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Abstract—In this paper we present a control scheme for
automatic path tracking of a four-wheeled steering and
four-wheeled drive (4WS4WD) vehicle subject to wheel slip
constraint. The wheel slip, containing wheel slip ratio in
longitudinal direction and slip angle in lateral direction, is a
vector that serves as an index to avoid the tire-road friction
saturation. Using linearization and singular perturbation
theory, a linear and order-reduced design model is obtained,
and the wheel slip is replaced by its quasi-steady state for the
controller design. We propose a control structure of wheel
torque and steering to transform the original tracking problem
to a problem of state regulation subject to input constraint. A
low-and-high gain technique is applied to construct the
constrained controller and to enhance the utilization of the
constrained wheel slip. Simulation shows that the new
proposed control scheme subject to wheel slip constraint
coordinates well between wheel steering and wheel torque
during tracking.

1 Introduction

Controller design for a vehicle to track a desired path without
tire-road friction saturation is an important issue in vehicle
intelligent cruise control. Saturation of tire-road friction, which is
associated with magnitude of the wheel slip, quite often leads to
skidding and causes vehicle instability in a slippery road condition.
The wheel slip under study is a vector that provides information
about magnitude and direction of friction force [1]. When the
magnitude of the wheel slip exceeds the critical value related to
road condition, the friction force will saturate. Most of the
controller designs consider wheel slip ratio and slip angle separate,
only few of the designs combine them with some complicated
modifications (see [2]-[6] and references therein). In this paper, the
wheel slip is treated in a unified manner and the notion of
constraining the wheel slip is applied to avoid friction saturation.

As being aware of the fast and locally input-to-state stability
(ISS) of the wheel subsystem, we use linearization and singular
perturbation theory [7] to obtain a simplified design model and
regard the quasi-steady state of wheel slip as the constraint target to
develop the controller. Based on the design model, a control
structure of the wheel torque and steering is proposed. This control
structure is composed of two parts: one is used for decoupling, and
the other part is used for manipulating as well as limiting the wheel
slip. By using the control structure, the original tracking problem
can be transformed to a problem of state regulation subject to input
constraint, which can be solved by applying a framework of
semiglobal stabilization (see [8] and references therein). Our
constrained controller is designed with a low-and-high gain
technique by which utilization of the wheel slip under constraint is
enhanced, and so that the tracking performances, such as regulation
rate and disturbance rejection, can be improved. Uncertainty of
tire-road conditions for robustness issue is also considered.

Simulation shows that the proposed control scheme during
tracking is capable of limiting the wheel slip, and has a satisfactory
coordination between wheel torque and wheel steering. During the
transient, the scheme can automatically provide auxiliary
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differential wheel torque to improve the cornering performance,
and furthermore, can provide wheel torque persistently to avoid
vehicle speed reduction due to the cornering resistance.

2 Vehicle system model
2.1 Modeling of vehicle and path for tracking

As shown in Fig. 1, a 4WS4WD vehicle with a reference path for
tracking is considered as a vehicle system that comprises three
subsystems: namely, vehicle body, four wheels, and kinematics
between the vehicle and the path.

Figure 1. Vehicle system and tracking path

Variables used for the vehicle body are the center of gravity (CG)
speed v =||v| , the sideslip angle B, and the yaw rate y . Variables
for the wheels are the wheel angular speeds o, (j=1..4)
Generalized coordinates describing the kinematics are the
perpendicular distance y_and the angle ¢ between the direction of
vehicle velocity and the tangent to the path curve. The dynamical
equations for these subsystems can be expressed as follows:

2.1.1 Vehicle body dynamics

m 0 0 v cosf sinff 0 Sy 0

0 mv 0 % p|=|-sinff cosf 0 Zj‘:l Sy |- mvy (1a)
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where Loty and M, j=1..4, defined in the body-fixed
X —Y —Z coordinate, are external forces and yaw moments that
mainly results from the tire-road friction. Notations mand J_ are
respectively the mass of vehicle and the inertia about Z axis.
Symbols I 1, and ], are respectively the distances measured

from the CG to the front, the rear axles, and to the wheel side.
2.1.2 Wheel dynamics
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where 1, and r, represent the inertia and effective radius of the
wheel j respectively, and T, S 5,— are the wheel torque and
steering angle used for control scheme.



2.1.3 Interaction between vehicle and path during tracking
Kinematics of the interaction can be derived as
Y, =-vsing

é=-

(3a)

cosg+f+y (3b)

v
1/ Pr) + 3.

where the path curvature Prs is given and assumed to be constant

for easily demonstrating the proposed control scheme.

2.2 Calculation of friction force

To calculate the friction forces due to tire-road interaction, we
need to know the normal load transfer, wheel slip, and friction
coefficient of each wheel. A scheme [1] to calculate the wheel slip
and the related friction coefficient is adopted in this article; because
it is useful for analytical study on the friction saturation and on the
vehicle system linearization.

2.2.1 Normal load transfer
The normal loads on the four wheels are given as [4]

fo= [, mg h ma, ky  hma,
TULAL 2 L4l 2 kyvkyl, 2
f= I mg h ma, k,¢ h ma,
2 T P T
L+l 2 L+l 2 ky+k, 1, 2
1= L mg _h ma, ky b ma,
Tl 2 L+l 2 kytkyl, 2
footr mg, b ma,  k, hma, (4a)
ULl 2 L+l 2k tk,l, 2

where /1 denotes the height of CG; g is the gravitational constant;

k.. and k,, are respectively the front and rear roll stiffness; a,
/9

and a, denote the longitudinal and lateral acceleration of the

vehicle body respectively and can be obtained by Newton’s Law as

a, = Z j=1J /m > a4, = /zlf,w' /m (4b)

2.2.2 Wheel slip

To calculate the wheel slip S, (see Fig. 2), we need to know, in
addition, the wheel center velocity v, and the slip angle a,- The
V. of each wheel ; is calculated by

J

v vy | [veosB—Ly ” Vo | | veosB+1y
= = b = =
Vol |vsinB+ly | P (v, | |vsinfHly

. H oot H{wﬂlq )
V3| |vsinB-Ly Vi | Lvsinf-ly
Based on the v, the o, can be calculated as
a,=6,-B;> B, =tan71(vw'/vv)’ ©)

where [j/ in terminology is the sideslip angle of wheel ;.

X —Y :vehicle body-fixed coordinate
a; :slip angle
.+ sideslip angle

i velocity of wheel center
; + wheel slip

B
0, : steering angle
V
S
s

1; : wheel slip component along direction of v,
S :wheel slip component orthognal to direction of v,

PN

Figure 2. The coordinates and angles for calculating wheel slip

The wheel slip S,- has two components, Sy, and S0 that are
defined respectively along and perpendicular to the direction of

velocity v, [1]. The wheel slip is characterized by

S - S| 1 1,0, cosa.—HVH 7
TSy max(re]wj cosa ||V, ) 0 sina,
2.2.3 Tire model for friction force
The friction force on the tire of wheel ; is given as
I:fv -f\y:l =f1/ I:‘u\‘/ 'uyy‘:l (8)
where f is the normal load defined by Eq. (4a) and [ o ] is
the friction coefficient calculated as 4
My _ cosfB; —sinp; ||y, , ©)
Hy sinf3;  cosf; || uy
(10)
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In Eq. (9), the friction coefficient described in the

vehicle body-fixed coordinate, is Har[lg%or:;é](i from a coordinate
[, ﬂs,] with a basis same as the wheel slip s, In Eq. (10),
k, €[0.9, 0.95] is a factor that is used for attenuation in presence of
tire tread profile. The scalar , ~is a saturation function of

variables ‘ s H and road conditions. When the magnitude of wheel

Loy s/aturates and shrinks, and so does the related friction force in
Eq. (8). Conversely, the saturation of friction force can be avoided,
provided the magnitude of wheel slip is limited below the related
threshold. For analytic purpose, it is commonly assumed that Hies

has the following features around

) 0 Is=° (11

Hes (15, Dy .0 =

(e Nt ()| I () ey (12)
dls, [sl>o. s, ’

Is -0
The initial slope k,- in Eq. (12) depends mainly on road conditions.
A better road condition gives a larger slope kj and in turn provides
a larger friction coefficient. Notably Egs. (4a), (4b), and (8) can be
linked as a feedback connection, thus the transfer (4a) can be
rewritten as

F.=(,+GN)'F, (13a)
where I, is the 4x4 identity matrix and
: ’ Ha  Haoo Mo H,
Fz=[-f:1 Sor fis -fz4]’N: ] ’ ’ ‘e
Hyo  Hyy My Hyy
1, 1, -1, -1, 7
h I, +1, [, +1, I, +1, I, +1,
21, kf’¢ *kw kr«s —kw
kgt hpptky kpytky ke tk,
! L 1, T (13b)
F = ‘ ‘ I mg s /
s = (ot Sz foss faoal 5 {1/ LTl LAl T, ”1}

In Eq. (13), F. and F_ are referred to as the dynamic and static
normal load respectively.

3 Linear design model
3.1 Linearization with model reduction
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The previous nonlinear vehicle system and tire model that we
consider are linearized around the following free rolling condition:
Prero =0 ’HVOHZVO’ﬁO =0,y, :O’Wju =V0/V3/ 5Y,0=05¢,=0,
§,=05T,=0, j=l..4.
Using typical vehicle data to characterize the linearization

indicates that, as compared to the other two subsystems, the
resulting linearized wheel subsystem

1, 1 i v,
A 00, = =00, +—(0v+(-1)yl, ) +—°
[ 1ok Sy ] dt Loy okt
is much faster and ISS, where gy 2y -y, aa, 20,-0, and ks f
respectively are the slope (12) and static normal load (13b). Hence

based on the singular perturbation theory [7], the linearization can
be simplified by replacing the wheel subsystem with its
quasi-steady state
1 ; v,
0w, =—(ov+(-1)yl, )+ T
CO/ rej( 4 ( ) /4 (l) r;kjfﬂj J
With the replacement, it can be verified that the following

linearized vehicle system and tire model are obtained:
3.2 The linearized vehicle system

ov 0 0 0 O 0 ov
B 0 0 -1 0 B
% yl=lo 0 o o y |+

Ve 00 0 0 -v,||ly.

¢ 00 0 0 1l ¢
Ym 0 0 0
0 1lmv, 0 . f‘.v 0 (14)
A
0 Imy, O ) -V,

where (7, 7 M) are obtained from the following tire model.

3.3 The linearized tire model
The linearized tire model turns out to be a cascade form. Matrix
representation for this cascade form is given by
(1) From the control input (1.8, to the quasi-steady state wheel
slip §/_ :

I 5 L %
s Tufiki s Toa Sk 3 Tafuils s ToaSosaby (15)
S = / , S, = J , 8= I 5 S, = /
—ﬂ—ly+5 -B-—y+6, —B+—r+6; “B+Ly+6,
(] 0 J Yo Yo

(2) From the S to the friction force ( LS

10 _ 10
S fuk 0 1. | fuke 0],
Lo l=1 01 S, | f,|=]01 . S,,

0 k.rl-f;\lkl_ 0 ka.fz.erZ
M| |- Ml L
A1 0] 1o
) k 0 N ) k 0 -
L=l 01 {fok P k}sz, fal=l01 Vz‘g“k P k}&
M:3 _ld _l,, s3J 233 M:4 l l s4J zs4™4
(16)

We note that if substituting the tire model (15)-(16) into the
linearized vehicle system (14), the consequent system has a
subsystem of (fB,y) identical to the linear two-track model

commonly used in the literature. Also note that in Eq. (16) the

terms f;jkj and kv f;jkj can be respectively interpreted as the
‘longitudinal stiffness’ and ‘cornering stiffness’ in the literature.
Some assumptions for the tire-road condition are given as follows:
Assumption 1: (tire-road condition)

(1) All the four tires have the same effective radius and attenuation
=14

(2) The vehicle runs on one of the following road conditions:
ékL, k,=k, =k,
(b) The 4 -uniform road condition so kj £k, j=1..,4.

A A
factor so rEr k. 2k,

5

(a) The g -split road condition so k =k,

Suppose the linearized and order-reduced design system (14)-(16)
can be stabilized by the control input (T, ,5,-) with state feedback
and meanwhile, the magnitude of S'j is ensured below a prescribed

constraint s . Then, the original high order nonlinear vehicle

system can also be locally stabilized using the same control scheme;

since Jacobian linearization plus singular perturbation theory
guarantees that the local stability can be concluded from the
stability of the reduced (slow) system [7]. Moreover, the magnitude
of wheel slip can be limited approximately below the constraint s_
due to the fast convergence of the wheel slip S, to its quasi-steady
state Sj. Hence in the following sections, we will present a
(1.5, control scheme to achieve this concept.

4 The development of controller

To control a vehicle to track a path of curvature Pros with
constant tangent speed v, the following ideal state k

[ov, B 7. oo ¢.]=Tp,>112[0 0 v, 0 0] (U7

is chosen as the set point for state regulation.
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Figure 3. An illustration of the control scheme

4.1 Control structure of the wheel torque and steering

Let 7, ];S , k and s, be respectively the estimated effective
radius, attenuation factor of Eq. (10), slope of Eq. (12), and the
prescribed constraint for limiting H S/H . Define a unit-ball

saturation function g, :R* R, as

Sy (2) = {

H H—l (18)
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Then as shown in Fig.3, the control structure of the wheel torque

and steering is proposed as:

() _[fk 0 0 2 ) (19)
15, —_ 0 J[L}‘*’l;?’/"o +58,Spa (Sc “L)
(L) _[#rak of] O FENT (19b)
_52_—_ 0 1_[ﬂ+l,y/v0 +Scha1[(Sr ”R)
1) [ifk o|[ o0

P = olak 0 +S(7SbaI/(S;1uL) ’ (19¢)
165 ] | 0 1] _ﬁ—l},}//vo
EARE 1T o

‘= rLf 0 + 58S (SZIMR) ’ (15d)
_54_ L 0 1_ _ﬂ—l,_}//vo

where (u, ,up) is the constrained controller to be defined later.
Substituting the control structure (19) into the vehicle system
(14)-(16), with Assumption 1, yields

X=Ax+B(I, + A){S”“” (s ”L)} ¥, (20)
S (5 1g) )
where
ov 00 0 0 0 0
B 00 -10 0 0
x=ly | 4=lo0 0 0 0 o[ ¥=|o0]
V. 00 0 0 —v, 0
¢ 00 0 0 0 -,
(for+fo)hfm 0 (oo + faa)kfm 0
0 ];s(f_cl ) k/ mvy 0 1;; (fur+ M)Iz/ my |,
B=s, *ld(f;vl* m‘3)l€/‘]z 0 Li(fn+ 54)];/-]2 0
0 0 0 0
0 T (fog o Ve vy 0 k(oo + foa e f vy

A:diag[re—re’ Kk, —kE 7o, kSkR—k:k], if 1 -split
I,

Azdmg(a—re, kk-kE For ks.k—fiéj, if 4 -uniform

Note that the rearranged system (20) takes a norm-bounded control
(u,,ug) and has an uncertain diagonal matrix A, which reflects
the parametric mismatch between the real and the estimated of the
tire-road condition. Properties of the control structure (19) and the
rearranged system (20) are summarized as follows:
(a) Property of the control structure (19): In linear range,
manipulating S Sy (Sc_luj) inside the control structure can be
regarded as manipulating 5/_ of the tire approximately. This
equivalence can be obtained by substituting Eq. (19) into Eq. (15)
with the estimated values being selected as 7 i~ r, kj .
(b) Properties of the system (20):
(P1) The pair (A,B) is controllable and the eigenvalues of A are
all zero and, therefore, locate in the closed left half plane.
(P2) For the set point (17), the following matrix equation

AT+ BT +¥ =05, (21
has a solution
L ' 22
0101 (22)
kks, >4 S [ ]

(P3) The diagonal uncertainty matrix A can be set positive
definite by choosing the estimated parameters as
Fo>rsk, <k k< Min(k,, kg, k)
In Eq. (22), the denominator term JESIQSLZ‘;:I_fm can be viewed as
“the allowed maximum sum of the nominal lateral friction force,
limited by the prescribed wheel slip constraint s,”. In this study,
the limited sum £ fs Z‘; S is required to be greater than the
centrifugal force my; p used in the desired cornering motion.
More specifically, the ratlo 5 below must satisfy

‘mvopm/‘
— L
kskscz.le =

The requirement to make Eq. (23) admissible is equivalent to the

1>

8 (23)

following assumption:
Assumption 2: The matrix I" of Eq. (22) is assumed to satisfy
| 24

1>5éMax{ |ET] - [ETp.

E é[lz 02x2]’ E, é[Ozxz 12] (25)

4.2 The constrained controller design
In this section, we develop the constrained controller (u LU R) to
deal with the state regulation problem of the uncertain system (20).
For the set point (17), define the regulation error as
e=x—-1Ilp,, (26)

By using the system (20) and Eq. (21), the dynamical error
equation is obtained as

Span (52 ')
l’4R)

To stabilize the error dynamics (27) with norm-bounded control,

é=Ade+ B(14+A){ :|—Bl“pref (27

Span(se

the constrained controller (y > Ug) is proposed as

uy =-s,(1+yy ) E\B'Pe
ug =—s,(1+yy )E,B'P.e

(28)

where P =P>0,,
and g, are the row partition matrices defined in Eq. (25). The

and y, >0 are the design parameters; E,

design parameter P is the solution of the following algebraic
Riccati equation (ARE):

A'P,+P.A—P.BB'P, +&l5 = 05,5 (29)
where ¢ > 0 is required sufficiently small [8]. For a given solution
(s,P) of ARE (29),
sufficiently large so that the linear matrix inequality (LMI)

the design parameter y, is chosen

2
o P <el,+PBEP, ——< 1= ‘?) (30)
Vo ! 7 Zun(BEE)

is satisfied. The LMI (30) is always feasible since its right hand
side is fixed and strictly positive definite, and its left hand side can
be set arbitrarily small by enlarging the y, . Choosing (¢,P.,y,,)
in the manner above is known as a low-and-high gain technique
developed for input constraint in the literature (see [8] and
references therein). By this technique, the utilization of the
constrained control, i.e., the constrained wheel slip in this study,
can be enhanced and in addition, performance issues such as

convergence rate and disturbance rejection can be improved. By
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substituting the control (28) into system (27), the ‘actual control’
becomes
Spanl (—(1 +Vu )EIB,Pse)
Shatt (—(1 +Vn )EzB'Pse)
In particular, when the regulation error e is sufficiently large, the

(€2))

‘actual control’ (31) turns out to be

. _EBPe
Spaut (—(1+ ¥4 )EB'Pye) = ———~

: —E,B'Pe
= oo Pean \TUFY ) By BE £
HEBPQH N ll( (l 14 )EBPQ)_

1 &

|ERe

In this condition, the control (31) behaves as a generalized sliding
mode control scheme that tends to robustly stabilize uncertain
systems using all its available input capacity.

4.3 Stability analysis

Let /' =¢'Pe be the Lyapunov function candidate. Then, the
Lyapunov derivative ¥/ of the uncertain system (27) under the
control (28) can be written as

. S, -1+ E\B'P.e
V=€'(A'R‘;+P&.A)G+ZQVP€B|: bal/( ( yH) 1 & ):|

N (—(1+}’H )EzB'Pge)

Span (—(1 +7H>EIB’P88)} (32)

—2¢'P.BTp,, +2e'P.BA ,
¢ ! ¢ |:Sba11 (_(1+7H)E2Bpse)

Using property (P3) and Assumption 2 gives the following Fact 1
and Theorem 1:

Fact 1: The last term of the Lyapunov derivative (32) satisfies
Spa (=(1+ VH)EIB,Pse):| <0, VeeR’

Spat (~(1+75)EyB'Fe)

Proof. Omitted for brevity.

2e’P€BA[

From the Lyapunov derivative (32), Fact 1 indicates that if the
estimated value (7 ,IES,IE) is chosen such that the property (P3) is
true, then this choice could ‘help’ the control (28) render the
uncertain system (27) more stable in sense of Lyapunov stability.

Theorem 1: The Lyapunov derivative (32) can be estimated as
V<0, Vee{c, <e'Pe<c,},

where

a21\ry » ©2201-8) /2 (BBB).
Moreover,

lim ¢, -0, 1iI‘(I)1€2 —> 0 -

Far o £0,

Proof. Omitted for brevity.

Theorem 1 gives an estimate of the stability region established by
the constrained control (28) and indicates that the state feedback
system (27)-(28) has a region of positive invariance
L(c,)={ePe<c,) and a region of ultimate boundedness

Ly(¢,)={e'Pe<c,) S0 that

Ve(0)e L, (c,) = e(t) € L,(c,), YVt 2 0= lime(r) e L,(c)-
Morcover, theorem 1 indicates that the regions of ultimate
boundedness and of positive invariance respectively can be set
arbitrarily small and large, as long as the design parameters ¢ is
sufficiently small and y,, is sufficiently large. However, we note
that the proposed design as well as the associated stability analysis
is established via linearization approach; hence, only local
stabilization can be theoretically guaranteed for the original
nonlinear system. While, since the proposed control scheme can act

as a sliding mode controller to some extent, its potential in locally
coping with the nonlinearity not yet discussed can be expected.
Finally, by substituting the constrained controller (28) into the
control structure (19), the control design is accomplished.

5 Simulation results

The nonlinear vehicle model presented in section 2 is used for
the simulation, in which the friction lag [4] is also included. The
vehicle data is given as: m=1480kg . J. =1950kg-m’ .
l,=142Im > [=1.029m , [,=0.751m , g=9.81m/s’ ,
h=042m k, =50539N/rad > k,, =20972N/rad > 7, =0.31m >
I, = 0.7kg-m*> k,=0.9 , v, =28m/sec . The tracking path is
assumed to be a circle of curvature p, - =1/400 and covered with
wet asphalt on left side and dry asphalt on right side (i.e. g -split
condition). The vehicle starts the path tracking with
v(0)=28m/sec , P(0)=0rad , y(0)=Orad/sec , y,(0)=30m ,
¢(0)=0rad and ®,(0)=90.3226rad/sec . In accordance with the
data of the vehicle and that of the road surface [1], the estimated
values 7 =0.34, k =0.8, k=14.3, and constraint s, =0.05 are
chosen such that préperty (P3) and Assumption 2 are satisfied, and
5 =0.3488 <1 is calculated. For constructing the controller (28),
parameters ¢ = 0.001, y, =60, and the related P, are chosen to
solve both the ARE (29) and LMI (30). Fig. 4 depicts that the
vehicle under the proposed control scheme approaches the desired
path gradually. The vehicle path almost overlaps the desired path
eventually. Fig. 5 illustrates the corresponding magnitude of wheel
slip of four wheels, as well as the speed, the sideslip angle, and the
yaw rate of the CG. The magnitudes of each wheel slip in the
transient are also shown in Fig. 6, they are almost limited below
s, =0.05 during the tracking. The time profiles of the wheel
steering angles and wheel torques in coordination are shown in Fig
7 where differential wheel torque scheme to improve yaw rate
performance as well as persistent wheel torque to maintain the CG
speed can be observed. The transient behaviors of wheel angular
speeds and dynamic normal loads are depicted in Fig. 8 for easy
reference.

6 Conclusions

A control scheme for automatic path tracking control subject to
wheel slip constrained is presented. The control scheme integrates
the wheel slip ratio and slip angle together to avoid complicated
modification. Using linearization and singular perturbation theory,
the linear order-reduced design model is obtained from the
nonlinear system and the wheel slip is replaced with its
quasi-steady state for controller design. By the proposed unit-ball
saturation function to adjust the torque and steering angle of each
wheel, the vehicle will track the path automatically. The simulation
example demonstrates the effectiveness of the control scheme to
limit the wheel slip and to coordinate the wheel steering and wheel
torque. During cornering, the wheel steering is automatically
integrated with auxiliary differential wheel torque to improve the
yaw rate performance. Since the trend of future automobile design
is to use independent motors to drive electric cars, hence our
proposed scheme could be considered as one of the controllers used
for the future electric cars.
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Figure 7

Wheel angular speeds

Figure 8
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