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Fast Reduced Order Modeling Technique
for Large Scale LTV Systems

Patricia Astrid

Abstract—Linear time varying (LTV) systems are com- with basis functions ¢;(z) are orthonormal and
monly applied in commercial PDE solvers. Large scale non- (i(x), pj(x)) = &;j.
linear PDE-based models are usually discretised by computa- ; _ e A .
tional techniques that lead to LTV formulation. Proper Or- Truncated expansion &F (z, t) to n-th order is given by:
thogonal Decomposition has been largely employed to reduce
numerical PDE-based models, however computational saving Ty (z,t) = Z a;(t)pi(x), reX,teT (4)
is often far below the expected rate in spite of the dramatic
reduction of the original order. In this paper, we address a
practical solution to this problem by only conducting Galerkin ~ The POD method requires that the Galerkin projec-
projection onto pre-selected state variables and estimate the tion of the residualR,, (z,t) on the space spanned by
rest by the known POD basis vectors. The technique saves 0i () i=1 n Vamshes
considerable computational effort needed to obtain a reduced "'/’ R )
order model and enables fast prediction of the future states, o .
which is essential for control dgsign. (R(T (z,1)), i (2)) = 0, i=1...,n (9

From (5), the reduced order model is derivednath or-

der ODE which solves the unknown POD basis coefficients
Proper Orthogonal Decomposition (POD) or also know, (t):

as Karhunen-Leve Expansion is acknowledged as one of

the most prominent model reduction techniques for large . -
P a J Qi (t) = (D <Z az-am(x)) @i <x>> (6)

I. INTRODUCTION

scale models, [6], [2],[7]. The strength of this method lies on

the use of data, either from experiments or from a rigorous

simulation model. The data is collected to extract the main In practice, the computational domainx T is discretised
underlying dynamics or patterns of the ensemble. Th@SX x T, with X C X and T C T. The resulted dimension
main dynamics is then incorporated into a set of optimaRf X, K is typically high. Numerically (1) is solved as
orthonormal basis functions. Typically the number of basigiscreteK-th order model with the solution vector at every
functions that span the original data is very few comparetime stepT € R*.

to the original order of the data and still can capture In the reduced order model computation (6),< X,
the original dynamics within reasonable accuracy. Thiso dramatic computational saving is expected. This is true
method is thus very favorable for data obtained from highwhen we have an LTI system &8 (-) is fixed. However,
fidelity models, especially those originated from numericavhen we have nonlinear or LTV system, the Galerkin
simulation of PDE-based models, which generally suffeprojection procedure is still expensive becai3¢ ) varies

from high order due to the fine spatial discretisation. and has to be updated constantly. Thus often the achieved
A continuous PDE-based model for a functidh: X x  computational saving is below our expectation, especially in
T — R with D(-) as the operator may be written as: the case when fast prediction of a long horizon is required
to for optimal control design. It is not surprising that even
8£ = D(T) (1) though theoretically POD is applicable to both linear and
ot nonlinear models, linearization in large-scale case is still
Then a residuaR (z,t) is defined as: mandatory to obtain reasonably fast prediction.
T Some work has been done to improve numerical tractabil-
R(T (z,t)) = N —D(T) (2) ity of large scale model reduction for modest scale (of

- o dimension~ 102) as well as linear subspace approach
In proper orthogonal decomposition, it is postulated thagf balanced model reduction for nonlinear systems. The

T (z,t) can be expressed as Fourier expansion[8]. main problem is, model reduction methods attempt to
separate dominant dynamics from the less dominant ones.
t) = Zai(t)%(x)7 reX,teT (3) Truncation of states is in principle truncation of dynamics,

not truncation of the original states. From computational
point of view, if the system under investigation has a lot
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obtain a reduced order model could be almost the same asThis relation can be defined in an inner product on the
finding the original solution with some numerical iterationsmaskm

In this paper, we propose a practical solution to overcome IT~Tpollm =T~ Tolm (10)
this problem by conducting Galerkin projection on pre- o ) .
selected states only instead of the whole dimension of tH¥th IT|I5 = (m.T, m.T) indicates that].||7, is defined
state variables. We show that by conducting such proceduf8!Y on the non-missing data. o
we managed to reach the expected computational savingBy the formulation of the missing-point inner product
and eventually to control an LTV system. The LTV systenf10), we can findi,(¢) by requiring that the error function
itself is obtamed from a discretisation of a 2D non linear E=|T-Tol2 (11)
heat conduction problem.

The paper is organized as follows. First, the techniqu® be minimum.
used to estimate the whole states of the system based orExpansion of theF leads to
limited information is discussed, then the discretised 2D non

linear heat conduction model is presented. Subsequently, R I

the application of the acceleration technique to the 2D E = T_Zai(t)wi(x)’T_Zaj@j(x)

non linear heat conduction model is shown and finally, =t =1

the control design based on the reduced order model is = <Ny -

elaborated. The last section covers the conclusion and = 1Tl _QZ“i(t) (T’ ‘pi(x)>m

outlook. =t
D

[1. MISSING POINT ESTIMATION + > a;(Dait) (p(@), 0i(t)) (12)

i,j=1

Consider the solution ok -th order model resulted from
the discretisation of (1) of a particular time sté&pc RX. Differentiating E with respect to thé—th coefficient gives
As written in (4), we can approximat& by its truncated

D
expansionT;,. 22 —0-2(T v:(r & (0 . -
) 5t =2 (T,%m)mwjzlaj (#i(2), 5(2)) = 0
TrTo=) ailt)ei(e) (7) (13)
i=1 from which it follows the equation to solve the coefficient

If a vector asT which initially resides ink-dimensional €stimatesi;(t)

space can be well-approximated byth order expansion, D

then T.IS an element of an ensemble of |ntr'|n5|c low Zdi (p;(x), pr(2)),, = (T,%«(x)) (14)
dimension. It follows, that generally, only. points of i=1 m

information is required to reconstruct the original vector | . :
[6]. which can be expressed as linear system

Suppose that only limited entries Gf are known, and Ma=f (15)
denote this incomplete copy of vect@rasT. This can be
expressed as where

T=m.T (8) Mij = (0i(z), 0j(2))

with m € R¥ is a mask vector with one at the index of theand
available data and zero at the index of missing data. The fi= (T, <pj(x)) (16)
product notation in (8) represents pointwise multiplication. m

Our main objective is to find the estimatesagft), i =  Thus, with the knowledge of limited information, we can
1,...,n based on the incomplete d&fa The estimates of €stimate the basis coefficientst) and in this way estimate

the POD basis coefficients are denotedaag) to distin- the other unknown data. This technique, Missing Point
guish these coefficients to those obtained when the datafistimation (MPE) has been used for data compression of
intact. If @;(¢) is known, then the complete approximationsStatic images.In this paper, this technique is going to be
based on limited information can be reconstructed as ~ implemented for dynamic systems.

= - [11. NONLINEAR HEAT CONDUCTION MODEL
Tp =) ai(t)pi() ) _ _ _

i=1 The computational domairX for the nonlinear heat
conduction model of a thin plate is depicted in Figure 1.
The thickness of the plate ikem. The continuous model

S : : A
F3r the nonlinear heat conduction model is given by:

The vectorT,, approximatesI' on the maskm because
it approximates both the available and the missing entri
of T. As the non-missing entries of' equals to the

i i T T T
corresponding elements dh, thenTp also approximates pci _ 0 kaﬁ 9 kﬁ— LS oan
T. ot  Ox \ Ox Ay \' Oy
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0.3 m K write the discretised equation as
i AzxAy AzxAy
North Temperature: pc At Tp (k+1) = pc At Tp(k+1)
10C kp(k+ 1)ATg(k + 1) — kp(k + 1) ATp(k + 1)
’37_“_ N opE
% N kp(k+1)ATp(k+1) — kw(k+1)Tw(k + 1)
% dopw
> 7 n kn(k+1DATN(k+1) — kp(k+ 1)ATp(k + 1)
% 2y OpN
Heat Flux % & ? % + kp(k+1)ATp(k+1) — ks(k +1)ATg(k + 1)
500 KW/m2 /// = dops
7 + S(k)AV
_’f% whereE, W, N, S denote the eastern, western, northern, and
L1 L1 ; my southern neighboring grid cells and-g, dpw,dpN,dps
3/’:’;/ Wm/ﬁ_,_ are the distances from a particular grid cell to its eastern,

western, northern, and southern grid cells, respectively.
Insulated Seuth Recursive formulation of the discretised equation is
shown in (20), where all the unknown temperature of the
Fig. 1. Computational Domain of the Heat Conduction Model ~ Whole grid cells are collected withiii(k + 1) € R!*52 and
the coefficients are also functions of the temperature itself
due to the dependency of the conductivity constant. If the
where T (z,t) is the temperature distribution along thetime step is chosen small enough, the conductivity constant
plate, & is the conductivity constant, anfl represents the at specified grid poinkp(k + 1) doesn't differ too much
external sources, namely the incoming heat flux along tHeom kp(k), and we can use conductivity constant at the
west boundary and the constant temperature distributigriurrent time step to evaluate the temperature distribution at
along the north boundary. In (17), the conductivity constarthe future time step.
is temperature dependent where refractive index 1.48, _
Boltzman constant = 5.67 x 1075W/(m?K*), average A(R)T(k+1) = Ao(k)T(k) + S(k) (20)
normal absorption coefficient = 33.4 and some physical Equation (20) is the numerical model for the nonlinear
constants arexr = 1.059, B = —80, R = 8.12. 2D heat conduction model and represents a discrete LTV

system.
TS it y

3a
The model is thus originally a nonlinear PDE-based model. The recursive equation (20) is the basis for the numerical
To simulate (17), the computational domaris discretised model. POD-based reduced order model is derived as the
into 44 orthogonal grid cells in the direction and 33 projection of (20) onto a set of orthonormal basis functions,
orthogonal grid cells in the: direction. The method used ® = [¥1(2),@2(2), ..., ¢n].

k= ae (18)

IV. APPLICATION OFMPE

to discretise (17) is Computational Fluid Dynamics Finite AR)T(k+1) = Ao(k)T(k)+ S(k)
Volume Method [9]. T T T

P A(k)Pa(k+1) = @' Ag(k)Pa(k) + D" S(k)
By Finite Volume Method, in every grid cell, (17) is a(k+1) = Ac(ka(k)+ S:(k) (21)

integrated over a specified time horizon and a finite gri¢t is clear from (21), the reduced order model needs to

cell volume AV = Az x Ay x lcm. The algorithm iS pe ypdated at every time step and in fact still a function
implemented in MATLAB, but generally CFD commercial of the whole temperature field, a&, (k) and S, (k) are

packages which use Finite Volume also implement thgsmperature-dependent. This process is generally quite ex-
same code. For algorithm details please refer to [9]. pensive.

t+ At or t+AL 9 oT To derive reduced order model based on limited informa-
/ / pc—dVdt = / / — | k=) dVdt tion, first rewrite (20) for these chosen points only.
t AV 875 t AV 537 a.’l?

19) apT(k+1) = a&T(k)+ Y  &Ti(k+1)+S(k)

t+At 9 oT t+At j=W,E,S,N
+ 90 ka— dvdt + SdVdt
Yy Yy N i . - 1. -
P T T el = 22T+ > STk 1)+ - 8(k)
If temperature at specific grid point and at the future time ap =wEsN AP ap
step is denoted b§¥p(k + 1), then based on (19), we can (22)
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Referring to (15), we can plug(k + 1) as our "limited
information” into the termf.

o Boundary
Ma(k +1) OTT(k+1) (23) points

ak+1) = M'oTT(k+1) (24)

The explicit expression foa(k + 1) involves inversion of
M, but this can be calculated offline becaudeis only the
inner product of the incomplete basis vectors. The térm Heat Flux
refers to the set of incomplete basis vectors.
To complete the derivation, we exprébgk+1) = ®a as
in (22), and after rearranging we obtain a recursive model
for a(k+ 1)

I.ast

Insulated

ak+1) = A.(k)a(k)+S,(k) (25)

whereA,.(k) andS, are still functions of time, but updated
based on limited number of data instead of the whole data
at a particular time step. Insulated South

Point Selection

The next natural question will be how to select points
in R'452 to have a good approximation despite dramatic
information reduction? First, since the reduced order modey, point with large|Al|

is going to be used for control design, it is imperative Qi smajl | A||. Once the points are ranked, then we take
include points adjacent to control inputs to accommodalg,e ngint with the largesiA|| as the first candidate. The
changes in manipulated variables. In this case, the Com@écond candidate is the second largest, and we see whether

?nputs are western. gnd northern bounda_ries. Further, th%@(i, with two missing points and missing boundary points
is boundary condmon. applied to 'the msglated easterfre ofill well defined. This procedure is continued until
and southern boundaries, and the information of the zero g points are selected.

temperature gradient across these boundaries may be [0S
if the points adjacent to them are excluded. Hence, in the more formal discussion on well-posedness of sub

first step, we take points which have direct connectio§omain has been discussed in [8] which indeed relates
to the boundary conditions and control inputs. Figure 9, the condition number of the incomplete POD basis
depicts grid points that belong to this category marked by, o, product, unfortunately there has not been significant

red line. The next step is selection of additional pointSyyention to the potential of implementing this concept in
When we consider the coefficients obtained from completg, ,4q| reduction for dynamical systems.

dataa, then a group of selected points can be described as:

Fig. 2. Selected Boundary Points

is more important than the points

T — $a In the case of heat conduction model, 300 snapshots
Tsnap = (T(1),...,T(300)) are collected from an initial
and we know the estimates afbased on incomplete data condition of zero temperature to be subjected to incoming
can be obtained as: west heat flux of500kW/m? and north temperature of
T 100°C. The orthonormal POD basis vectors are obtained
" Pa= o Pa (26)  as singular value decomposition of the snapshots

We can use (26) to require the coefficients obtained from — oxuT  § ¢ R145201452
snap —

] c R14521300
incomplete data ~ a. This is equivalent by requiring

)

< There are 6 basis vectors corresponding to 6 largest singular
Td~1 (27) . _
values taken, so in the reduced order modelidy, €

To distinguish more important points to less importanf . - To simulate the reduced order model based on
points, we observe the contribution of basis vector compdimited data, 150 boundary points are taken, apg; = 50
nents of a point to the inner produgf ®. This is conducted 2additional points are included from the criterion A ||.
by removing one point and see the effect how far the nedhus there are 200 points used as basis of information to
incomplete inner producd” & in the absence of this point update the reduced order model (25). The plots of the most

to the complete inner produéi” . dominant basis vector (the one correspond to the largest
o singular value) of the complete data and the incomplete
|®T®| < |@T®| + ||A| (28) data are shown in Figure 3. At the locations where the
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points are not selected, the basis vector component is zero. s ‘ e Ceviion dumg smuaien_
Simulation with this MPE-based reduced order model takes

45

40 (17

35 [HHHAHH

30

temperature deviation (C)

25

20

L L L L L
0 50 100 150 200 250 300 350
time

Fig. 5. Maximum deviation of every time step of reduced order model
by MPE

0.02 0.025 0.03 0.035

Fig. 3. Left: most dominant basis vector with complete data, right: most V. CONTROLLERDESIGN
dominant basis vector with incomplete data

With the available fast model, a model based controller

) o ) ) can be designed. The control objective is to achieve a

about 35 seconds, while the original simulation takes aboyksgjred temperature distribution optimally. Since we use
120 minutes. The required computational gain is at leagtqyced order model as the base of the control design, the

100 times faster than the original model to enable fast, longy ol objective has to be translated in terms of reduced
horizon prediction of 100 time steps ahead. Further, whef\qer model.

the original model is reduced by classic POD procedure, the pefinition 1: Given the temperaturg,. ;(z, t), with = €
simulation takes about 10 minutes. Hence the MPE-based 34 T, find a control inputu(t) & ¢ such that the
reduced order model is 20 times faster than the classic PQRuared L2-norm of the tracking erreft) = r,o; — a(t)

based procedure and more than 200 times faster than Wﬁerer(t) — 7T, ; is minimized withu(¢) defined as:
original model. ref

Topt
3 2
Maximum deviation during simulation with no missing data u(t) = arg;négf Z ||TT€f (t) - a’(t)”
0.35 T T T T T t=0
As the controller is going to be applied to a discretised
03 ‘ ' ] model, the time notatiohin the next discussion is replaced

by the time step notatioh = -£,.

Consider again the MPE-based model equation (25).
After decomposing the teri® into the control input: € R?
(there are west heat flux and northern temperature as the

0.25 . : -

Temperature Deviation (C)

015 i control inputs) andB(k), we obtain a discrete, LTV state
space equation foa(k + 1). For convenience, we refer
01 1 a(k + 1) in the following discussion as the state variables
x(k+1).
o0 7 The state space equation is:
00 50 1(‘70 150 ‘/?Jﬁ—fi(‘)o 350 X(k + 1) == A(k)x(k) + B(k)u(k)
yvk+1) = Cx(k)

Fig. 4. Maximum deviation of every time step of reduced order model . . ) )
by classic POD The designed controller for this system is an LQR with

a reference signal. The modified classic LQR objective

As shown in Figure 4 and 5, the temperature deviatio1rt1unCtlons to be minimized then reads:

when we only use limited data is quite reasonable, accounts Na—1 -

to about2°C, which is aboutl% of the plate temperature 7 (To: ) = > (k) = 2(k) Qr(k) — x(k))]
range which lies in thel00°C to 200°C. Indeed the "’TZO

approximation by classic POD is more superior, but this +  u (k)Ru(k)

is compensated by a lot more computing effort. + 2(N)TE[r(N.) — 2(N.)] (29)
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The optimal control inputux has to be found such that
J (zg,ux) < J(xo,u)Vu € U. Such input, is found to be

(1]
(3]
uw* = —F(k)x(k) — Gu(k +1) (30)

where (2l
F(k) = (R+B(k)TP(k+1)B(k)) " BT(k)P(k+ DA(K) 5
G(k) = (R+ BT (k)P(k + 1)B(k)) "' B (k)
where P(k + 1) is the solution of symmetric Riccati Y
equation.

The steady state closed loop response with this LQ 5

controller of prediction horizon equals 100 time steps can b
seen in Figure 6. The deviation from the desired temperature
is still reasonable, considering that the model used as th¥!
reference for the controller is based on 200 data points only.
This shows the capability of MPE-based reduced model,
which is computed very fast, to control a full order model

with reasonable deviation. (8]

Reference Temperature Closed Loop Response Deviation from Reference

(9]

N
PN
S

240

220

N
N
S

200

temperature
[ )
5 2 ® 9o
S 8 & ©

.
o
S

=
S
S

@
3

40 40
40 40 40

40

20 20 20 20

height width height width height

00 00 00 width

Fig. 6. Closed Loop Response

V1. CONCLUSION AND OUTLOOK

We have proposed a methodology to modify classic POD
procedure which enables fast prediction of the states of
the original model. With Missing Point Estimation (MPE),
we are able to do fast prediction with limited available
data. This is advantageous for control design, as well as
other possible needs such as fault detection. This technique
can also be used as a means to estimate variables which
cannot be measured or missing from experiments. There
are many areas still challenging to be explored, such as the
suitable input choices for wide-operating range coverage,
stability issues, and more advanced optimisation techniques
to choose the number of pre-selected states.
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