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Some Control Problems for Uncertain
Time-delay T-S Fuzzy Models Using LMI

ZHANG Yan-xin, WANG Xiao-fan, Member, IEEE

Abstract—In this paper, some robust fuzzy control problems
are discussed for uncertain Takagi-Sugeno (T-S) fuzzy models
with input as well as state delays. Both state feedback
controllers and observer-based output feedback controllers are
designed. Sufficient conditions for synthesis the robust
asymptotically stability of the systems are established by LMIs
forms; Furthermore, similar results are derived in the case of
Lebesgue input disturbance in the T-S models. Sufficient

conditions for the design of the state feedback /_ control are
derived for robust /7 stabilization in the sense of Lyapunov
asymptotic stability.

I. INTRODUCTION

I n recent years, there has been rapidly growing interests
in fuzzy control of nonlinear systems, and there have also
been some successful applications. However, many basic
issues remain to be addressed. The most important issue for
fuzzy control systems is how to achieve a systematic design
with guaranteed stability and performance [1]-[4]. It is quite
common to approximate a nonlinear plant by a T-S fuzzy
linear model. Then control system design can be carried out
based on the T-S fuzzy model via the so-called parallel
distributed compensation (PDC) scheme. The idea is that for

each local linear model, a linear feedback control is designed.

The resulting overall controller, which is nonlinear in
general, is again a fuzzy blending of each individual linear
controller. The PDC scheme is simple, nature and can be
transformed into LMIs forms [5],[6].

Besides  stability[3],[5],[7],[8], another important
requirement for a control system is its robustness and this
remains to be a central issue in the study of uncertain control
systems and their controllers design. The parametric
uncertainties are principal factors responsible for the
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degraded stability and performance of and uncertain
nonlinear control system. Therefore, robust stability against
parametric uncertainties in the T-S fuzzy-model-based
control systems is an important problem [9],[10].

In traditional T-S fuzzy models, there is no delay in the
control and state. However, time delays often occur in many
dynamical systems such as biological systems, chemical
systems, metallically processing systems and network
systems. In the literature, the problem of stability and
stabilization of time-delay systems has been dealt with two
basic ways: the first one is dependent of the size of the time
delays, in which the stability is guaranteed up to some
maximum value for the time delays; the other is independent
of the value of the time delays [6].

Since the pioneering work on the so-called H_, -optimal

control theory [11], there has been a dramatic progress in
H_ -control theory. Together with the robust stability, the

©

problem of robust AH_ disturbance attenuation for both

linear and nonlinear systems has recently been studied.
Cao[12] presented H_, controller design for fuzzy dynamic

systems with state feedback. Chen et al[13] presented the
design method of a observer-based fuzzy H_ controller via

LMI approach. Gu et al[6] design robust H_ controller for

fuzzy dynamic system with time-varying delayed state.

In this work, we address some robust control problems for
T-S fuzzy models with both input and state delays. We
design robust controllers for uncertain T-S model systems
using different feedback configurations. H_ control

synthesis schemes are developed for systems with
disturbances. Furthermore, to achieve a systematic design
with guaranteed robust asymptotic stability and A control

performance, the analytical results are cast conveniently into
a LMI framework that can be solved by the software
package LMI-control toolbox.

The paper is organized as follows: Section 2 introduces
the T-S fuzzy model and some preliminaries. In section 3
and 4, sufficient stabilization conditions using
state-feedback control and observer-based output-feedback
control are presented in LMI forms. In section 5, while a
disturbance term is augmented to the system, a A control

performance objective is presented for this disturbance and
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the H_ controllers are designed to guarantee the H_

performance. Sufficient conditions are also presented in
LMI forms. The conclusions are given in section 6.

II. PRELIMINARIES AND SYSTEM DESCRIPTIONS

Firstly, consider the following uncertain time-delayed T-S
model system that can be described by fuzzy IF-THEN
rules:

Plant Rule i:

IF x,(¢) is F and x,(¢) is F} , **
THEN
x(2) = (A + A4,))x(1) + (B, + ABy Ju(r)

+(4y +A4,)x(t—7,)+ (B, +AB Ju(t —1,) (1)
y(1) =Cx(1)

where Fj’ is a fuzzy set, x(¢) e R" is the state vector,

,and x, (¢) is F, ,

i=1-q

u(t) € R™ is the control input vector, y(f) € R' is the output
vector, and 4,4, € R™" , B,,B, €R™ , and C, eR'

are system matrix, input matrix and output matrix,
respectively. AA,,AA,, AB,,,AB,, are time-varying
matrices with appropriate dimensions, which represent the
parametric uncertainties in the plant model. ¢ is the number

of rules of the T-S fuzzy model, 7,7, are the time —delay of

the system state and control input, respectively.
The parameter time-varying uncertainties A4,,,AA4,,
AB,,,AB,, considered here are norm-bounded, in the form:
[Ady.AB, ] = Dy Fy (D[ Ey. By ] (22)
(A4, AB,1= D, F, (DIE] E] (2b)
where D,,E,,Ey,D,,E, ES are all known real constant
Fo(0).F,(t) are

i0> 1> 20> 1i»
unknown matrix function with Lebesgue-measurable
elements, which are defined as followings:

Fo(OF, (1) <1
IHOIAGES!
of Fio (t): Fid (t)

measurable, i.e., every uncertain term is norm-bounded.
Let g, (x(¢)) be the normalized membership function of

matrices of appropriate dimension.

Fo(0),F, (1) e Q= {Fio(t)al;;d Q)

where the elements are Lebesgue

the inferred fuzzy set A, (x(1)), i.e.,

w(x(0) = B (D)) 3 (x(0) @)
h(x(@) =T F e, 0) )

where x(t) =[x, (t),x,(t),"--,x, o1, F]’ (x;(?)) is the grade

of membership of x,(z) in Fj’ , which has following

properties:
7y (x(1)) > 0

Zq: h(x(t)) >0

for all ¢, Then we can obtain the following conditions:

w0)20,and Y i ((0) =1 =1 (]

i=1-,q
(6)

By using a center average defuzzifer, product inference,
and singleton fuzzifier, the dynamic fuzzy model (1) can be
expressed by the following global model:

x(t) = Z/‘i (x(O) (A4 +Ad,y)x(2) + (Byy + AB; u(t)

+(A4y +A4,)x(t—1)+ (B, +AB Ju(t—7,)}  (8)

¥ =3 4 ()0

III. ROBUST STATE FEEDBACK CONTROL OF T-S
FUZZY MODEL

Consider the T-S fuzzy model system with state delay and
control delay in the form of (8), to achieve the robust
stability, we design the following state feedback controllers:

Controller Rule i:

IF x,(¢) is F,and ---,and x,(t)is F/,
THEN u(t) = —K,x(1) )
where K, € R™" is the constant feedback control gain to be

determined.
The defuzzified output of (9) is represented as follows:

() = =3 1 (K, () (10)
The closed-loop system of (10) and (8) is
#(1) = ZZ# ()t (KO (LA +Ady)
i(Bj,.o +ABi0)Kj]x(t)+(Al.d +A4,)x(t—1,) an

—(B, +AB K x(t—1,)}

Moreover, we can get

x(t) = Z,uiz (x4 +A4,)— (B, +AB,)K, 1x(1)
+(A4,, + A4, x(t—17,)— (B, +AB K x(t—7,)}

g i0 i0 AJO AA]O
#23a x, (xR
~(B, +ABy)K, — (B, +AB,)K,

- Je(0)
Aid + AA7'd -;Ajd +AAjd ]X(I—Tl)




(B, +AB,)K, — (B, +AB,)K

5 Ix(t-7y) (12)

For the above global closed-loop T-S uncertain fuzzy

time-delayed system, the main result is summarized in the
following theorem:

Theorem 1 If there exist a symmetric and positive

definite matrix P, some matrices K;, and some scalars

gf,gé,i’li,rzi,a{,gy. (i,j=1,---,q) , such that the following
LMIs are satisfied, then T-S fuzzy time-delayed system (8)
is asymptotically stabilizable via the T-S fuzzy model-based
state-feedback controller (10), (Note: (13a) and (13b) are in
the appendix)

1 'PP+1, [K] (E5) E

211

-KI(E) ES K, — K] (ES)T E5 K.1<0 (139
where

= Q4%+ 4,0-M] B}, — ByM, +a.D, D,

+el A4, AL +&D, DT+r2D Dl +2(r)'1  (13d)

o, = —&[(ED Ef + (B EST (13e)
D, =04y +A4,0) +(4y+4,)0-M] B,
~-M[ B}, —BM ;- B, M, +{s (4,4
+A4,47,)+ (&, +1,)(D, Dy + D, D}y)

+2(7) I +&,[ D, D, ][ D, Djo] v(13D)

and Q=P' M, =K.P"' =K,Q ,

transposed elements in the symmetric positions.

where * denotes the

IV. ROBUST OBSERVER-BASED OUTPUT FEEDBACK
CONTROL OF T-S UNCERTAIN TIME-DELAYED FUZZY
MODEL

Consider uncertain time-delayed fuzzy model system (8),
and design the observer-based output feedback controller as
follows:

$(0) = 2 i (OGO + B O]+ Y 1, (0L A, %0 —7,)

+Bidu(t_TZ)]+Z:ui(t)l‘i[yi(t)_ci';c(t)] (14)
y(t):Zﬂi(t)Cii(t) i:L"':q
Define the observation errors as:
e(t) = x(t)—x(1) (15)

Design a fuzzy output feedback controller based on the
observer for robust stabilization of system (8) in the form

u(t) = = 4, (x(O)K (1) (16)

i=1
By substituting (16) into (8), and with (15), we get the
closed-loop error system equations:

() = iiuf (O, O)(Ag +Ady)

—(B, +ABO)K Ju(®)

q

MQ

3

1

(O (x())( By + ABy )K e (r)

J

M@

Hi (x(t))luj (x(DO)(A4;; +A4,;)x(t —17,)

~.
o

MQ

>
>

i=l j

H; (x(t)),uj (x())(B, +AB, )Kj‘x(t_TZ) (172)

q

~.
n

MQ

1, (xO)t; (x(O) (B, +AB; K et —7,)

Il
M&
M&

x(1) (O ()[4 — By K ; 1x(2)

1

1 (x@O)pe; (x()) A X (= 77)

+
VI
M@ T

i
~.
o

.[\'4&
e

I
~.
LR

1, (x(@O))pe; (x())By K x(t = 7,) (17b)

+
M-
M-

T
~.
LR

1 (x(O); (x(2)L, Coe(t)

MQ
MQ

é(t) = 1 (xX(O)pt; (X(O)[ A + B K ; = L,C Je(t)

I
~.
AR

MQ

2

D)
>3

i=

1, (x(@O)pe; (x())[ A4y, + AB, K 1x(2)

q

J

M-

1 (x@O)pt; (x()) A e(t = 7,)

~.
Il

MQ

1 (x@O)p; (x())B, K jelt ~7,)

~.
IR

q

+2 2 ()t ()AL x(1 7))

i=1 j=1
q

YD (O, (OB K x(t - ,)

i=l j=1

(17¢)

The main result for the global asymptotic stability of T-S
fuzzy model, with parametric uncertainties and unavailable
state variables, are summarized in the following theorem.

Theorem 2 If there exist symmetric and positive definite
matrices P, and P,, some matrices K;and L,, and scalars

8,m=1,,q,j=1,,q,k=1,,q) s

such that the following LMIs are satisfied, then the T-S
fuzzy system (8) is asymptotically stabilizable via the T-S

ghal &, (=1,

fuzzy-model-based output-feedback controller (14) and (16).

(Note: (18a) and (18b) are in the appendix)

T. P
|:u 21:|<0

18
o (18¢)
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r —’_]_ * * * * * ]
E;,K, _[(jz 7)17
& ]
BK (& (18d)
* +e5' T
<0
Bk SCON
Y MCONE
. ()
v &)
| A -0} |
(e T+ () + (@) 1M, (E5)' Es M, (18¢)
(§
—~ M (E5) Es;M; —M[(E}) E;.M,]} <0
where
0=R" (181)
N, =FhL, (18g)
M,=K,Q (18h)
@) =04y + A, Q— M By — B M, +2(&l') " 1+ (&) (18)

+&;)D Dy + & Ay Ay + (&) + & + & )P, Py
Q, =2(&") I+ [(af) " + () N(ED) Ey +(Ef) ET

(18))
T, = AyP,+ Py —CINT = N.C,+2(a5 ) 1 +[(25)”

) K () (E5)K 1+[(e]) " +2(¢)') ' IRP, (18K)
H(ad) "+ (o) KT (E5) (Es)K; + KT (ES )T (B3 K]
0, =("+ gii)DiODi—l(-) + aénAidAiE

(181)
+(&l +&] +&"D, D,
W, = Oy + A,g)" +(Ay + A,)0— M B,
_M,'TB/TO _BiOMj _BjOMi +é&y (DfoD;)
+D,, D))+ & (Ay Ay + Ay A +2(e8 )T
(18m)

+el + & +&!' (DD +D dide)

Q, =2(e) T+ + () ED E +(Ef ) E ]

(18n)
Eij :A:(-J}DZ+1)2Ai0+Aj-'r0})2+})2AjO_CiTNiT_NiCi (180)
(6]
—CIN; =N,C,+2(ay) ' I+[2(¢]") " +2(¢7) '|RP,
®ij = (alm +&; )(DioDiE + DjoD]To) + a;n (AidAi—{i
(18p)

T m T T
+AjdAjd)+(g3'” +é&" +&')D,D, +Ddijd)
where * denotes the transposed elements in the symmetric
positions.

V. ROBUST H_ STATE FEEDBACK CONTROL OF T-S FUZZY
MODEL
Consider the following T-S fuzzy model with

uncertainties and disturbances, which has been defuzzified
to be a global model:

x(t) = Z,ui (x(O) (A4 + A4,y )x(2) + (B, + AB;y u(t)

+(A4, +A4,)x(t—1)

(192)
+(B, +AB, u(t —7,) + Dw(t)}

20 = 3 1 (v Ex(r) (190)

$0 = i (KD)Cx(0) (19¢)

where w(t) € R? is the input disturbance which belongs to

L,[0,0), z(¢) R' is the controlled output vector, D, E,

are known matrices with appropriate dimensions, the other
terms in the system is the same as the ones in system (1) and
(8).

The objective is to design a state feedback controller in
the form of (10) such that for all of 7>0 and
w(t) € L,[0,T),w() =0 , the of the
disturbance-free fuzzy system (19) is asymptotically stable,
and the response z(¢) of the system under the zero initial

equilibrium

condition x(0) =0 satisfies

[z, <7 w0l (20)
where y >0 is the prescribed level of disturbance

attenuation, the above system is also said to be robust stable

with y— disturbance attenuation for all admissible
uncertainties''*.
Theorem 3 If there exist a symmetric and positive

definite matrix P, some matrices K,,and scalars &,&,7/,
1.a,&;, (i,j=1,---,q) such that the following LMIs are

satisfied, then the T-S fuzzy system (19) with uncertainties
and time-delays is robust stable with » — disturbance

attenuation via the state-feedback controller (10), i.e., for all
T>0,and w(t) e L,[0,T),w(t) =0, (20) holds.

: QE!
(13¢) : 0
:0 21a)
EQ 0--0 i -1
| OF!
(13b) 0
' 21b
0 (21b)
EQ 0--0 i -1
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where (13a) and (13b) are the left part of the LMI (13a) and
(13b), respectively, except that @,, P ; have minor
changes as follows:
®, = QAII) +4,,0- Mz'TBz'l;J —-B,M,
+a{Dyy Dy + & 4y Ay + €D, Dy
+ rziDidDifi + 2(’ii )711 + 7/72D5D:‘T
;= O(Ay+ 4;0)" +( 4y +4,0)0
~-M By —M/B},—BM,—B,M,

@lc)

e (A Ay + Ay Al + (8 +13)
(Did DIE + D/dD_’/l;i ) + DiDiT
i T
+2(1) 1["'5;7 I:DiO D_jO:“:DiO Djo] } (21d)
For system (19), if the states are not available but the
output can be measurable, a observer-based output feedback

control methodology will be adopted to achieve the robust
H_ performance, which is similar to the state feedback

control methodology. Here it is omitted.
For the limited space, simulations are omitted here.

VI. CONCLUSION

In this paper, based on Lyapunov stability theory and the
LMI method, we have addressed some robust control
problems in T-S fuzzy systems with both input and state
delays, uncertainties and norm disturbances. Firstly,
sufficient conditions for the existences of the state feedback
controllers and observer-based output feedback controllers
are established for systems without disturbances; Secondly,
feedback H_ robust controllers are designed for systems

with disturbances, and sufficient conditions for systems to
achieve certain H, control performances are formulated in

the LMIs forms.
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APPENDIX
I cDii (ESQ_E;'M;')T BidMi M,T (EZ)T MiT (Ejj )T Q Q 1

EXQ-E\M, —a'1 0 0 0 0 0

M B} 0 -1 0 0 0 0
ESM, 0 0 ~(ry)I 0 U (132)

E{ M, 0 0 0 -1 0 0

0 0 0 0 0 Lar oo

2 1
0 0 0 0 0 0 o,
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D * * * * * * * * ]
ij
E,Q-EyM, —g1 0 0 0 0 0 0 0
E,Q-E; M, 0 —gl1 0 0 0 0 0 0
ESM, 0 0 —(I 0 0 0 0 0
d _ i
EzéMTI. 0 0 0 ()1 Q | 0 0 0 -0 (13b)
M]B; 0 0 0 0 -5l 0 0 0
M/B}, 0 0 0 0 0 (N 0
0 0 0 0 0 0 0 —%g{I 0
o 0 0 0 0 0 oy
oy * * * * * x|
E° e+
(Ey L&, 0 0 0 0
_EZO,ML) (alm )71 ]71 I
0 0 -1 0 0 0 0
1 gm -1 +
EsM, 0 0 L&) 0 0 0
' ()11 <0 (18a)
. gm -1 +
Ej M, 0 0 0 L&) 0 0
(af)'T'1
M]By 0 0 0 0 ("'l 0
_ gﬂ‘l+
M'B! 0 0 0 0 0 (&
mN—1
| &) 1]
lI’ij * * * * * * * * * * .
(EQ &'+
—E;M) (o)1
(EQ &, +
~Ey\M,) (@) 'T'1
EiM, (e +
(@)1
| my—1
E;jM,» [(867? 71+
()11 <0
D, —gl.;ll
Dj0 —.9[;.11
0 -Q'1
M B —(e"'1
M]B], —(e"'1
—(&' +
MTB! e
el
VBT —(&' +
i jd my—
/ )T (18b)

469



	MAIN MENU
	Front Matter
	Technical Program
	Author Index

	Search CD-ROM
	Search Results
	Print
	View Full Page
	Zoom In
	Zoom Out
	Go To Previous Document
	CD-ROM Help

	Header: Proceeding of the 2004 American Control Conference
Boston, Massachusetts June 30 - July 2, 2004
	Footer: 0-7803-8335-4/04/$17.00 ©2004 AACC
	Session: WeA14.4
	Page0: 464
	Page1: 465
	Page2: 466
	Page3: 467
	Page4: 468
	Page5: 469


