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Abstract— This paper studies the benefits of using additional
actuators in the design of motion systems. The motion part
and disturbance attenuation part require different placement
of the actuators to work optimally, which is not possible in
traditional designs. Allowing extra actuators in the design
makes it possible to overcome this limitation. In this way the
controllability of the internal dynamics of the structure can be
both maximized for feedback and minimized for feedforward.
By tuning a static relation between the actuators it is possible
to minimize the excitation of resonances in the feedforward
path. Feedback controller design is based on an existing
vibration control strategy, which enables placement of the
bandwidth beyond the lowest resonance frequencies. The idea
is demonstrated by the example of a levitated beam.

I. INTRODUCTION

A. Motion systems

The objective of a motion system is to perform a pro-
grammed motion task with the end-effector of the system.
This task can be the tracking of a setpoint trajectory or
the execution of a point-to-point movement. The type of
motion systems intended in this paper are used in high-
end industrial applications and with accuracies up to the
sub-micron level (i.e. waferstages, wirebounders and pick-
and-place robots). Specifications for this type of motion
systems are becoming higher and higher nowadays: motion
tasks have to be performed faster (shorter settling-times)
and more accurate (smaller tracking errors and residual
resonances after settling). The performance of a motion
system is determined by its closed-loop dynamics. This
includes amplifiers, actuators, mechanical structure, control
system (including control strategy and implementation) and
sensors. Normally, the mechanics are the limiting link in
this chain with respect to total performance.

B. Traditional design

Traditionally motion control systems contain a number
of actuators equal to the degree of free rigid-body modes.
Since all parts of the system are supposed to behave as
rigid bodies with inertia only, this is a plausible choice.
Unfortunately, all mechanical structures have finite stiffness
thus show flexibility. Induced forces will not only move the
motion system in its rigid-body modes, but also resonance

M.G.E. Schneiders, Faculty of Mechanical Engineering, Control Sys-
tems Design, Technische Universiteit Eindhoven, P.O. Box 513, 5600 MB
Eindhoven, The Netherlands,m.g.e.schneiders@tue.nl

M.J.G. van de Molengraft, Faculty of Mechanical Engineering,
Control Systems Design, Technische Universiteit Eindhoven,
P.O. Box 513, 5600 MB Eindhoven, The Netherlands,
m.j.g.v.d.molengraft@tue.nl

M. Steinbuch, Faculty of Mechanical Engineering, Control Systems
Design, Technische Universiteit Eindhoven, P.O. Box 513, 5600 MB
Eindhoven, The Netherlands,m.steinbuch@tue.nl

modes will be excited. Basically, there are two ways to deal
with these resonances:

• Feedforward. Since the setpoint is known beforehand,
ideally a force signal can be designed to drive the
system conform the setpoint. Acceleration-feedforward
is widely used and gives good results. Reduction of
residual resonances can be obtained by using model-
based feedforward designs and input-shaping tech-
niques [1]. Adaptive approaches even give better re-
sults, i.e. iterative learning control [2]. In the intended
class of high-end motion systems over 99 % of the
tracking performance is achieved by feedforward con-
trol. However, designing complex feedforward signals
has certain disadvantages: they are not generic and not
robust to plant variations.

• Feedback. Unfortunately the performance cannot be
obtained by feedforward control only: there will al-
ways be tracking errors due to imperfections in the
feedforward signal. Furthermore, feedforward cannot
correct for disturbances and noise in the system. Re-
maining vibrations and external disturbances should be
dealt with by the feedback controller. This is actually
a vibration regulation task; not a motion control task.
By adding damping in the feedback controller, it is
possible to dampen the excited resonances. In general,
structural damping is low, so this property of the
feedback controller is very welcome.

Traditionally, in motion systems the actuators are placed
at such locations that excitation of resonances is avoided as
much as possible; the objective is to move the total structure
as a rigid body. For the feedforward indeed this is the best
possible solution: it is better to avoid excitation at all than
preventing residual resonances with a tuned feedforward.
The same actuator is used for regulating residual resonances
and other disturbances via the feedback path. For optimal
damping of resonances, the actuators are best located at
places were these resonances can be influenced as much as
possible. However, these locations do not coincide with the
optimal locations for feedforward control [3]. So it is hard
to efficiently add damping to the significantly contributing
modes in traditional designs. The only way to achieve
higher performance is by designing a stiffer mechanical
construction, which means increase of moving mass and
heavier construction. Often this is unwanted, since this
means more energy dissipation, more losses and more heat
generation.

C. Over-actuated design

In this paper, the key to overcoming this limitation in de-
sign is to allow for more actuators than the number of rigid-



body modes to be controlled. For motion systems this is
regarded as overactuation (the number of actuators is larger
than the number of rigid-body modes to be controlled). It
will be shown that by over-actuation it is possible to both
minimize modal controllability in the feedforward path and
maximize the modal controllability in the feedback path at
the same time. This idea is the main contribution of this
paper.

First, based on knowledge of the most dominant modes,
actuator placement is determined according to maximization
of the controllability. Next, for the feedback design, stan-
dard concepts in vibration control can be used. Third step is
the feedforward design. A static gain relation between the
actuators is determined, such that the dominant modes are
not excited by this parallel actuation. Now, only a rigid-
body type of feedforward signal has to be determined to
drive the system.

II. NEW APPROACH

A. Modelling

In general the dynamic behavior of a mechanical structure
is given by the partial differential equation (1), known as
the generalized wave equation [4]. These equations must
hold in every pointp in the domainP of the structure.

M(p)
∂2u(p, t)

∂t2
+ Lu(p, t) = f(p, t) (1)

The displacement of a pointp is notated asu(p, t), while
M(p) represent the distributed mass.L is a linear dif-
ferential self-adjoint operator, depending on the type of
model, andf(p, t) represents the external force distribution.
Additionally, boundary conditions can be added. In theory,
the system contains an infinite number of resonance modes,
given by the set of eigenvaluesλr(= ω2

r) and corresponding
eigenfunctionsφr (r ∈ {1, 2, . . .}). These modal parameters
can be found by solving the associated eigenvalue problem.
The expansion theorem [4] relates the displacement in any
point p of the construction as a linear combination of the
modal coordinates:

u(p, t) =
∞∑

r=1

φr(p)ηr(t) (2)

The eigenfunctionsφr are orthogonal and can be normal-
ized to the distributed massM . The modes related to zero
eigenvalues are called the rigid-body modes. The system
can be converted into an infinite set of ordinary differential
equations (3). For a discrete set ofni actuators with forces
Fi at positionspi the right side of (3) can be written as∑ni

i=1 φr(pi)Fi. From this set of decoupled equations it is
possible to construct the transfer function from a forcefi at
positionpi to the displacementuo at positionpo as the sum
of all individual modal contributions (4). The instantaneous
potential energy for each mode is given by (5).

η̈r(t) + ω2
rηr(t) =

∫
P

φr(p)f(p, t)dP (3)

r ∈ {1, 2, . . .}

Hoi(s) =
Uo(s)
Fi(s)

=
∞∑

r=1

φr(po)φr(pi)
s2 + w2

r

(4)

Vr =
1
2
ω2

rη2
r(t) (5)

Often modal damping is added, which adds an individual
level of damping to each resonance mode. In practice,
damping is much more complex and will cause coupling be-
tween the different resonance modes. However, for weakly
damped systems this effect can be discarded and the or-
thogonality properties of (3) can be used. In practice, only
a limited number of modes will contribute significantly to
the total system response. Some reasons for this are:

• Much more energy needs to be introduced into higher
modes to reach the same level of excitation as for the
lower modes.

• Forces induced by actuators are band-limited and
higher modes will be hardly excited.

• Closed-loop controllers have low-pass properties in
general and will not amplify higher frequencies. So,
also in closed-loop a limited number of modes is
dominant. This can be tested by calculating the Hankel
Singular Values of the closed-loop system (i.e. [5]).

For the rest of the paper the modes are divided into the next
sets:

Set Description
R1 suppressed modes (i.e. by a guidance)
R2 free rigid-body modes (in motion direction)
R3 regulated rigid-body modes

(i.e. in levitated structures)
R4 dominant resonance modes
R5 residual resonance modes

Performance in a motion system is closely related to the
level of excitation of the resonance modes of the system. It
would be convenient to have a quantitative energy measure
to what extend a certain resonance mode can be excited
by an input force. Quantitative measures for the degree of
controllability (and observability) for individual modes of
flexible structures were introduced in [6]. These commonly
used energetic measures are all based on controllability and
observability gramians for different positions of actuators
and sensors [7]. Fortunately, if the damping is small, these
measures can be directly related to eigenfrequencies and
eigenfunctions [8]. Considering a single mode, the control-
lability Cr is proportional to the square of the value of the
eigenfunction at the position of the input forcepi:

Cr(pi) ∼ φ2
r(pi) (6)

Low controllability indicates placement of the actuator near
a nodal point of the mode (given by the eigenfunction), and
control of that mode is hardly possible. High controllability
means the mode can be easily influenced by the input and
damping can be added efficiently by a feedback controller.
Sensor placement (related to observability) is also very im-
portant for proper feedback control, but will not be treated



in this paper. Maximum observability and controllability for
the most important resonances is desired for good vibration
control.

B. Actuator placement

First, actuator placement based on the needs for the
feedback system is considered: high controllabilityCr of
all significantly contributing modesr ∈ {R3, R4}. Since
extra actuators mean extra costs, the number will be limited,
andni will be smaller than the number of significantly con-
tributing modesr ∈ {R3, R4}. An optimization criterium is
proposed to optimize actuator placement (7). A comparable
criteria is proposed in [8] and it is believed to provide a
good balance between the importance of all modes. The
function J1(p) will decrease rapidly if the controllability
of any mode is lost. The individual controllability of the
modes can be weighted by weighting functionswr before
multiplying them into the total optimization functionJ1(p).
The weighting functions can be based on prior knowledge
of the energy distribution in the feedback path and the
significance of each the mode in the total performance of
the system.

The mechanical design will put constraints on the place-
ment of actuators, so possible locations are limited to certain
regions [ai, bi] (9). Orientation of the actuators may even
be fixed beforehand: maximal driving of the free rigid-body
modesr ∈ R2 without moving the suppressed modes inR1.
Actuator positions are obtained by solving the nonlinear
optimization problem (8) under the constraints (9).

J1(p) =
∏

r∈{R3,R4} wr(
ni∑

i=1

φr(pi))2 (7)

p = [p1 . . . pni
]

p∗ = arg max J1(p) (8)

ai ≤ pi ≤ bi i = 1, . . . , ni (9)

C. Feedback design

In the design of the feedback controller, the actuator
positionsp∗ follow from (8) and disturbance attenuation can
be obtained by common vibration control techniques. The
problem of controlling flexible structures is an area of active
research (i.e [9],[10],[11],[12]). Much of this work con-
siders the use of distributed sensors and actuators (mostly
piezo-electric materials), in combination with robust control
techniques. Other approaches focus on the decoupling of
the control problem in modal space, developed in the early
80’s [13]. It enables SISO control design for a limited set of
modal contributions. This approach is more appropriate for
this application, since it gives much insight in the design
process and is closely related to control design in traditional
motion systems (loop-shaping).

D. Feedforward design

Since more actuators than strictly needed are included
there are many possibilities to design the feedforward con-
troller: feedforward design is not straightforward anymore.
The benefits of multiple actuators in input-shaping design
has been proven [14], but the disadvantages of traditional
input-shaping are still present. This new approach focusses
on minimal controllability ofr ∈ R4 without designing the
feedforward signal itself. A static gain relationKff (see
Fig. 1) between the actuators is created that avoids exci-
tation (and minimizes controllability) of the significantly
contributing modes as much as possible. A cost function
representing the modal excitations as function of the static
actuator ratioski is proposed (10). The individual modal
contributions can be tuned by choosing the weightsvr

(10), e.g. based on the spectral energy of the setpoint. To
make optimization of (11) possible, the gains are lower and
upper bounded (12). Since the regulated rigid-body modes
in R3 may not be influenced by the feedforward path at
all, constraint (13) is added. The only modes that have to
be ”excited” (moved) are the rigid-body modesr ∈ R2.
To ensure a sufficiently high level of controllability for
these modes, and to enable a feedforward signal within the
saturation limits of the actuators, constraint (14) is added.

J2(k) =
∑

r∈R4
vr

ri∑
i=1

(φr(p∗i )ki)2 (10)

k = [k1 . . . kni
]

k∗ = arg minJ2(k) (11)

−1 ≤ ki ≤ 1 ki = 1, 2, . . . , ni (12)

ni∑
i=1

φr(pi)ki = 0 ∀r ∈ R3 (13)

ni∑
i=1

φr(pi)ki ≥ αr ∀r ∈ R2 (14)

Now modes inR4 do not contribute significantly in the
total transfer (4) any more, and only the rigid-body modes
(in R2) with ωr = 0 are significantly present. The system
KffP as seen by the feedforward controllerCff now
resembles almost a perfect inertia up to a certain frequency.
The feedforward controllerCff can now be designed as
a relatively simple mass-feedforward for each rigid-body
mode to be controlled (see Fig. 1). Different setpoints are
allowed as long as their frequency content is similar; the
designedKff will still be optimal.

III. EXAMPLE

A. Modelling

The proposed idea will be illustrated with the example of
a flexible beam. For this purpose an idealized positioning
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Fig. 1. Control scheme for integrated feedforward/feedback design.
Optimal feedforward is reached ifKff = k∗.

system is defined. The positioning task is to move the entire
beam over a certain trajectoryr(t) in z-direction Fig. 2.
This motion must be performed as fast as possible with as
little as possible residual vibrations. So, in this case the
performance criterium is defined over a line and not in a
single point. Gravity is not included in the model.

ρA
∂2w(x, t)

∂t2
+ EI

∂4w(x, t)
∂x4

= f(x, t) (15)

For small deflections this system can be modelled as
a Bernoulli-Euler beam, which fits within the class of
distributed parameter systems in (1). For uniform cross-
section of the beam the equations of motion for the system
are given by (15). Herew(x, t) is the deflection of the
beam in z-direction along the positionx. ρ is the density
of the used material,A the area of the cross-section,E
the Young’s modulus of the material andI the second
moment of area of the cross-section.f(x, t) represents
the external distributed force applied to the beam. For

z

x

r ( t )

Fig. 2. Bernoulli-Euler beam

simulation purposes a lumped parameter model is created
and implemented in Matlab/Simulink. The corresponding
mass and stiffness matrices of the element-formulation can
be derived from numerous finite element references (i.e.
[15] or [16]).

B. Traditional design

The system possesses two rigid-body modes; a tilt mode
and the desired lift mode. Traditionally, two actuators would
be used to drive the system. In the normal case, also two
position measurements would be used for feedback. In this
case collocated control is proposed for each actuator/sensor
pair. Bandwidths are tuned below the first resonance (around
15 Hz), which is quite common in traditional designs. The
lowest resonance mode (mode 3) will be limiting for the
performance. Only this mode is taken into consideration
for this moment to make the problem clear. Two extreme
situations for the placement of actuators are:
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Fig. 3. The first 5 eigenfunction of the beam (φ1, . . . , φ5)

• Situation A. Actuators are placed for maximal control-
lability of mode 3 (pi = [0, 1]). The middle position
of the beam shows the largest controllability, but this
configuration will not be considered since the tilt mode
cannot be controlled. Placement at both ends of the
beam seems the best suboptimal solution according
to (8). A simple 2-mass-spring system (see Fig. 4)
can represent the transfer fromF1 to x1 (or from F2

to x2). Motion of the system will excite the internal
resonance heavily, but it is easy to add damping by
the feedback controller (see sensitivity plot in Fig.
8). However, for good tracking performance, a modal-
based feedforward is necessary.

MMF 1

x 1
F 1 F 2

x 1 x 2

Fig. 4. Actuator-placement at the both ends of the beam. The equivalent
2-mass-spring system show equal masses for this situation (for uniform
cross-sections only).

• Situation B. Actuators are placed in the nodal points
of the first parasitic mode (φ3(p1) = φ3(p2) = 0).
The motion task, introduced by either feedback or
feedforward, will (almost) not excite the mode (see
Fig. 7). Exact cancellation will be difficult to achieve
in practice. Furthermore, excitation of mode 3 due to
disturbances or noise cannot be damped out by the
controller, which can be seen from the sensitivity in
Fig. 8. Disturbance attenuation of the system will be
bad (see also Fig. 5).

For both situations the ratio between the two actuators
needed for any feedforward signal is rather trivial. The first
mode must be maximally driven, while the tilt mode (∈ R3)
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Fig. 5. Actuator-placement in nodal points (almost). Equivalent 2-mass-
spring system show that the resonance is hardly controllable

has to be avoided. This meansk1 = k2. No more freedom of
suppressing resonances is possible in this strictly-actuated
system.

C. Over-actuated design

In the over-actuated design we allow for two more
actuators. A constraint is added that prohibits placement in
the middle regionx ∈ 〈0.35, 0.65〉, which is often the case
in practical situations (i.e. a gantry system). Optimizing (8)
results in a placement as in Fig. 6; two actuators at both
beam ends (situation A in the traditional design) and the
two extra actuators placed at the borders of the constraint:
pi = [0 0.35 0.65 1]. Since the eigenfunctions (see Fig.
3) are ranged in the same order, equal modal coordinates
ηr bring about equal levels of physical excitation. Claiming
equal controllability measures for each mode for the same
level of physical excitation, weighting functions are chosen
aswr = 1

ω2
r
, according to (5). Now we have the freedom to

F 1 F 3 F 2

x 1
x 2

F 4

x 3

Fig. 6. Overactuated design

tune the static gain relationKff for the feedforward con-
troller. Since the resonances are well spaced, suppressing
both mode 3 and 4 completely (together with the tilt mode
∈ R3), gives the best overall performance. For this situation
the optimal gain relation is calculated (16) according to
(11).

k∗ = [0.41 1 1 0.41]T (16)

To show how also feedback performance can be enhanced
in the over-actuated case, an independent modal-space
controller for the lowest 3 modes is designed. For this
purpose, another sensor is added in the middle of the beam.
Controllability at this place is high for the lowest three
modes.

Cfb = KaC(s)Ks (17)

Independent modal-space control relies on decoupled con-
trol design for a limited set of modes [13]. The decoupling
into modal spaceKs and back from modal spaceKa is
based on inversion of the expansion theorem (2). Conse-
quently, the actual (dynamic) controllerC(s) is diagonal
(17).

In this case, the 2 rigid-body modes and the first res-
onance are now individually controlled, whereas the sec-
ond resonance mode is not controlled at all (this idea is
similar to the approach in [17]). The approach may not
be optimal, but it prevents stability problems due to the
higher modes (spillover). With this design, the bandwidth
can be placed beyond the first resonance mode at43 Hz
(see Fig. 8), without decreasing overall performance. The
tracking performance for the 3 situations is compared by
applying a third-order polynomial setpoint to the systems
(see Fig. 9). For the overactuated case, mode 3 and mode
4 are not excited (see Fig. 7) and the resulting tracking
error is almost completely caused by mode 5. After settling
almost no residual resonances are present.
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Fig. 7. Plant transfers from the feedforward signalFff (see Fig. 1) to the
deflection at the middle of the beam. Note that mode 4 (second resonance
mode at117 Hz) is not excited in all cases.

10
-1

10
0

10
1

10
2

10
3

-150

-100

-50

0

50

T
ra

ns
fe

r 
ga

in
 [d

B
]

 

Situation A
Situation B
Over-actuated

10
-1

10
0

10
1

10
2

10
3

-100

0

100

200

P
ha

se
 [o ]

Frequency [Hz]

Fig. 8. Sensitivity transfers for situation A and situation B. For the over-
actuated case, only the sensitivity transfer from the lift mode is given. It
is clear that the over-actuated case enables better disturbance attenuation.
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Fig. 9. Tracking errors for the 3 situations using acceleration-feedforward
only.

IV. CONCLUSIONS

A. Discussion approach

The design approach presented in this paper makes it
possible to decouple the controllability of resonances modes
for the feedback and the feedforward part. This is only pos-
sible by allowing extra actuators. The largest benefit of this
approach is the possibility to design motion systems with
higher accuracy without increasing mechanical stiffness and
moving mass. Piezo-actuators are widely used nowadays
and they can be easily integrated in the design since they
are flat and lightweight. Further integration of control design
and mechanical design is likely to open new doors to enable
over-actuation.

The feedforward gainKff has to be tuned only once for
optimal design, which is another benefit of this approach.
Varying setpoints are allowed without retuning, as long as
the frequency content is more or less the same. Furthermore,
the disturbance attenuation will be much better, sincemore
modes showhigher controllability in comparison with the
traditional design.

Of course their are certain drawbacks. The motion system
design must allow for the placement of extra actuators,
which is not always possible. Often ideal actuator placement
is not possible and the benefits of this approach could
then be limited. In practice, a lot of compounded motion
systems have a number of moving parts and show time-
variant behavior. If corresponding eigenfunctions vary too
much in time, the performance and the applicability of this
new approach is not guaranteed. However, it seems possible
to extend the method by introducing a position or time
dependent gain relationKff .

B. Future work

This paper only presents the main benefits of over-
actuation and a first design optimization approach in which

feedback and feedforward are separately (actually in series)
optimized. If disturbances are included in the design, it
is possible to impose certain performance criteria on the
feedback controller. Then it is possible to compare the
performance needed from the feedback controller with the
performance asked from the feedforward path. The final
goal is to develop a design approach in which the con-
tributions of the feedback controller and the feedforward
path together are optimized. Feedback design has to be
incorporated then, so also sensor placement (observability)
will have to be included.
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