obtained from the
stoichiometry of the reactions (1) and (2):

q1 = [0 − 1 1 0 2 0 − 1
2
]
′

(7)

q2 = [0 − 1 0 1 0 2 − 2]
′
. (8)

Likewise, from an energy balance principle, the dy-
namics of temperatureT is given by

(mcp)Ṫ = Ffuel
′
h(Tfuel) + Fair

′
h(Tair) (9)

−Fout
′
h(T ) + ∆Hpox rpox V + ∆Hfox rfox V,

whereT is the reaction temperature (K),m(kg) and
cp(kJ/kg K) are mass and specific heat capacity of the
catalyst bed, respectively. The termsh(Tfuel), h(Tair)
andh(T ) are the ideal gas molar enthalpies for each
component at the fuel, air and the exit temperatures.
∆H is the heat of reaction at reference temperature.



B. Water Gas Shift (WGS)

In the water gas shift reactorCO reacts with steam
and produces hydrogen and carbon dioxide:

CO + H2O ↔ CO2 + H2. (10)

The reaction rate expressions for WGS is obtained
from the Arrhenius equation,

r = Kfe−
Ef
RT [CO][H2O]−Kbe−

Eb
RT [CO2][H2], (11)

whereKf , Kb, Ef andEb are reaction rate parameters.
Again, this expression is to be used in simulations, and
not for observer design.

The molar dynamics of the reactor is

Ṁ = Fgas + Fwater − Fout + q r V (12)

where, Fgas, Fwater, Fout are the gas, air and exit
molar flow vectors respectively, and,

q = [0 0 − 1 1 1 − 1 0]
′

(13)

from the stoichiometry of the reaction (10). Likewise,
the dynamics of the temperatureT is,

(mcp)Ṫ = Fgas
′
h(Tgas) + Fwater

′
h(Twater) (14)

−Fout
′
h(T ) + ∆H r V.

Note that we have used the same dynamic variables
(M andT ) and constants (V , m, cp and∆H) in both
CPO and WGS models. No confusion should arise,
however, because the observers in the next section are
derived separately for each reactor.

III. O BSERVERDESIGN

A. CPO Observer

We now present an observer design to estimate
the unmeasured vector of molar holdupsM in the
model (6)-(9). Our design relies on the measurements
of temperature,T , and the total pressure, P, which
depends on the sum ofMi’s as in the Ideal Gas Law:

P =
RT
V

7
∑

i=1

(Mi). (15)

Ffuel and Fair in (6)-(9) are assumed to be known,
because they depend on the compositions of air and
supply fuel.Fout, however, depends on the unknown
molar holdup vectorM . Denoting byWi, i = 1, ....., 7,
the molecular weights, and byPds the measured
downstream pressure, we expressFout as

Fout =
cout

√
P − Pds

∑7
i=1(MiWi)

M (16)

where the numerator calculates the mass flow from
the orifice equation, with orifice constantcout, while
division by the total mass

∑7
i=1(MiWi) and multi-

plication by the molar holdup vectorM translate this
mass flow to a vector of molar flows.

To design a reduced-order observer, we define the
new variable

ξ = A

[

M
T

]

(17)

where the6 × 8 matrix A is to be selected such that
its rows are linearly independent, and lie in the left
null space of

Y =

[

q1 q2
1

mcp∆HPOX
1

mcp∆HFOX

]

; (18)

that is,AY = 0. Because the nonlinear reaction rates
rpox and rfox enter the equations (6)-(9) through the
matrix Y , the transformation (17) cancels them in the
dynamics ofξ:

ξ̇ = A

[

Ffuel
1

mcp
Ffuel

′
h(Tfuel)

]

(19)

+A

[

Fair
1

mcp
Fair

′
h(Tair)

]

−A

[

Fout
1

mcp
Fout

′
h(T )

]

.

Our task is thus to design an observer to estimate this
ξ with ξ̂, and to computeM̂ from ξ̂. However, because
the dimensions ofM andξ do not agree, we augment
ξ with the measured variablesP and T , and obtain
the relation







ξ
PV
RT
T





 =







A
1 1 1 1 1 1 1 0
0 0 0 0 0 0 0 1







[

M
T

]

, (20)

where the augmented matrix is now nonsingular be-
cause the last two rows do not lie in the left null space
of Y in (18) and, hence, are linearly independent from
the rows ofA. This means that, oncêξ is obtained
from a reduced-order observer, we can calculateM̂
from

[

M̂
T

]

=







A
1 1 1 1 1 1 1 0
0 0 0 0 0 0 0 1







−1 





ξ̂
PV
RT
T





 . (21)

Our observer for system (19) is

˙̂ξ = A

[

Ffuel
1

mcp
Ffuel

′
h(Tfuel)

]

(22)

+A

[

Fair
1

mcp
Fair

′
h(Tair)

]

−A

[

F̂out
1

mcp
F̂
′

outh(T )

]



where, from (15), (16),̂Fout is to be calculated using

F̂out =
cout

√

∑7
i=1(M̂i)RT

V − Pds
∑7

i=1(M̂iWi)
M̂. (23)

B. WGS Observer

Unlike the CPO model which has two reactions,
the WGS contains only one. This means we can
apply the same observer design procedure using only
temperature measurements.
For this observer we define

ζ = Ã

[

M
T

]

(24)

where the7 × 8 matrix Ã is to be selected such that
its rows are linearly independent, and lie in the left
null space of

Ỹ =

[

q
1

mcp∆H

]

. (25)

BecauseÃỸ = 0, the transformation (24) cancels the
reaction rater in the ζ model:

ζ̇ = Ã

[

Fgas
1

mcp
Fgas

′
h(Tgas)

]

(26)

+Ã

[

Fwater
1

mcp
Fwater

′
h(Twater)

]

− Ã

[

Fout
1

mcp
Fout

′
h(T )

]

.

Similar to the derivations in the previous section, we
obtainM̂ from ζ̂, using

[

M̂
T

]

=

[

Ã
0 0 0 0 0 0 0 1

]−1 [

ζ̂
T

]

. (27)

Likewise, the observer forζ is

˙̂ζ = Ã

[

Fgas
1

mcp
Fgas

′
h(Tgas)

]

(28)

+Ã

[

Fwater
1

mcp
Fwater

′
h(Twater)

]

− Ã

[

F̂out
1

mcp
F̂
′

outh(T )

]

.

whereF̂out is computed as in (23).

C. Convergence Analysis

We now show that the observer designs of Sections
III-A and III-B ensure convergence around operating
points of physical interest. Although our analysis in
this section is local, simulation studies in the next
section indicate large regions of attraction. To analyze
convergence properties of the WGS observer (27)-
(28), we let the7× 7 matrix Ã1, and the7× 1 vector
Ã2, denote partitions of

Ã = [Ã1 Ã2], (29)

and obtain from (27),

M̂ = Ã1
−1

ζ̂ − Ã1
−1

Ã2T. (30)

Thus, from (26) and (28), the observer error

e := M̂ −M = Ã1
−1

(ζ̂ − ζ) (31)

is governed by

ė = Ã1
−1

Ã

[

F̂out − Fout
1

mcp
h(T )

′
(F̂out − Fout)

]

(32)

= −(I + Ã1
−1

Ã2
1

mcp
h(T )

′
)(F̂out − Fout),

where Fout depends onM as in (23). This means
that the local stability of the equilibriume = 0 is
determined by the Jacobian matrix

JWGS = −(I + Ã1
−1

Ã2
1

mcp
h(T )

′
)
∂Fout

∂M
, (33)

which is indeed Hurwitz (see Tables III and IV in
Section 4) when evaluated at physically relevant op-
erating points of(M,T ). Similar calculations for the
CPO observer shows that its convergence properties
depend on the Jacobian matrix

JCPO = (34)

− ΣĀ1

[

(I + Ā1
−1Ā2

1
mcp

h(T )
′
)∂Fout

∂M

]

Ā1
−1Σ

′

where Ā1 and Ā2 are, respectively,7 × 7 and 7 × 1
matrices obtained from the partition

[

A
1 1 1 1 1 1 1 0

]

=
[

Ā1 Ā2

]

, (35)

andΣ =
[

I6×6 06×1

]

.
The difference of the expressions (33) and (34) is

because the CPO observer in (34) uses two measure-
ments and, hence, its order is 6, whereas the WGS
observer uses one measurement and has order 7. The
stability of JCPO is also established in Section 4,
Tables I and II, for several operating points.



IV. SIMULATION RESULTS

A. CPO Observer

We first present simulation results for the CPO
observer derived in Section III-A. For these simula-
tions we implement the model equations (6)-(9) in
MATLAB SIMULINK with reference valuesFfuel =
0.7229 (mole/sec),Tfuel = 623.15 (K), Fair = 1.9850
(mole/sec),Tair = 557.25 (K), obtained from data
for a stationary fuel cell power plant. The observer
takes CPO total pressure and temperature as measured
outputs. Figures 1 from (a) to (g) show convergence of
the mole fraction estimates for each species(dashed)
to their true values (solid), and Figure 1 (h) shows
convergence of the outflow,̂Fout to Fout. At t = 100s,
inlet fuel flow is increased by 20 percent, and at
t = 200s air supply is increased by 20 percent.
Despite the resulting transients, the observer estimates
again converge to the true values. Indeed, Tables I
and II show the stability of the Jacobian matrices at
the steady-state values resulting from several reference
values ofFfuel andFair, including those employed in
our simulations.

B. WGS Observer

We next present simulation results for the WGS
observer, derived in Section III-B . The observer takes
WGS temperature as the measured output. Figures
2 (a) to (g) show convergence of the mole fraction
estimates for each species (dashed), to their true values
(solid), and Figure 2 (h) shows convergence of the
outflow. At t = 100s inlet gas flow is increased by 20
percent, and att = 200s water supply is increased by
20 percent. Tables III and IV shows the stability of the
Jacobian matrices at the steady-state values resulting
from several reference values ofFgas andFwater. We
note from these tables that the Jacobian has no slow
poles, which is consistent with the fast convergence
of the observer in simulations.

V. CONCLUSIONS

In this study, we have designed reduced-order ob-
servers for fuel cell FPS reactors, CPO and WGS.
The observers estimate chemical composition (mole
fraction of each species in the stream) without knowl-
edge of reaction rate expressions. Because these de-
signs rely on stoichiometric coefficients to cancel the
reaction rates, they require as many measured outputs
as the number of reactions. Indeed we have employed
two outputs (temperature and pressure) for the CPO,
which contains the POX and FOX reactions; and only

0 100 200 300
0.35

0.4

0 100 200 300
0

0.02

0.04

0.06

0 100 200 300
0.12

0.13

0.14

0 100 200 300
0

0.01

0.02

0.03

0 100 200 300
0.25

0.26

0.27

0.28

0 100 200 300
0.05

0.1

0.15

0 100 200 300
0

0.01

0.02

0.03

0 100 200 300
3

4

5

t(sec) t(sec)

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 1. CPO Observer simulation results: Mole fraction of
a)N2, b)CH4, c)CO , d)CO2, e)H2, f)H2O, g)O2, h) Out Flow
(mole/sec).

one output (temperature) for the WGS, which contains
the shift reaction. The performance of the observers
are studied with simulation results.

For future study we plan to investigate the robust-
ness of these designs to the uncertainty in stoichio-
metric coefficients, and to the side reactions in the
CPO which are not modelled in this paper. Because
we calculate flows from orifice equations, rather than
measure them, an important task is to validate and
fine-tune these equations with experimental data.
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Fig. 2. WGS Observer simulation results: Mole fraction of
a)N2, b)CH4, c)CO , d)CO2, e)H2, f)H2O, g)O2, h) Out Flow
(mole/sec).



Ffuel .578 .7229 .867
λJCP O −2.43 · 10−1 −1.5 · 10−1 −7.6 · 10−2

−4.73 · 102 −2.8 · 102 −1.4 · 102

−2.35 · 102 −1.4 · 102 −6.9 · 101

−2.35 · 102 −1.4 · 102 −6.9 · 101

−2.35 · 102 −1.4 · 102 −6.9 · 101

−2.35 · 102 −1.4 · 102 −6.9 · 101

−2.35 · 102 −1.4 · 102 −6.9 · 101

TABLE I

Eigenvalues ofJCPO in (34) for Fair = 1.985 (mole/sec) and

varying values ofFfuel.

Fair 1.588 1.985 2.382
λJCP O −4.8 · 10−2 −1.5 · 10−1 −2.7 · 10−1

−8.72 · 101 −2.8 · 102 −5.22 · 102

−4.36 · 101 −1.4 · 102 −2.6 · 102

−4.36 · 101 −1.4 · 102 −2.6 · 102

−4.36 · 101 −1.4 · 102 −2.6 · 102

−4.36 · 101 −1.4 · 102 −2.6 · 102

−4.36 · 101 −1.4 · 102 −2.6 · 102

TABLE II

Eigenvalues ofJCPO in (34) for Ffuel = .7229 (mole/sec) and

varying values ofFair.
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